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PREFACE 


The  International  Conference  series  on  Recent  Advances  in  Structural  Dynamics 
enters  its  third  decade  of  existence  since  its  inception  in  1980.  This  is  the  seventh 
conference  to  be  held  at  the  Institute  of  Sound  and  Vibration  Research(ISVR)  and  it  is 
through  the  continued  support  and  sponsorship,  in  time  and  resources,  of  the  ISVR, 
the  Air  Force  Research  Laboratory(Wright  Patterson  Air  Force  Base),  Parks  College 
of  Engineering  and  Aviation(St  Louis  University)  and  NASA  Langley  Research  Center 
that  we  have  succeeded  in  organising  the  event.  On  this  occasion  there  are  two  new 
co-organisers.  Prof.  M.A.  Ferman  and  Dr  S.A.  Rizzi,  who  have  been  excellent 
replacements  for  Prof  C.  Mei,  who  previously  contributed  so  much.  The  new  co- 
organisers  have  been  instrumental  in  the  organisation  of  new  sessions,  one  namely 
Aerodynamics  and  Flutter,  and  have  also  continued  the  long  standing  tradition,  topics 
and  interests  of  the  Structural  Dynamics  community,  such  as  Acoustic  Fatigue. 

The  conference  has  maintained  its  high  standards  by  continuing  to  review  submitted 
papers  and  thanks  are  directed  towards  the  authors,  Invited  Speakers,  paper 
reviewers  and  session  chairmen  for  their  contribution  and  support.  Likewise  the 
conference  has  a  strong  international  participation,  allovring  for  good  technical 
discussion,  dissemination  and  interchange  of  ideas.  It  is  also  anticipated  that  the 
published  proceedings  will  provide  a  good  source  of  material  for  future  research 
activities  and  be  a  true  record  of  the  papers  presented.  The  arrangement  of  the  papers, 
in  two  volumes,  is  to  accompany  the  programme  of  presentations  and  likewise  the 
papers  are  grouped  into  the  most  appropriate  sessions. 

The  organisers  would  like  to  thank  the  following  for  their  contribution  to  the  success 
of  the  conference!  the  United  States  Air  Force  European  Office  of  Aerospace  Research 
and  Development.  Personally  I  would  like  to  acknowledge  and  thank  all  of  the  other 
conference  organisers  of  the  event: 

Dr.  H.F.  Wolfe  Air  Force  Research  Laboratory,  Wright  Patterson  Air 

Force  Base,  USA 

Prof  M.A.  Ferman  Parks  College  of  En^neering  and  Aviation,  St  Louis 

University,  USA 

Dr.  S.A.  Rizzi  Structural  Acoustics  Branch,  NASA  Langley  Research 

Center,  USA 


Last,  but  not  least,  also  tremendous  thanks  to  Mrs.  M.Z.  Strickland,  Conference 
Secretary  and  general  assistant  for  all  things  technical  and  administrative. 


N.S.  Ferguson 
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ABSTRACT 

Various  methods  for  the  dynamic  analysis  of  structures  with  uncertain 
properties  are  described.  Initially  parametric  uncertainties  are  considered,  and 
both  probabilistic  (FORM)  and  possibilistic  (interval,  convex,  and  fuzzy 
analysis)  methods  are  described.  It  is  then  shown  that  all  of  these  methods  can 
be  encompassed  by  two  algorithms,  each  of  which  represents  a  constrained 
optimisation  problem.  Various  features  of  the  methods  are  illustrated  through 
the  relatively  straight  forward  example  of  a  point  loaded  plate  that  has 
uncertain  dimensions.  Attention  is  then  turned  to  non-parametric 
uncertainties,  and  the  methods  described  include  random  matrix  theory, 
statistical  energy  analysis,  and  hybrid  techniques. 

1.  INTRODUCTION 

In  structural  and  mechanical  design  it  is  important  to  allow  for  the  fact  that 
uncertainties  can  exist  in  the  properties  of  the  designed  system  and  in  the 
applied  loading.  Traditionally  this  has  been  catered  for  through  the  use  of 
factors  of  safety,  which  are  developed  and  refined  on  the  basis  of  experience 
and  historical  evidence.  For  systems  where  efficient  design  is  of  the  utmost 
importance  (for  example  the  minimum  weight  design  of  an  aircraft  structure) 
it  is  possible  that  the  traditional  safety  factors  may  be  overly  conservative,  so 
that  optimal  efficiency  cannot  be  achieved.  Conversely,  factors  of  safety  may 
not  be  available  for  new  design  concepts  or  new  materials.  It  follows  that 
there  is  a  need  for  a  method  (or  methods)  that  can  be  applied  objectively  to  a 
new  design  to  yield  information  on  the  safety,  reliability  and  performance  of 
the  system  without  reliance  on  established  factors  of  safety.  Such  methods 
should  ideally  cater  for  static  loading  and  for  the  foil  frequency  range  of 
dynamic  loading.  The  aim  of  this  paper  is  to  review  the  various  techniques 
that  are  currently  available,  with  an  emphasis  on  vibration  problems.  The 
methods  described  divide  into  those  that  employ  a  parametric  model  of  the 
structural  uncertainty  and  those  that  employ  a  non-parametric  model.  These 
terms  are  defined  folly  in  what  follows:  section  2  is  concerned  with  parametric 
models,  and  section  3  with  non-parametric  models. 
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2.  PARAMETRIC  UNCERTAINTIES 


2.1  Statement  of  the  Problem 

The  equations  of  motion  of  an  N  degree~of*freedom  dynamic  system  can  be 
written  in  the  standard  matrix  form 

My  +  Cy  +  Ky  =  F,  (1) 

where  y  is  a  vector  containing  the  degrees  of  freedom,  M,  C,  and  K  are 
respectively  the  NxN  mass,  damping,  and  stiffness  matrices,  and  F  is  the 
vector  of  applied  forces.  Equation  (1)  may  result  from  a  finite  element  model 
of  the  system,  a  Lagrange-Rayleigh-Ritz  analysis  or  any  other  approach  to 
formulating  the  equations  of  motion  in  terms  of  a  finite  set  of  degrees  of 
freedom.  The  matrices  that  appear  in  the  equation  depend  upon  the  geometric, 
inertial,  elastic,  and  damping  properties  of  the  structure,  and  many  cases  arise 
in  which  these  properties  are  uncertain.  The  uncertainties  are  said  to  be 
parametric  if  the  matrices  can  be  expressed  in  terms  of  a  finite  number  of 
uncertain  physical  parameters,  x  say,  which  might  include  material  properties, 
structural  geometry,  and  other  such  items.  The  force  vector  F  might  also  be 
uncertain,  but  in  this  case  it  is  important  to  distinguish  between  random 
loading  and  uncertain  loading:  if  F  is  a  stochastic  process  with  known  power 
spectral  density  and  statistical  properties,  then  the  force  can  be  considered  to 
be  “certain”  in  the  present  context  -  this  type  of  randomness  is  encompassed 
by  standard  random  vibration  theory,  and  no  other  considerations  are  needed. 
If  however  the  spectral  density  of  the  force  is  not  known  precisely,  or  if  the 
force  is  non-stochastic,  but  again  uncertain,  then  the  variables  x  can  be  taken 
to  include  parameters  that  describe  the  force,  in  addition  to  parameters  that 
describe  the  structure.  Thus  the  terms  in  equation  (1)  can  be  written  as  M(x), 
C(x),  K(x),  and  F(x). 

For  prescribed  values  of  the  uncertain  parameters  x,  equation  (1)  can  be 
solved  to  yield  the  response  of  the  structure,  which  can  be  written  as  y(x)\ 
The  problem  is  then  to  assess  whether  the  performance  of  the  structure  meets 
design  requirements,  allowing  for  the  fact  that  x  is  uncertain.  Clearly  this 
question  cannot  be  addressed  unless  some  description  of  the  uncertainty  is 
available:  as  discussed  in  the  following  sections,  this  might  be  a  probabilistic 
description  (Section  2.2),  such  as  the  probability  density  function  of  x,  or  a 
possibilistic  description  (Section  2.3),  such  as  a  set  of  bounds  on  the  possible 
values  of  x.  Various  analysis  methods  for  these  cases  are  described  in  what 


*  Note  that  the  precise  description  of  the  “response’'  will  depend  upon  the  nature  of  tlie 
loading.  For  stochastic  loading,  the  response  spectrum  or  the  mean  squared  value  might  be 
considered,  while  for  deterministic  loading  the  maximum  response,  or  the  response  time 
history  might  be  considered.  The  representation  y(x)  relates  strictly  to  the  latter  case  -  for  ease 
of  notation  the  response  of  an  uncertain  structure  to  stochastic  loads  is  not  given  special 
attention  here. 
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follows,  and  in  Section  2.4  the  possibility  of  treating  probabilistic  and 
possibilistic  descriptions  by  a  single  analysis  method  is  discussed. 

2.2  Probabilistic  Methods 

The  basic  aim  of  the  probabilistic  approach  to  structural  uncertainty  is  to 
derive  the  statistics  of  the  response  y(x)  given  the  probability  density  function 
of  the  uncertain  parameters  /?(x).  In  general  this  is  a  very  difficult  problem,  as 
the  transformation  fi*om  x  to  y  is  generally  highly  non-linear,  and  a  large 
number  of  variables  may  be  involved.  A  number  of  approaches  to  this 
problem  are  discussed  below. 

2. 2. 1  Monte-Carlo  Simulation 

This  represents  the  most  direct  approach  to  determining  the  statistics  of  the 
response  y:  samples  of  the  uncertain  parameters  x  are  generated  in  accordance 
with  the  probability  density  function  /?(x),  and  the  equations  of  motion  are 
then  solved  for  each  realisation  of  x,  thus  allowing  numerical  determination  of 
p{y).  The  method  is  computationally  intensive,  although  recent  developments 
[1]  have  lead  to  sampling  methods  that  can  greatly  improve  efficiency. 
Nonetheless,  the  Monte-Carlo  approach  is  often  computationally  unfeasible 
for  large  complex  structures. 

2.2.2  The  Stochastic  Finite  Element  Method 

In  this  approach  (see  for  example  [2])  the  structural  uncertainties  x  are  used  to 
find  the  uncertainties  in  the  properties  of  each  element  of  a  finite  element 
model.  The  uncertainties  in  the  assembled  structural  matrices  are  generally 
assumed  to  be  small  in  comparison  to  the  “certain”  (or  deterministic) 
components,  and  on  this  basis  equation  (1)  is  solved  by  using  a  first  order 
perturbation  technique.  This  leads  to  a  result  for  the  mean  value  and 
covariance  matrix  of  the  response  vector  y.  The  approach  is  numerically 
efficient,  and  applicable  to  a  very  wide  range  of  structures  via  the  finite 
element  modelling  method.  However,  it  is  generally  limited  to  small  levels  of 
uncertainty,  and  in  its  common  form  it  yields  only  the  second-order  statistics 
of  the  response.  Thus  the  approach  cannot  in  general  lead  to  an  estimate  of  the 
probability  of  failure  of  a  large  complex  system. 

2. 2. 3  The  First  Order  Reliability  Method  (FORM) 

FORM  (for  example  [3])  is  a  method  of  estimating  the  failure  probability  of  a 
system  whose  failure  state  can  be  described  by  a  function  of  the  response 
known  as  the  “safety  margin”  M(y).  The  system  is  considered  to  have  failed  if 
M(y)<0  and  to  be  safe  if  A/(y)>0;  typically  M(y)  might  represent  the  amount 
by  which  a  critical  response  (either  a  stress  or  a  displacement)  is  exceeded  by 
the  allowable  response.  Since  the  response  y  is  related  to  the  uncertain 
parameters  x  via  equation  (1),  it  is  possible  to  write  the  safety  margin  in  the 
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form  M(x):  i.e.  for  a  prescribed  value  of  x,  the  equations  of  motion  can  be 
solved  to  yield  y,  and  the  safety  margin  M  can  then  be  computed. 

The  probability  of  failure  of  the  system  can  be  expressed  in  terms  of  the 
safety  margin  and  the  statistics  of  x  in  the  form 

-P/  =  j  />(x)dx,  (2) 

M(x)<0 


where  the  integral  is  taken  over  the  unsafe  region.  Given  that  x  is  generally  of 
large  dimension,  it  is  not  usually  possible  to  evaluate  equation  (2)  by  either 
analytical  means  or  direct  numerical  integration.  In  the  FORM  approach,  the 
variables  x  are  firstly  transformed  to  a  set  of  uncorrelated  Gaussian  random 
variables  z  of  zero  mean  and  unit  variance.  The  relationship  between  the  two 
sets  of  variables  can  be  written  as  z=f(x)  where  the  function  f  is  determined  in 
accordance  with  the  Rosenblatt  transformation  [4]  -  this  transformation 
enables  any  set  of  random  variables  x  to  be  transformed  to  a  set  of 
uncorrelated  Gaussian  random  variables  z.  The  probability  of  failure  is  then 
written  as 


p 


M(z)  -  0 


(3,4) 


Equation  (4)  states  that  /?  is  the  shortest  distance  between  the  origin  and  the 
surface  M{z)=0,  while  the  function  O  that  appears  in  equation  (3)  is  the 
cumulative  normal  distribution  function. 

The  application  of  FORM  requires  the  solution  of  the  constrained 
minimisation  problem  represented  by  equation  (4),  This  can  be  accomplished 
by  a  range  of  standard  optimisation  algorithms,  providing  the  value  of  M  can 
be  computed  for  any  specified  z.  This  is  done  by:  (i)  computing  the  associated 
values  of  x  from  x=fTz);  (ii)  solving  the  equations  of  motion,  equation  (1), 
given  X,  to  yield  the  response  y;  (iii)  computing  the  value  of  the  safety  margin 
M  Clearly,  the  equations  of  motion  may  need  to  be  solved  many  times  before 
convergence  of  the  optimisation  algorithm,  and  this  can  require  significant 
computational  effort.  Efficient  techniques  known  as  “response  surface 
methods”  have  been  developed  for  representing  the  function  A/(z)  on  the  basis 
of  limited  numerical  sampling  points  [5],  and  this  offers  the  possibility  of 
significant  computational  savings. 

The  derivation  of  equations  (3)  and  (4)  can  be  found  in  textbooks  on 
reliability  theory  (for  example  [3]).  The  standard  argument  is  based  on 
transforming  x  to  z  and  then  linearising  M(z)  about  the  point  of  closest 
approach  to  the  origin  -  if  A<f(z)  is  actually  a  linear  function  then  equation  (3) 
is  exact.  In  1991  Breitung  [6]  noted  that  equation  (2)  is  a  Laplace-type 
integral,  and  thus  equation  (3)  is  a  special  case  of  a  more  general  result  that 
can  be  derived  directly  by  employing  asymptotic  integral  analysis.  Various 
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refinements  of  the  FORM  approach  exist,  including  the  approximation  ofMto 
a  quadratic  surface  (SORM)  and  the  use  of  multiple  failure  surfaces  to 
represent  different  failure  mechanisms. 

2.3  Possibilistic  Methods 

In  practise  it  can  be  extremely  difficult  to  obtain  detailed  statistical 
information  regarding  the  uncertain  variables  x.  A  complex  probabilistic 
analysis  cannot  be  justified  in  the  absence  of  detailed  statistical  input  data,  and 
in  recent  years  there  has  been  considerable  debate  regarding  the  development 
of  alternative  reliability  assessment  methods  [7],  This  has  lead  to  a  new 
family  of  non-probabilistic,  or  “possibilistic”  methods,  and  three  of  these 
methods  are  described  in  what  follows. 

2.3.1  Interval  Analysis 

The  application  of  interval  analysis  to  uncertain  structures  was  first  proposed 
by  Rao  and  Berke  [8].  With  this  approach  the  uncertain  parameters  x  are  not 
described  statistically,  but  rather  are  taken  to  be  bounded  so  that 

/  =  1,2,..,M,  (5) 

where  xu  and  xui  represent  the  lower  and  upper  bounds  on  x,.  For  static 
analysis  or  for  harmonic  excitation  of  frequency  to,  the  equations  that  govern 
the  response  of  the  system,  equation  (1),  can  be  re-expressed  in  the  form 

Ay  =  F,  (6) 

where  A  is  the  dynamic  stiffness  matrix  with  cy=0  for  the 

static  case.  With  the  present  notation,  both  A  and  F  will  be  functions  of  the 
uncertain  parameters  x,  and  the  aim  of  an  interval  analysis  is  to  use  this 
information  to  compute  the  bounds  on  the  response  y.  If  only  one  scalar 
response  quantity  is  of  interest  then  the  bounds  on  this  quantity  can  be 
determined  by  employing  an  optimisation  routine,  with  the  response  quantity 
(or  its  inverse)  as  the  objective  function,  and  equation  (6)  as  the  set  of 
constraints.  Elishakoff  [9]  has  coined  the  phrase  “anti-optimisation”  for  the 
procedure  used  to  find  the  least  favourable  response  resulting  from  the 
uncertain  input  parameters.  This  type  of  analysis  could  be  performed 
sequentially  for  any  number  of  response  quantities,  although  the  computer 
time  required  could  become  prohibitive  as  the  number  of  response  quantities  is 
increased.  Alternatively  the  bounds  on  the  complete  response  y  could  be 
sought  by  using  one  of  the  algorithms  suggested  by  Rao  and  Berke  [8],  as 
described  in  what  follows. 

The  simplest  algorithm  described  by  Rao  and  Berke  [8]  is  a  combinatorial 
approach  whereby  equation  (6)  is  solved  for  each  of  the  2^  combinations  of 
bounds  represented  by  equation  (5).  This  approach  soon  becomes  unfeasible 
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with  increasing  M  -  for  example,  a  system  with  A/=20  would  require  over  1 
million  solutions  of  equation  (6).  An  alternative  approach  is  to  employ 
interval  arithmetic  to  compute  the  ranges  of  the  components  of  A’^  and  F  and 
thence  compute  the  ranges  of  the  components  of  y.  As  discussed  by  Rao  and 
Berke  [8],  this  method  is  difficult  to  apply  to  a  large  system,  and  the  predicted 
bounds  on  y  can  be  very  conservative.  Other  possible  methods  that  are 
targeted  directly  at  large  systems  are  described  by  Rao  and  Berke  [8],  and 
further  progress  in  the  development  of  efficient  algorithms  can  be  anticipated. 
Interval  analysis  has  also  been  applied  to  eigenvalue  problems  [10],  with  the 
aim  of  computing  the  bounds  on  natural  frequencies. 

2. 3. 2  Convex  Modelling 

Equation  (5)  states  that  the  uncertain  parameters  x  lie  within  a  hyper-cube,  the 
vertices  of  which  are  determined  by  the  lower  and  upper  bounds  Xu  and  xm. 
To  take  a  two-parameter  system  as  an  example,  the  possible  values  of  xi  and 
X2  can  be  represented  by  a  rectangle  in  the  Xi-X2  plane.  Were  it  thought 
unlikely  that  the  upper  (or  lower)  bounds  on  the  parameters  will  be  achieved 
simultaneously,  then  an  alternative  description  might  be  an  ellipse  which  lies 
within  the  rectangle,  as  shown  in  Figure  1  -  this  excludes  the  vertex  regions  of 
the  interval  description.  More  generally  any  shape  of  region  in  the  xi-X2  plane 
can  be  defined,  and  if  the  region  is  convex  then  this  approach  is  referred  to  as 
“convex  modelling”  [11].  A  typical  convex  description  of  a  set  of  M  uncertain 
parameters  would  be  the  elliptical  region  defined  by  the  equation 

x^ftx<^7,  (7) 

where  f2  is  a  positive  definite  matrix  and  a  is  a  positive  constant.  The 
concept  of  convex  modelling  actually  predates  the  application  of  interval 
analysis  to  structures,  having  been  pioneered  by  Ben-Haim  and  ElishakofF 
[11]  in  the  late  1980s.  In  fact,  interval  analysis  can  be  considered  to  be  a  sub¬ 
set  of  convex  modelling  in  the  sense  that  the  hyper-cube  description  of  the 
uncertain  parameters  is  a  particular  example  of  a  convex  region. 

Having  described  the  bounds  on  the  input  parameters  via  an  equation  such 
as  equation  (7),  the  aim  of  convex  modelling  is  to  find  the  corresponding 
bounds  on  the  system  response,  which  might  be  represented  by  the  solution  y 
to  equation  (6)  or  perhaps  by  the  solution  to  an  eigenvalue  problem.  The 
bounds  on  any  single  response  variable  can  be  computed  by  using  an 
optimisation  or  anti-optimisation  approach,  as  in  the  case  of  interval  analysis. 

2. 3. 3  Fuzzy  Modelling 

Rao  and  Sawyer  [12]  have  considered  the  application  of  fuzzy  set  theory  to  the 
analysis  of  uncertain  structural  systems.  Central  to  this  approach  is  the 
concept  of  a  fuzzy  number  x,  the  properties  of  which  are  defined  via  a 
membership  function  jjix),  as  shown  for  a  typical  “triangular”  fuzzy  number  in 
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Figure  2.  In  some  ways  the  membership  function  is  analogous  to  a  probability 
density  function,  although  the  meaning  is  much  less  precise.  The  value  of  the 
membership  function,  a,  indicates  a  degree  of  confidence  about  the  numerical 
value  of  x:  in  Figure  2,  if  0^=1  then  it  is  known  that  x  has  the  definite  (or 
“crisp”)  value  c,  whereas  if  a=0  then  x  lies  between  the  bounds  a  and  b.  For 
intermediate  values  of  a,  x  is  bounded  in  accordance  with  the  membership 
function.  The  fuzzy  description  can  be  considered  to  be  a  parameterised 
interval  description,  in  which  the  interval  bounds  depend  upon  the  parameter 
a. 

For  a  pair  of  fuzzy  numbers  xi  and  X2,  the  membership  function 
a=/i(xi,X2)  can  be  plotted  against  the  xi-xa  plane,  or  alternatively,  lines  of 
constant  a  can  be  plotted  as  closed  contours  on  this  plane.  For  M  fuzzy 
numbers  x,  a  constant  value  of  a  will  correspond  to  a  closed  surface  bounding 
a  region  of  the  x-space.  If  this  closed  set  is  convex  then  the  fozzy  description 
is  basically  a  parameterised  convex  description:  for  a  specified  value  of  a  the 
values  of  x  fall  within  a  defined  convex  region,  and  this  region  will  shrink 
(and  possibly  change  shape)  with  increasing  a.  If  the  region  is  a  hyper-cube  at 
all  prescribed  values  of  a  the  description  is  a  parameterised  interval 
description  (as  is  certainly  the  case  for  a  single  number  x). 

On  the  basis  of  the  foregoing  discussion,  it  can  be  seen  that  a  fuzzy 
description  of  the  uncertain  variables  x  is  little  different  from  an  interval 
description  or  a  convex  description,  the  only  new  issue  being  that  the  range  of 
the  variables  can  be  controlled  by  the  parameter  a.  At  each  prescribed  value 
of  a  the  system  can  be  analysed  by  using  the  methods  outlined  for  interval 
analysis  and  convex  modelling,  and  in  fact  this  point  is  made  by  Chen  and  Rao 
[13]  who  state:  “since  any  fuzzy  number  can  be  represented  in  interval  form, 
fuzzy  arithmetic  operations  can  be  implemented  by  using  interval  (operation) 
analysis  at  each  of  the  n  a-levels  independently”,  and  “all  the  rules  used  for 
interval  arithmetic  are  equally  applicable  to  fuzzy  arithmetic  at  each  a-level”. 
The  output  of  a  fuzzy  analysis  is  a  frizzy  description  of  the  response, 
consisting  of  bounds  at  each  prescribed  a-level. 

2.4  A  Unifled  Approach  to  Probabilistic  and  Possibilistic  Methods 

It  is  clear  from  the  previous  sections  that  probabilistic  and  possibilistic 
methods  constitute  very  different  approaches  to  the  analysis  of  uncertain 
structures.  However,  it  is  shown  in  the  present  section  that  the  methods  can 
actually  be  implemented  via  a  common  algorithm:  the  methods  are  then 
distinguished  only  by  the  numerical  values  and  the  physical  meaning  of  the 
input  parameters  used  to  describe  the  structural  uncertainties  x,  and  by  the 
physical  interpretation  attached  to  the  output  of  the  analysis.  In  order  to 
demonstrate  this  it  is  first  necessary  to  consider  the  use  of  a  safety  margin 
within  the  context  of  a  possibilistic  analysis,  as  described  in  the  following  sub¬ 
section. 
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2.4.1  A  Safety  Margin  Approach  to  Probabilistic  Analysis 
The  three  possibilistic  approaches  that  have  been  outlined  all  describe  the 
uncertain  parameters  x  in  terms  of  a  region  of  permissible  values:  a  hyper¬ 
cube  in  the  case  of  interval  analysis,  a  more  general  convex  region  in  the  case 
of  convex  modelling,  and  a  parameterised  region  in  the  case  of  fuzzy 
modelling.  In  all  cases  the  region  can  be  represented  in  the  form 

h{x,Y)<Y,  (8) 

where  h(\^Y)~y  represents  a  closed  surface  in  x-space,  and  the  parameter  ;^is 
such  that  the  volume  enclosed  by  the  region  increases  with  increasing  y  \  the 
appearance  of  y  in  the  function  h{\,Y)  allows  for  the  fact  that  the  shape  (and 
not  just  the  size)  of  the  surface  may  change  with  increasing  7.  It  is  recognised 
that  the  detailed  form  of  h{x,Y)  will  be  complicated  in  the  case  of  a  hyper¬ 
cube,  but  nonetheless  equation  (8)  remains  valid,  with  y  providing  a  measure 
of  the  size  of  the  cube. 

Possibilistic  approaches  have  not  previously  been  combined  with  the 
concept  of  a  safety  margin  A/(x).  By  recalling  that  A/(x)<0  corresponds  to  a 
failure  state,  it  can  be  seen  that  failure  will  occur  if  A/(x)  is  less  than  zero  at 
any  point  within  the  region  described  by  equation  (8).  For  this  to  occur,  either 
the  region  h{\,Y)<Y  must  lie  completely  within  the  region  M(x)<0,  or  the  two 
surfaces  h{x^Y)^YdinA  M(x)=0  must  intersect  or  touch.  The  first  possibility  is 
highly  unlikely  to  occur  in  practise,  since  this  would  imply  that  the  system  is 
in  a  failure  state  for  all  possible  combinations  of  the  uncertain  parameters  x. 
Assuming  therefore  that  the  surfaces  must  intersect  or  touch  for  failure  to 
occur,  it  can  be  noted  that  the  following  statements  each  imply  that  this 
condition  is  met: 

(i)  M(x)<0  at  some  point  on  the  surface  h{\,Y)^Y, 

(ii)  h{x,Y)  <Y at  some  point  on  the  surface M(x)=0. 

These  conditions  can  each  be  re-expressed  in  terms  of  a  constrained 
optimisation  problem: 

(i)  for  X  on  the  surface  h{\^Y)~Y  the  minimum  value  of  M{x)  is  less  than 
or  equal  to  zero, 

(ii)  for  X  on  the  surface  A/(x)=0  the  minimum  value  of  ^  that  satisfies 
h{x,Y^=Yo  is  such  that  Yo<y, 

The  second  condition  follows  from  the  fact  that  the  surface  h{\^Y)^Y  expands 
with  increasing  y  :  the  surface  h{x,Y^-Yo  with  minimum  /o  is  tangential  to 
M(x)=0,  and  thus  the  surface  h(x,Y)=Y  must  intercept  M(x)=0  for  y>Yo. 
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The  constrained  optimisation  problems  (i)  and  (ii)  offer  numerical 
solution  strategies  that  differ  from  existing  approaches,  such  as  interval 
arithmetic  [8].  It  is  shown  in  the  following  sub-section  that  the  algorithm 
associated  with  problem  (ii)  is  actually  identical  to  that  employed  by  FORM. 
The  alternative  strategy  offered  by  problem  (i)  is  then  considered 
subsequently. 

2,4,2  A  Probabilistic/Possibilistic  Algorithm 
A  constrained  optimisation  problem  of  the  form 


min 


5(x)  1  A/(x)  =  0  k 


(9) 


where  M(x)  is  the  structural  safety  margin  and  s(x)  is  some  function  of  the 
uncertain  parameters  x,  can  be  used  to  represent  all  of  the  analysis  methods 
previously  described.  The  choice  of  the  function  5(x)  determines  the  method, 
and  the  various  options  are  as  follows. 

1.  FORM.  s(x)=/?,  where  P  is  the  distance  to  the  origin  in  z-coordinates,  i.e. 
the  space  in  which  the  parameters  x  are  transformed  to  uncorrelated 
Gaussian  variables  with  zero  mean  and  unit  variance.  Once  P  has  been 
found,  the  failure  probability  can  be  estimated  from  equation  (3). 

2.  Interval  analysis:  5(x)=^o(x)  where,  in  the  notation  of  the  previous  sub¬ 
section,  Yo  satisfies  the  equation  /2(x,/o)=7o.  For  a  specified  point  x,  ^(x) 
represents  the  “size”  of  the  hyper-cube  that  contains  x  on  its  surface.  The 
hyper-cube  increases  in  size  with  increasing  ^o,  and  corresponds  to  the 
actual  size.  The  minimum  value  of  yo  specifies  a  hyper-cube  that  just 
touches  the  surface  A/(x)=0;  the  structure  can  be  considered  to  be  safe  if 
min{yo}>y,  since  in  this  case  a  hyper-cube  of  size  y  will  not  intersect 
M(x)=0. 

3.  Convex  modelling:  5(x)=/o(x)  where  /o  is  a  scaling  factor  on  the  convex 
region  containing  the  uncertain  parameters  x.  As  in  the  case  of  interval 
analysis,  the  point  corresponds  to  the  actual  size  of  the  region,  and  the 
structure  is  safe  if  min{yo}>y 

4.  Fuzzy  modelling:  5(x)=/o(x:,^)  where  yo  is  a  scaling  factor  on  the  region 
containing  x,  and  in  this  case  the  region  is  a  fiinction  of  the  degree  of 
confidence  a.  The  analysis  must  be  repeated  at  each  level  a  to  yield  yoicc)\ 
if  mm{yo(a)]>y(aX  where  }(a)  is  the  actual  size  of  the  region,  then  the 
structure  is  safe  at  confidence  level  a. 
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Clearly  method  (1)  yields  an  estimate  of  the  probability  of  failure,  whereas 
methods  (2)-(4)  give  a  simple  yes  or  no  answer  to  the  question  of  structural 
safety  (albeit  as  a  function  of  a  in  the  case  of  fuzzy  modelling).  The  amount  of 
information  yielded  by  methods  (2)"(4)  can  be  increased  by  introducing  the 
quantity 


;ir  =  (min{yj -/)//,  (10) 

to  give  some  indication  of  the  “degree”  of  safety. 

Rather  than  simply  assess  whether  a  structure  is  safe  for  a  given  degree 
of  uncertainty  it  might  be  desirable  in  some  applications  to  compute  the 
maximum  allowable  degree  of  uncertainty  that  yields  a  safe  design.  The  level 
of  uncertainty  on  the  input  parameters  can  be  reduced  by  inspection  and 
quality  control  techniques,  although  there  will  be  an  additional  manufacturing 
cost  associated  with  this;  knowledge  of  the  maximum  allowable  degree  of 
uncertainty  will  help  set  quality  control  targets  that  are  safe  and  yet  not  overly 
stringent.  In  the  foregoing  analysis,  the  minimum  value  of  the  scaling  factor 
Yo  yielded  by  the  possibilistic  methods  (2)-(4)  is  in  fact  precisely  the  maximum 
tolerance  that  can  be  accepted,  and  hence  the  present  algorithm  can  potentially 
be  used  to  specify  quality  control  requirements. 

In  considering  quality  control  it  should  be  noted  that  Yo  represents  a  single 
overall  scaling  factor  on  the  uncertain  parameters,  and  the  practical 
implications  of  this  can  be  highlighted  by  considering  an  example  structure 
consisting  of  a  single  plate.  The  uncertain  parameters  might  be  the  plate 
modulus  E  and  the  thickness  t,  and  the  requirement  is  to  find  the  maximum 
permissible  tolerances  on  these  items  to  maintain  a  safe  design.  It  is  inevitable 
that  the  answer  to  this  question  is  non-unique,  with  many  different  sets  of 
tolerances  on  E  and  t  leading  to  a  design  that  is  “just”  safe  under  the  worst 
possible  combination  of  values.  Under  the  present  approach,  the  relationship 
between  the  tolerances  on  E  and  t  is  specified  in  advance  by  the  shape  of  the 
convex  region  A(x,;^),  and  the  maximum  permissible  size  of  the  tolerances  is 
then  determined  by  computing  the  single  scaling  factor  Yo-  In  specifying  the 
shape  of  A(x,^),  consideration  could  be  given  to  the  relative  cost  of  quality 
control  on  E  and  /,  so  that  the  more  costly  parameter  is  allowed  a  wider 
tolerance. 

The  foregoing  discussion  on  quality  control  has  focussed  on  possibilistic 
rather  then  probabilistic  methods.  There  is  no  immediate  counterpart  of  the 
parameter  Yo  in  the  probabilistic  algorithm  (1),  although  in  the  special  case  of 
FORM  with  Gaussian  variables  x  a  parallel  can  be  drawn  with  the  parameter 
p.  If  the  standard  deviation  of  each  of  the  variables  x  is  multiplied  by  a 
scaling  factor  c  then  the  net  effect  is  that  the  value  of  P  yielded  by  equation  (4) 
will  become  pic.  If  a  “target”  failure  probability  is  then  specified  in  the  form 
dE>(->8o),  then  the  value  of  c  can  be  selected  {c=pip^  to  ensure  that  this  target  is 
met.  This  value  of  c  then  yields  the  quality  control  requirements  for  the 
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standard  deviations  of  the  variables  x.  If  the  variables  x  are  not  initially 
Gaussian  then  the  FORM  approach  involves  a  transformation  to  a  new  set  of 
Gaussian  variables:  in  this  case  the  foregoing  procedure  will  lead  to  quality 
control  requirements  on  the  standard  deviations  of  the  transformed  variables, 
which  can  be  worked  back  to  requirements  on  the  physical  variables 

The  various  reliability  assessment  methods  described  in  this  section  are 
summarised  in  Table  1.  It  is  clear  that  in  all  cases  the  constraint  function  is 
the  safety  margin  M(x),  while  the  particular  method  is  determined  by  the 
choice  of  the  objective  function  and  the  interpretation  of  the  output.  In  the 
case  of  the  three  possibilistic  methods,  the  output  ''safety  assessment” 
indicates  a  yes  or  no  answer  to  the  question  of  structural  safety. 

2.4.3  A  Second Probabilistic/Possibilistic  Algorithm 

Leaving  aside  the  issue  of  tolerance  specification  and  quality  control,  equation 
(9)  provides  an  answer  to  the  question  "what  is  the  probability  of  a  structural 
failure?”  in  the  probabilistic  case,  and  “is  structural  failure  possible  within  the 
bounds  imposed  on  the  uncertain  parameters?”  in  the  possibilistic  case.  As 
discussed  previously,  the  possibilistic  question  can  be  posed  as  a  constrained 
optimisation  problem  in  two  ways:  the  structure  will  fail  if  either  (i)  for  x  on 
the  surface  h(x,y)=y  the  minimum  value  of  M{x)  is  less  than  or  equal  to  zero, 
or  (ii)  for  x  on  the  surface  M(x)=0  the  minimum  value  of  yc  that  satisfies 
h(x,yo)=^yo  is  such  that  yo<y  The  second  approach  forms  the  basis  of  the 
possibilistic  algorithms  described  in  the  previous  sub-section.  On  the  other 
hand,  the  first  approach  states  that  failure  will  occur  if 


min|M(x)  |  h(x,y)  =  y^<0  .  (11) 

With  the  appropriate  choice  of  h(x,y)  this  approach  can  be  applied  to  interval 
analysis,  convex  modelling,  and  fuzzy  modelling.  The  probabilistic  equivalent 
of  equation  (11)  within  the  context  of  FORM  would  be 


min|M(x)  |  y?(x)  =  y?J<0, 


(12) 


where  p  is  the  distance  to  the  origin  in  z-coordinates  and  Pq  is  a  specified 
value.  Rather  than  answer  the  question  “what  is  the  probability  of  a  structural 
failure?”,  equation  (12)  provides  the  answer  to  "is  the  probability  of  a 
structural  failure  greater  than  a  specified  value  3>(-y9o)?” 

In  equations  (11)  and  (12)  the  safety  margin  M(x)  is  the  objective 
function,  while  in  equation  (9)  it  forms  the  constraint.  The  calculation  of  A/(x) 
for  a  given  value  of  x  requires  the  solution  of  the  equations  that  govern  the 
structural  behaviour,  and  for  a  complex  system  this  will  involve  the  use  of  the 
finite  element  method.  The  safety  margin  is  thus  a  relatively  complex 
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function  of  x  when  compared  to  the  surface  of  a  convex  set,  where  closed- 
form  analytical  expressions  are  likely  to  be  used.  The  optimisation  problem 
represented  by  equation  (9)  thus  involves  the  minimisation  of  a  simple 
objective  function  with  a  complex  constraint,  whereas  equations  (1 1)  and  (12) 
involve  the  minimisation  of  a  complex  objective  function  with  a  simple 
constraint.  The  numerical  problem  posed  by  equations  (11)  and  (12)  is 
somewhat  easier  than  that  posed  by  equation  (9),  although  this  is  offset  by  the 
fact  that  equations  (11)  and  (12)  do  not  lead  to  “quality  control”  information 
(i.e.  allowable  tolerances).  The  various  analysis  methods  that  are 
encompassed  by  equations  (1 1)  and  (12)  are  summarised  in  Table  2. 

2.5  DIustrative  Example 

The  application  of  the  foregoing  algorithms  to  complex  structures  is  ongoing, 
but  some  indication  of  the  issues  involved  can  be  given  by  considering  the 
response  of  a  simply  supported  plate  to  point  loading.  The  plate  has  planform 
dimensions  Z-ix  Z2  and  the  concern  is  with  the  response  w  at  a  fixed  location 
caused  by  a  harmonic  point  load  F  applied  at  a  different  location.  Taking  the 
planform  dimensions  to  be  uncertain  parameters,  the  dependency  of  the 
response  on  these  items  is  shown  in  Figure  3.  The  results  concern  the 
harmonic  response  at  a  fixed  frequency,  and  the  peaks  in  the  response 
correspond  to  combinations  of  Zi  and  L2  that  produce  a  resonant  frequency  at 
the  forcing  frequency. 

A  contour  plot  of  the  response  is  shown  in  Figure  4,  with  the  three  levels 
drawn  corresponding  to  10Log(w/F)=3.1,  3.2,  and  3.3.  If  the  structure  is 
deemed  to  fail  when  10Log(w/f)=3.1,  then  this  contour  represents  the  safety 
margin  boundary  A/(x)=0.  Also  shown  in  Figure  4  is  an  axis  system  and  two 
convex  regions.  To  consider  initially  the  application  of  FORM  to  this 
problem,  the  axis  system  would  correspond  the  z-coordinates  that  are 
employed  in  the  method.  The  probability  of  failure  is  found  by  computing  the 
minimum  distance  between  the  centre  of  the  axis  system  and  the  safety 
margin.  Three  potential  difficulties  are  apparent:  (i)  the  safety  margin  is  not  a 
single  continuous  curve,  and  care  will  be  needed  to  ensure  that  the 
optimisation  algorithm  selects  the  correct  branch,  (ii)  the  safety  margin  can  be 
highly  non-linear,  and  thus  the  FORM  approximation  (linearising  the  safety 
margin  about  the  point  closest  to  the  origin)  may  be  poor,  (iii)  the  structure 
could  fail  on  either  branch  of  the  safety  margin  and  strictly  a  combined 
probability  of  failure  is  required  -  this  is  not  given  by  the  standard  version  of 
FORM. 

To  consider  now  the  application  of  a  possibilistic  method,  convex 
modelling,  to  the  problem,  two  convex  regions  shown  in  Figure  4.  These 
regions  correspond  to:  (i)  the  convex  set  containing  the  possible  values  of  the 
uncertain  parameters  (shown  as  the  smaller  region),  (ii)  a  scaled  version  of  the 
convex  set  that  just  touches  the  safety  margin  (shown  as  the  larger  region  with 
a  scaling  factor  ^).  If  the  first  optimisation  algorithm  (Table  1)  is  applied. 
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then  the  safety  margin  M(x)=0  is  searched  for  the  minimum  value  of  where 
Yq  is  defined  for  a  point  x  on  the  safety  margin  as  the  scaling  factor  needed  to 
place  that  point  on  the  surface  of  the  convex  region.  Clearly  this  approach 
feces  similar  computational  difficulties  to  FORM,  in  that  the  safety  margin  has 
multiple  branches  and  the  optimisation  algorithm  would  need  to  robustly 
locate  the  correct  branch.  Unlike  FORM  however,  the  validity  of  the  result 
obtained  does  not  depend  on  the  linearity  or  otherwise  of  the  safety  margin, 
and  the  presence  of  multiple  branches  of  the  safety  margin  has  no  adverse 
effect  other  than  the  optimisation  difficulty  mentioned  previously.  If  the 
second  optimisation  algorithm  (Table  2)  is  applied,  then  the  surface  of  the 
smallest  convex  region  is  searched  for  the  minimum  value  of  M(x);  the  only 
potential  difficulty  here  is  that  of  locating  the  global  optimal  value  if  M(x) 
displays  multiple  minima  on  the  surface. 

From  this  preliminary  study  it  is  clear  that  probabilistic  and  possibilistic 
methods  offer  different  advantages  and  disadvantages;  for  vibration  analysis 
the  methods  outlined  in  Table  2  certainly  warrant  further  investigation. 

3.  NON-PARAMETRIC  UNCERTAINTIES 
3.1  General  Comments 

The  analysis  methods  discussed  in  the  previous  section  are  all  based  on  the 
notion  that  it  is  possible  to  derive  a  set  of  equations  of  motion  that  govern  the 
structural  behaviour,  even  though  the  physical  parameters  that  underlie  these 
equations  may  be  uncertain.  In  some  cases  however  the  degree  of  uncertainty 
may  be  so  great  that  it  is  extremely  difficult  to  follow  this  procedure.  If,  for 
example,  a  structure  is  subjected  to  high  frequency  broad-band  excitation  then 
many  hundreds  of  modes  may  be  excited,  and  the  structure  will  undergo  a  very 
complex  deformation  pattern  that  has  a  short  structural  wavelength.  The 
development  of  a  deterministic  model  of  this  situation  may  require  many 
thousands  of  degrees  of  freedom;  the  model  may  then  depend  upon  a  very 
large  number  of  uncertain  physical  parameters,  many  of  which  can  be  difficult 
to  quantify.  The  methods  outlined  in  the  previous  section  are  unfeasible  in 
this  case,  and  it  is  appropriate  to  seek  alternatives  to  the  idea  of  describing  the 
system  uncertainty  via  a  prescribed  set  of  physical  parameters  (parametric 
uncertainty). 

If  the  concept  of  parametric  uncertainty  is  abandoned,  then  there  are 
three  possible  strategies  that  can  be  adopted.  The  first  applies  to  the  case  in 
which  it  is  still  possible  to  build  a  deterministic  model  of  the  system,  so  that  an 
equation  in  the  form  of  equation  (1)  is  taken  to  apply.  Randomness  can  then 
be  introduced  into  the  system  directly  rather  than  via  structural  parameters,  for 
example  by  considering  the  various  matrix  entries  to  be  random  variables  with 
prescribed  statistical  properties  -  this  type  of  approach  is  considered  in  section 
3.2.  The  second  strategy  is  to  abandon  the  conventional  form  of  the  equations 
of  motion  and  seek  an  alternative,  more  folly  statistical,  method  of  describing 
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the  system  behaviour  -  this  approach,  which  includes  statistical  energy 
analysis  (SEA)  is  discussed  in  section  3.3.  The  third  strategy  is  to  combine 
aspects  of  the  first  two  approaches,  and  model  some  features  of  the  response 
by  a  deterministic  method  (possibly  with  parametric  uncertainty)  and  other 
features  by  a  fully  statistical  approach  -  this  is  discussed  in  section  3.4. 

3.2  Direct  Randomisation  of  the  Equations  of  Motion 

In  this  case  various  terms  that  appear  in  the  matrix  form  of  the  equations  of 
motion  are  taken  to  be  random  variables.  Three  examples  of  this  type  of 
approach  are  as  follows. 

(i)  Shorter  and  Mace  [14]:  the  finite  element  equations  of  motion  are  re-cast 
by  using  modal  synthesis,  which  involves  dividing  the  system  into  a  number 
of  substructures  and  representing  the  response  of  each  substructure  in  terms  of 
blocked  modes  and  constraint  modes.  The  blocked  modes  are  the  modes  of 
vibration  obtained  when  the  substructure  boundaries  are  clamped,  while  the 
constraint  modes  are  “static”  shapes  associated  with  motion  of  the  subsystem 
boundaries.  Randomness  is  then  introduced  into  the  model  by  taking  the 
natural  frequencies  of  the  blocked  modes  to  be  random  variables 

(ii)  Soize  [15].  Here  the  equations  of  motion  yielded  by  the  finite  element 
method  are  taken  to  give  the  “mean”  values  of  the  mass,  damping,  and 
stiffness  matrices.  The  joint  probability  density  function  of  the  matrix  entries 
is  then  derived  from  this  information  by  using  the  principle  of  maximum 
entropy.  It  is  interesting  to  note  that  for  a  scalar  variable  this  would  lead  to  an 
exponential  distribution:  for  a  random  matrix  the  result  displays  exponential 
decay  in  the  tails  of  the  distribution,  but  the  full  expression  for  the  distribution 
is  complicated  by  constraining  the  matrix  to  be  positive  definite.  Soize  does  in 
fact  introduce  one  further  parameter  (referred  to  as  A)  that  determines  the 
degree  of  randomness  in  the  matrix.  The  resulting  matrix  statistics  are  used  to 
perform  efficient  Monte-Carlo  simulations  of  the  system  response.  It  can  be 
noted  that  the  matrix  statistics  are  not  derived  from  physical  arguments,  but 
rather  by  making  “optimal”  use  of  the  mean  values  via  maximum  entropy 
considerations. 

(iii)  Random  matrix  theory  [16].  This  approach  has  not  as  yet  been  applied  to 
response  predictions  for  a  built-up  structure,  but  it  is  helpful  to  review  the 
results  on  random  matrix  statistics  that  have  been  developed  in  the  physics 
literature.  In  random  matrix  theory,  all  “deterministic”  structure  to  a  matrix  is 
abandoned,  and  the  matrix  is  considered  in  purely  statistical  terms.  The  most 
important  class  of  random  matrix  is  known  as  the  Gaussian  Orthogonal 
Ensemble  (GOE)  -  this  has  the  important  physical  property  that  the  statistical 
distribution  in  unchanged  by  a  rotation  (i.e.  an  arbitrary  redefinition  of  the 
degrees  of  freedom).  The  GOE  has  a  very  simple  statistical  structure:  the 
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matrix  is  symmetric,  all  the  entries  are  statistically  independent  and  Gaussian 
with  zero  mean,  and  all  the  diagonal  entries  have  the  same  variance,  which  is 
twice  that  of  all  the  off-diagonal  entries.  A  very  important  property  of  this 
matrix  is  that  the  spacing  between  consecutive  eigenvalues  {dco  say)  is  found 
to  have  a  Rayleigh  distribution  so  that 

p{dco)  =  {d(Dl <jY  /2],  (13) 

where  the  parameter  cr  is  such  that  the  mean  spacing  is  given  by  tW(7c/2). 
Equation  (13)  is  known  in  the  literature  as  the  Wigner  surmise.  Although  it  is 
not  immediately  clear  how  or  why  the  GOE  relates  to  an  elastic  system, 
equation  (13)  has  been  found  to  apply  in  many  practical  situations:  most 
notably,  Weaver  [17]  has  shown  experimentally  that  the  natural  frequencies  of 
various  aluminium  blocks  (with  slits  inserted  to  destroy  symmetry)  are  in  very 
close  agreement  with  equation  (13).  This  issue  will  be  referred  to  again  in  the 
following  section. 

3.3  Statistical  Energy  Analysis  (SEA) 

A  full  description  of  SEA  will  not  be  given  here,  but  in  brief  it  can  be  noted 
that  the  method  is  based  on  vibrational  energy  flow  and  has  many  analogies 
with  heat  conduction  and  statistical  physics  [18,19].  In  its  standard  form,  SEA 
predicts  the  mean  value  of  the  vibrational  energy  in  a  region  of  a  structure  - 
here  the  mean  is  taken  over  the  spatial  extent  of  the  region,  over  frequency, 
and  over  an  ensemble  of  random  structures.  A  major  research  issue  in  SEA  is 
the  development  of  a  reliable  method  of  predicting  the  higher  order  statistics 
of  the  energy,  such  as  the  variance.  One  of  the  issues  behind  this  ongoing 
work  is  the  statistics  of  the  natural  frequencies  of  a  built-up  system:  early 
work  by  Lyon  [20]  assumed  initially  an  exponential  distribution  for  the  natural 
frequency  spacing  and  then  compared  the  results  obtained  with  the  use  of  a 
variant  of  equation  (13).  The  detailed  nature  of  the  spacing  statistics  was 
found  to  be  important,  and  this  has  been  reinforced  by  recent  work  concerning 
a  point  process  model  of  the  natural  frequencies  [21].  Much  remains  to  be 
done  in  this  area. 

3.4  Hybrid  Methods 

Many  practical  situations  arise  in  which  a  structure  displays  a  ‘‘hybrid” 
behaviour,  in  which  part  of  the  system  can  be  described  deterministically,  and 
part  must  rely  on  a  statistical  description.  In  such  cases  the  ideal  approach 
would  be  to  model  the  well  defined  part  of  the  behaviour  by  using  the  finite 
element  method  and  then  couple  this  to  a  statistical  description  of  the 
uncertain  part.  A  milestone  in  this  area  was  the  development  of  “fuzzy 
structure  theory”  by  Soize  [22]  (not  to  be  confused  with  fiizzy  set  theory  or 
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fiizzy  numbers).  The  initial  motivation  for  this  arose  in  part  from  the  need  to 
model  a  deterministic  structure,  such  as  a  submarine  hull,  coupled  to  a  very 
complex  system,  such  as  a  large  number  of  internal  attachments  and 
equipment  items.  Concepts  of  this  type  were  further  developed  by  Langley  and 
Bremner  [23]  to  partition  out  the  response  of  modally  dense  and  modally 
sparse  structural  components,  leading  to  a  coupled  finite  element/SEA  analysis 
technique.  Earlier  approaches  to  this  type  of  problem  were  suggested  by 
Belyaev  [24],  and  recently,  Grice  and  Pinnington  [25]  have  added  ‘‘missing” 
short  wavelength  modes  into  a  coarse  mesh  finite  element  model  by  using  an 
impedance  technique. 


4.  CONCUSIONS 

This  paper  has  sought  to  highlight  a  number  of  issues  involved  in  modelling 
the  dynamic  response  of  a  structure  that  has  uncertain  properties.  Various 
analysis  methods  have  been  presented,  and  a  distinction  has  been  made 
between  parametric  and  non-parametric  models  of  the  uncertainty.  It  is  clear 
that  while  much  has  been  achieved,  much  also  remains  to  be  done  in  this  field 
before  reliable  and  practically  useful  results  can  be  obtained  routinely  for  a 
large  complex  system. 
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Figure  1.  Interval  analysis  and  convex  modelling:  the  rectangle  represents  the 
admissible  region  for  interval  analysis,  while  the  ellipse  corresponds  to  convex 
modelling. 
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Figure  2.  The  membership  function  for  a  fuzzy  number 
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10Log(w//0 


Figure  3.  The  response  of  a  plate  of  uncertain  planform  dimensions  to 
harmonic  point  loading. 


Figure  4.  Contour  plot  of  the  plate  response.  The  levels  shown  correspond  to 
10Log(WF)=3.1,  3.2,  and  3.3.  The  marked  curve  represents  10Log(w/.^=3.1. 


Table  1.  Summary  of  the  algorithm  options  when  the  safety  margin  is  a 
constraint. 


Method 
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Function 
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Function 
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Output 
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Z-space  radius  p 

Safety  margin 
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failure  or 
allowable 
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for  a 

prescribed 

probability 

Interval  analysis 

Hyper-cube 
scaling 
factor  ^ 

Safety  margin 

M(\) 

Bounds  on 

uncertain 

parameters 

Safety  assessment 
or 

allowable 

tolerances 

Convex  modelling 

Convex  set 
scaling 
factor  Yo 

Safety  margin 

M(x) 

Convex  set 
description 

Safety  assessment 
or 

allowable 

tolerances 

Fuzzy  modelling 

Convex  set 
scaling 
factor  Yo^^  a 
prescribed  a 
level 

Safety  margin 

M(x) 

Convex  set 
description  at 
each  a  level 

Safet\'  assessment 
or 

allowable 

tolerances 

Table  2.  Summary  of  the  algorithm  options  when  the  safety  margin  is  an 
objective  function. 
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Fuzzy  modelling 
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each  a  level 

Safety  assessment 
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Testing  for  Model  Validation  in  Structural  Dynamics 
~  Where  Idealization  Meets  Reality 


Charles  R.  Pickrel,  Boeing  Commercial  Airplanes  Group 

Introduction 

It  is  a  remarkable  fact  that  mathematics  can  and  does  describe  the  world  around  us.  In 
engineering  we  make  practical  use  of  this  fact  by  using  mathematical  models  to  predict 
system  behavior,  and  to  synthesize  or  design  systems  for  desired  behavior  By  model  we 
mean  a  mathematical  representation  which  approximately  describes  a  system  or 
phenomenon  as  observed  through  testing.  By  test,  we  mean  performing  measurements, 
experiments  or  observations.  “Testing”  and  “Modeling”  are  complementary,  interacting 
and  synergistic  activities  which  form  the  basis  of  the  scientific  method.  Utilizing  “model” 
and  “tesf  to  design  products  or  predict  system  behavior  is  an  activity  which  is  central  to 
the  practice  of  engineering. 

Models  allow  us  to  predict  behavior  of  a  product  over  a  broad  range  of  operating 
conditions  before  It  is  built.  Behavior  can  be  predicted  for  conditions  which  cannot  be 
tested,  such  as  failure  conditions.  Model  based  design  optimization  has  led  to  significant 
improvements  in  the  operation,  performance,  manufacture  or  cost  of  many  products. 
Validation  of  a  design  must  often  depend  on  both  model  and  test.  Models,  in  a  general 
sense,  provide  the  context  for  interpreting  or  understanding  test  results  and  for 
recognizing  a  “right  answer"  when  we  see  one. 

Testing  provides  empirical  factors  for  use  in  models,  quantifies  operating  environments, 
demonstrates  the  adequacy  of  a  design,  or  can  provide  results  to  validate  individual 
models  or  new  modeling  methods.  Validation  of 
designs  or  products  is  often  required  when  product 
“failure”  or  inadequacy  could  impact  personal 
safety  or  result  In  financial  loss.  As  new  modeling 
methods  are  developed,  they  are  validated  by 
testing. 

Modeling  and  testing  are  interdependent  activities. 

Models  are  dependent  on  test  data  for  input,  such 
as  physical  constants,  and  for  validation  or  tuning. 

Tests  are  dependent  on  modeling  in  many  ways: 
from  transducer  behavior  and  sensor  location  to 
modal  analysis,  data  interpretation  and  validation. 

Models  often  bridge  the  gap  between  what  we  can 
test  and  what  we  want  to  test.  We  are  reminded  of 
a  quote  from  Immanuel  Kant,  reconciling  the 
Rationalists  with  the  Objectivists  in  philosophy: 

"Concepts  without  percepts  are  empty; 
percepts  without  concepts  are  blind/’ 

~  Immanuel  Kant 
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Figure  1,  Issues  and  complexities. 
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Both  modeling  and  testing  require  practical  simplifications  and  idealizations  of  the  "real 
world.”  For  example  see  the  list  in  Figure  1.  Validation  of  a  model  with  test  data  provides 
interesting  challenges,  which  we  will  explore  in  this  paper 

We  will  explore  many  of  these  Issues  using  practical  examples  from  our  experience  in 
airplane  vibration  testing,  including  the  validation  of  a  flutter  analysis  for  a  commercial 
transport  airplane.  In  this  case,  the  "real  world”  consists  of  an  airplane  in  flight,  Figure  2. 
Idealized  representations  are  symbolized  by:  digital  drafting  data  sets  from  which  the 
structure  is  manufactured;  a  finite  element  model  of  the  structure;  the  spatial 
representation  from  sensor  locations  used  in  a  modal  test.  Emphasis  in  this  paper  will  be 
placed  on  validation  of  the  structural  dynamic  model  of  the  airplane  the  by  means  of  a 
modal  test,  or  "Ground  Vibration  Test”  (GVT).  Our  airplane,  of  course,  knows  nothing  of 
our  idealizations  nor  of  our  separation  of  aerodynamics,  structural  dynamics  and  controls 
into  separate  disciplines  or  departments. 


Figure  2,  Idealizations  versus  Reality  -  An  actual  airplane  in  flight  is  represented  by 
idealizations,  such  as  CAD  data  sets,  FE  model,  GVT  sensor  locations. 


Design  Validation  by  Model  and  Test 

Validation  of  a  model  with  test  data  implies  that  a  comparison  is  to  be  made  between  the 
prediction  of  a  model  and  the  results  from  a  test,  as  in  Figure  3.  The  basis  for 
comparison  of  structural  dynamic  models  is  often  a  set  of  modes,  but  could  also  be 
Frequency  Response  Functions  (FRF’s)  or  time  responses  to  an  input  [1,  2].  Most 
situations  are  less  straight  forward,  as  in  Figure  4.  The  behavior  we  wish  to  model  and 
predict  involves  actual  operation,  where  engines  are  running  and  many  unknown  inputs 
to  our  system  make  measurement  very  challenging,  costly  or  even  impossible.  The 
structure  itself  is  manufactured  from  a  defining  set  of  geometry  or  “CAD  drawings,” 
perhaps  within  some  tolerance,  and  may  exhibit  variation  in  manufacture. 

In  a  sense,  we  are  trying  to  “get  the  same  answer  twice”  using  two  different  approaches; 
the  first  based  primarily  on  modeling,  the  second  based  primarily  on  testing.  Both 
approaches  are  likely  to  be  "circuitous”  and  require  simplification  or  approximation,  and 
they  are  prone  to  various  errors.  The  “one  true  answer^  is  usually  known  only  through 
Inference.  We  validate  our  design  based  on  both  mode!  and  test. 
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Clearly,  the  modeling  process  could  be  treated  in  greater  detail.  Often  several  modeling 
steps  are  required,  sometimes  performed  by  different  people  or  organizations  or 
companies.  For  example,  multiple  models  of  components  may  be  assembled  into  a 
larger  “model”.  Modeling  issues  will  not  be  addressed  further  in  this  paper,  which  will 
emphasize  testing  issues.  Another  important  issue  which  we  will  not  discuss  is  model 
updating  [3]:  “When  our  model  and  test  predictions  do  not  agree  within  their  respective 
confidence  Intervals,  what  changes  can  we  make  to  improve  the  predictive  capability  of 
our  model?”  We  leave  this  important  topic  to  other  authors,  more  versed  on  this  topic. 


Figure  3,  Conceptual  Validation  Map. 


Figure  4,  Typical  Validation  map. 


Seldom  can  we  model  or  test  exactly  what  we  want.  The  article  or  structure  which  we  test 
may  differ  in  many  significant  ways  from  the  system  in  operation.  It  may  not  be  practical 
or  possible  to  test  all  or  any  of  the  conditions  which  must  be  validated  for  a  design.  We 
will  illustrate  with  examples  from  testing  transport  airplanes.  The  airplane  flutter  speed 
must  be  at  least  15%  higher  than  the  operating  flight  envelope  and  can  not  be  tested 
directly.  We  can  demonstrate  in  flight  test  that  the  airplane  exhibits  adequate  stability, 
and  does  not  flutter,  at  speeds  to  the  limit  of  the  flight  envelope.  A  model  Is  required  to 
show  adequate  margin  to  the  actual  flutter  speed. 

The  chart  in  Figure  5  depicts  a  simplified  example  of  using  test-validated  models  to 
predict  the  flutter  speed  of  a  transport  airplane.  The  model  consists  of  structural  and 
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Figure  5,  Validation  Map  for  Airplane  Flutter  Boundary. 
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aerodynamic  components.  Ideally  we  would 
like  to  validate  these  components 
separately.  The  structural  model  is  validated 
by  a  modal  test,  which  we  call  a  ground 
vibration  test  (GVT).  Some  mass  properties 
are  validated  by  weighing  individual  parts 
and  components,  and  of  course  the  full 
airplane.  The  dynamics  of  control  system 
components  are  often  measured  on  an  “iron 
bird”  in  the  laboratory.  The  aerodynamic  Figure  6,  Tests  "pin  a  corner"  in  parameter 
modeling  is  validated  by  wind  tunnel  flutter  space, 

model  tests.  The  “Wind  Tunnel  Tests" 

bubble  in  Figure  5  could  be  expanded,  in  fractal  fashion,  to  look  like  a  reduced  version  of 
the  whole  figure.  The  flutter-model  is  a  dynamically  scaled  structure  which  represents  the 
actual  airplane,  but  is  simplified  to  make  it  easy  to  model  correctly.  A  separate  GVT  is 
conducted  on  this  scaled  structure.  In  fact,  different  models  may  be  used  to  test  in 
subsonic  and  transonic  flow  environments. 

Seldom  can  one  test  exactly  what  one  wants.  In  this  example,  we  wish  to  model  an 
airplane  in  flight,  but  our  GVT  test  configuration  has  landing  gears  down,  and  soft 
supported  boundary  conditions.  A  separate  model  is  prepared  to  represent  the  specific 
GVT  configuration.  For  flutter  prediction,  we  use  a  family  of  models  which  represents 
aerodynamics  at  various  flight  conditions  as  well  as  fuel  and  payload  mass  variations, 
and  also  certain  failure  conditions.  This  is  common,  as  in  Figure  6,  that  a  validated  model 
or  family  of  models  is  used  to  predict  the  behavior  of  a  structure  over  a  range  of 
parameters  (which  we  are  calling  “parameter  space”).  The  model  used  for  correlation  with 
test  has  several  parameters  different  from  the  model  used  for  in-fight  predictions. 
Alternate  configurations  can  be,  and  sometimes  are,  tested;  payloads,  fuel  loading, 
boundary  conditions.  Inevitably  the  modeling  prediction  which  supports  engineering 
designs  or  decisions  will  represent  an  extrapolation  from  the  validation  test  data. 

Modal  Testing  Example  -  Airplane  GVT 

We  turn  our  attention  to  the  validation  of  our  structural  model.  This  application  example 
will  bring  to  light  many  of  the  practical  aspects  of  model-test  correlation.  We  will  test  the 
first  of  a  new  airplane  type  as  it  is  structurally  complete,  at  the  end  of  an  assembly  line. 
The  cost  and  pressing  schedule  of  a  new  airplane  program  motivates  us  to  complete 
testing  in  as  short  a  time  as  possible. 

Our  test  strategy  will  be  as  follows:  The  airplane  will  be  placed  on  “soft  supports,”  under 
the  landing  gears,  to  approximate  a  "free-free”  condition.  The  actual  test  configuration  will 
be  modeled,  and  we  will  use  a  modal  basis  for  correlation.  We  will  identify  a  “small 
signal"  linear  modal  model,  using  multi-input  random  burst  excitation.  Experience  has 
shown  this  small  signal  model  (low  level  random  excitation)  Is  not  completely 
representative  of  In  flight  operation,  so  these  differences  will  be  address  using  sine 
excitation  at  various  levels  of  response  amplitude. 

Test  Design  -  Leverages  Pre-Test  Mode! 

We  make  use  of  our  model  to  design  the  modal  test  to  facilitate  conduct  of  the  test  in  the 
shortest  possible  time,  and  to  maximize  the  usability  of  the  test  data  for  model  correlation 
and  improvement.  A  pre-test  simulation  aids  in  location  of  measurements  and  selection 
of  excitation  hardware  [4]. 

We  compute  a  set  of  about  30  to  50  locations  for  sensors  which  will  maximize  the  spatial 
independence  of  our  predicted  mode  shapes,  Figure  7a  [5,  6].  We  then  add  sensors  to 
this  set  to  satisfy  the  needs  of:  shape  visualization,  symmetry,  shape  expansion,  off- 
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Figure  7,  Sensor  locations:  a)  Locations  for  effective  independence,  b)  Full  grid  of  for 

mode  shape  visualization. 
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Figure  8,  Product  of  modal  coefficients 
shows  where  all  modes  may  be  excited. 


Figure  9,  MvMIF  shows  how  easily  modes 
will  be  identified  from  candidate  locations. 


diagonal  terms  in  the  Modal  Assurance  Criterion  (MAC)  [7],  and  tradition,  resulting  in  the 
set  shown  in  Figure  7b.  Subsets  of  sensors  are  identified  to  facilitate  modal  parameter 
estimation  for  different  frequency  bands. 

The  same  pre-test  mode  shapes  and  synthesized  FRF’s  are  used  to  select  input 
locations  for  shaker  excitation,  again  with  emphasis  on  facilitating  the  identification  of  a 
modal  model  with  emphasis  on  the  target  modes.  The  product  of  all  mode  shapes,  Figure 
8,  indicates  locations  which  will  excite  all  modes,  if  not  equally.  Mode  Indicator  functions 
are  computed  from  sets  of  FRF’s  for  candidate  input  locations,  examples  of  which  are 
shown  in  Figure  9.  Our  objective  is  to  gain  assurance  that  we  will  be  able  to  identify 
modes  from  the  experimental  FRF’s  quickly  and  confidently. 

Another  consideration  for  exciter  location  is  that  all  modes,  or  a  set  of  target  modes  be 
excited  “equally”  or  almost  equally.  Consideration  of  cost  and  testing  flow  time  often 
leads  to  compromises.  In  the  Interest  of  keeping  the  number  of  exciters  to  a  minimum, 
we  choose  to  emphasize  the  most  important  dozen  or  so  structural  modes  (from  the 
standpoint  of  predicting  flutter).  Certain  local  modes  involving  soft  support  local  degrees 
of  freedom  will  not  be  well  excited.  Other  local  modes  such  as  control  rotation  will  be 
excited  independently. 


Figure  10,  Sensor  Locations:  (a)  detail  drawings,  (b)  closeup  of  accelerometer 
installation,  <c)  technician  positions  shaker  input. 


Practical  Considerations 

Actual  sensor  and  actuator  locations  must  consider  both  model  geometry  and  details  of 
the  physical  structure.  A  potential  source  of  discrepancy  between  model  predictions  and 
measured  data  arises  from  the  position  and  orientation  of  sensors  and  exciters.  Where 
compromises  are  necessitated  by  physical  limitations,  an  interpolation  or  expansion  must 
be  applied  to  test  responses  (or  modal  coefficients)  for  correlation  with  model  predictions. 
Detailed  planning,  such  as  the  drawing  in  Figure  10a,  helps  to  facilitate  the  sensor 
installation  process  and  minimizes  discrepancies. 

The  photograph  in  Figure  10b  shows  a  close  up  of  a  tri-axial  accelerometer  attached  to 
the  rear  spar  of  the  vertical  fin.  Surface  details,  such  as  fastener  rows,  may  prevent  the 
sensor  from  being  located  precisely  at  the  predetermined  location.  Curved  surfaces  can 
make  precise  directional  alignment  difficult  in  the  horizontal  plane.  The  location  pictured 
is  about  45  feet  above  the  floor,  requiring  a  “high-lift”  for  access.  Binoculars  are  required 
to  view  this  these  sensors  from  the  floor 

The  photograph  In  Figure  10c  shows  a  technician  adjusting  the  alignment  and  location  of 
a  shaker  which  will  apply  nominally  vertical  excitation  to  an  engine  nacelle.  Local  surface 
contour  and  stiffness,  or  surface  features  such  as  splices  or  fasteners,  will  dictate  the 
exact  placement  and  direction  of  excitation.  Directions  may  be  deliberately  skewed  with 
respect  to  the  model  coordinate  system  to  facilitate  modal  excitation. 

Soft  Supported  Boundary  Conditions 

A  practical  means  of  supporting  the  airplane  is  desired,  which  can  approximate  a  free- 
free  boundary  condition.  The  support  must  be  quick  and  easy  to  install  while  imposing  no 
threat  of  harm  to  the  airplane.  The  photograph  in  Figure  1 1  is  taken  looking  forward  at  the 
right  hand  main  landing  gear,  which  is  raised  about  2  inches  off  the  floor  by  the  soft 
support  system  (yellow).  The  air  bags  provide  the  desired  compliant  boundary  condition, 
which  Is  sufficient  to  separate  the  rigid  body  modes  of  the  airplane  from  the  flexible 
modes.  The  landing  gear  support  beam  slides  under  the  gear  truck,  permitting  quick 
installation  of  the  system. 

Figure  12  shows  a  comparison  of  FRF’s  shown  for  the  airplane  sitting  on  its  tires  and 
floating  on  the  soft  support  system.  We  see  that,  resting  on  the  tires,  the  first  dozen 
flexible  modes,  which  are  the  most  critical  to  model  well,  are  significantly  altered  by  the 
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Figure  11,  Rear  view  of  soft  support  Figure  12,  Soft  support  effectively 

under  right  main  landing  gear.  separates  rigid  modes  from  flexible 

modes. 

tire  stiffness’.  The  soft  support  system 
successfully  separates  the  rigid  modes 
from  the  flexible  modes. 

The  support  system  is  not  perfect,  x 
however,  as  there  is  significant  moving  | 
mass  which  introduces  new  modes  into  | 
the  system.  We  compare  the  modes  of 
the  free-free  airplane  with  the  soft- 
supported  airplane.  The  image  in  Figure 

13  depicts  the  Modal  Assurance  Criteria  -ir 

(MAC)  [7]  values  between  two  sets  of  ^ 

^  j  ^  u  Figure  13,  MAC  compares  analysis  mode 

mode  shapes,  both  froni  the  analysis  shapes  for  soft-supported  (Y)  vs  free-free 
model,  for  the  flexible  airplane  modes 
from  2  to  10  Hz.  On  the  horizontal  X  axis 

are  the  flexible  modes  with  Free-Free  boundary  conditions,  while  on  the  vertical  Y  axis 
are  the  flexible  modes  with  the  soft  support  system  included  in  the  model.  Modes 
numbers  7  to  35  are  shown.  A  few  new  modes  have  been  introduced,  which  involve  local 
modes  of  the  soft  support.  Fortunately,  none  of  the  critical  mode  shapes  are  affected  by 
the  soft  support  system. 

Measurements 

Conceptually  a  modal  test  seems 
straight  forward:  one  excites  a  structure 
and  measures  response  at  all  the  sensor 
locations.  From  this  input/output  data  we 
calculate  FRF’s  and  identify  modal 
properties  [1,  2].  In  practice,  we  must 
cope  with  transducer  characteristics  and 
various  sources  of  noise  [8].  One  must 
arrive  at  an  appropriate  level  of 
excitation.  In  Figure  14  sample  FRF’s 
are  shown,  from  a  wing  tip  vertical 
shaker  input,  for  the  frequency  range 
from  1  to  25  Hz,  measured  during  a  four- 
input  MIMO  test  using  burst  random 
excitation.  The  most  responsive  (wing  tip  » troncnorf 

vertical)  arid  least  responsive  (body  nose  a^p,anl:’showini  Wghest  and  lowest 
fore-aft)  locations  are  shown.  The  response  locations, 

response  dynamic  range  Is 
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Figure  14,  Typical  FRF*s  of  a  transport 
airplane:  showing  highest  and  lowest 
response  locations. 
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Figure  16,  Reciprocal  FRF*s  from  wing  Figure  17,  Mode  shapes  of  eight  modes  in 

tip  to  wing  tip  are  nearly  Identical  from  the  frequency  band  from  3.4  to  6  Hz. 

the  burst  random  excitation. 


Figure  15,  Response  spectrum  and  noise  floor. 

about  4  decades,  and  the  bottom  of  the  graph  corresponds  to  one  micro-g  per  pound. 
The  airplane  has  about  65  modes  in  this  frequency  range. 

The  noise  floor  can  be  seen  in  the  power  spectra  plotted  in  Figure  1 5  which  compare  the 
same  two  response  locations  as  Figure  14,  in  the  frequency  range  0  to  6.25  Hz,  The 
upper  curve  shows  the  response  during  a  four  input  random  burst  excitation,  while  the 
lower  curve  shows  the  noise  floor  with  the  shaker’s  drive  signal  off.  On  the  left  is  a  wing 
tip  vertical  sensor;  on  the  right  is  the  body  nose  fore-aft  sensor.  Together  these  span  the 
full  range  of  response  amplitude.  At  this  level  of  excitation,  the  signal  to  noise  ratio  varies 
from  less  than  100  to  over  300.  Note  the  wing  tip  sensor  noise  floor  shows  some 
response  to  environmental  excitation. 

Averaged  pRF's  from  the  MIMO  burst  random  test  are  plotted  in  Figure  16,  which  shows 
two  reciprocal  measurements  from  wing  tip  to  wing.  The  two  measurements,  are  nearly 
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indistinguishable,  revealing  that  the  structure  is 
substantially  linear  under  these  measurement 
conditions.  These  data  are  used  to  identify  our 
“small  signal  model.” 


Departure  from  Linearity 

From  experience  we  know  that  our  small-signal 
model,  obtained  from  the  MIMO  burst  random 
test,  will  not  be  fully  representative  of  our  in¬ 
flight  airplane.  We  choose  to  represent  the 
structure  with  a  linear  model.  Departure  from 
linearity  is  a  significant  source  of  uncertainty  or 
error  in  this  model.  This  was  investigated  in  two 
ways:  1)  A  few  important  modes  were  dwelled, 
or  “tuned.”  over  a  range  of  different  response 
levels;  2)  FRF’s  were  measured  across  a  selected  frequency  band  using  different  levels 
of  sine  excitation,  and  a  linear  modal  model  was  identified  from  each  data  set.  In  both 
cases  we  are  considering  a  nominal  linear  model  which  best  describes  the  behavior  of 
the  structure  at  each  of  several  amplitudes  of  response. 

The  mode  frequency  and  damping  of  an  important  mode  exhibits  variation  with  response 
amplitude,  as  shown  in  Figure  18.  These  trends  were  measured  by  performing  a  series  of 
“mini-sweeps”  in  the  vicinity  of  the  mode  frequency  at  each  of  several  amplitude  levels, 
from  which  linear  modal  parameters  were  extracted.  This  mode  was  identified  at  4.28  Hz 
from  the  random  data.  While  its  shape  did  not  change  in  this  range,  the  frequency  drops 
about  3%  and  the  damping  increases  dramatically  at  higher  amplitude.  The  damping 
values  measured  during  the  MIMO  random  excitation  are  typically  very  low  and  not 
representative  or  relevant  to  our  operating  condition.  Considering  the  variation  in  both 
frequency  and  damping,  one  must  decide  “what  is  a  relevant  response  amplitude?"  if  one 
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Figure  19,  Comparison  of  mode  shapes  derived  from  measurements  at  different  force 
and  response  amplitudes. 
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is  to  select  a  representative  nominal  linear  model. 

The  important  band  of  frequencies  from  3.4  to  6.0  Hz,  as  indicated  by  the  arrow  in  Figure 
16,  was  tested  with  two  different  levels  of  sine  excitation,  and  results  were  compared  with 
results  of  the  low  level  random  excitation.  The  “high"  amplitude  sine  test  would  have 
caused  passengers’  drinks  to  spill.  The  “low”  amplitude  sine  test  and  the  random  test 
have  approximately  comparable  overall  response  levels.  There  are  8  modes  in  this  3.4  to 
6.0  Hz.  band,  whose  shapes  are  depicted  in  Figure  17.  (A  ninth  mode  lies  close  above 
6.0  Hz  in  the  random  and  low-level  sine  data,  but  falls  just  below  6.0  Hz.  In  the  high-level 
sine  data).  We  compare  the  shapes  of  these  modes  as  identified  from  each  of  these  data 
sets,  using  the  MAC,  as  shown  in  Figure  20.  We  find  that  the  important  structural  mode 
shapes  are  unchanged  by  excitation  level.  The  most  noticeable  change  in  shape  occurs 
for  the  nacelle  strut  lateral  bending  mode  at  about  3.8  Hz  (the  second  mode  shown  in 
Figure  19). 

Contrasting  Sine  and  Random  Excitation 

If  the  frequency  and  damping  of  structural  modes  is  amplitude  dependant,  why  not 
always  perform  a  modal  test  using  sine  excitation  at  a  representative  response 
amplitude?  In  the  case  of  our  transport  airplane,  we  have  found  that  a  linear  modal 
model  is  much  easier  to  identify,  unambiguously  from  the  linear  data  obtained  during  low 
level,  Ml  MO  random  excitation.  As  we  will  see,  the  higher  response  levels  result  in 
significant  departures  from  linearity.  The  resulting  data  is  more  difficult  to  “fit”  with  a 
linear  model.  Also,  the  sine  testing  requires  considerably  greater  test  time.  Thus  we 
cannot  directly  or  conveniently  measure  what  we  want  -  we  are  forced  to  compromise 
and  “piece  together”  our  desired  result. 

Looking  at  Figure  20,  we  see  non-linearity  in  the  structure  appears  to  be  the  dominant 
source  of  variance  in  mode  frequency  and  damping  for  this  structure.  This  chart 
compares  pole  estimates  from  the  MIMO  burst  random  data  (left)  with  the  high  level 
stepped  sine  data  (right)  in  the  frequency  range  3.4  to  4.8  Hz.  The  bottom  graphs  are 
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Figure  20,  "Nonlinearity"  dominates  uncertainty  in  mode  pole  locations. 

“stability  diagrams”  which  show  the  pole  frequencies  of  successively  higher  order  models 
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together  with  the  an  indicator  function  (the  log  of  summed  FRF  magnitudes)  [9].  The  top 
graphs  show  the  same  data  plotted  on  the  “pole  surface"  (damping  ratio  vs  frequency^. 
The  size  of  the  cluster  of  estimates  for  each  pole  is  an  indicator  of  the  variance  in  that 
pole  for  the  given  data  set  and  solution  method.  Clearly,  the  data  from  random  excitation 
is  “easier  to  fit"  (to  estimate  unambiguously  an  experimental,  modal  model)  when 
compared  to  the  data  from  this  particular  sine  excitation.  We  will  take  a  closer  look  at  the 
FRF  data  to  see  why  this  is  so. 

Numerical  Data  Assessment,  SVD 

Taking  a  short  digression,  we  apply  singular  value  decomposition  (SVD)  [10, 11]  to  reveal 
linear  relationships  in  our  data  and  assess  its  numerical  conditioning.  We  start  with  the 
MIMO  random  FRF’s,  from  one  input  location,  to  each  of  258  response  locations  at 
frequencies  in  the  band  3.4  to  6  Hz  (lower  left  graph).  This  is  the  same  random  data 
which  was  used  in  Figures  19  and  20.  Eight  modes  were  found  in  this  band,  and  two 
modes  lie  close  outside  this  band.  Placing  the  FRF’s  columnwise  in  a  matrix,  we  use 
SVD  to  compute  the  singular  values  and  the  Principal  Response  Functions  (PRF)  [12, 13] 
as  shown  in  Figure  21. 

For  these  data  we  see  the  singular  values  in  the  top  right  graph  and  the  PRF’s  in  the 
bottom  right  graph.  The  singular  values  tell  us  the  relative  magnitude  of  the  independent 
“linear  relationships”  in  the  FRF  data,  and  the  PRF’s  show  us  how  these  are  distributed 
vs,  frequency.  Interpretation  of  these  singular  values  and  PRF’s  requires  we  have  a 
“model”  -  by  which  we  mean  an  expectation  based  on  theory  and  mathematics.  For  a 
linear  modal  model,  we  expect  to  find  a  number  of  significant  singular  values  equal  to  the 
number  of  active  modes,  a  quickly  diminishing  contribution  by  the  residual  effects  of 
modes  outside  this  frequency  band,  and  a  noise  floor  due  to  measurement  noise.  In 
Figure  21  the  singular  values  show  perhaps  9  “significant”  modes  (with  a  condition 
number  of  about  20)  and  diminishing  contribution  from  residual  out-of-band  modes  and 


Figure  21,  SVD  reveals  linear  relationships  in  data. 
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Figure  22,  Normalized  singular  values  of 
frfs  measured  under  different  excitation: 
a)  Random,  b)  low-level  stepped  sine,  c) 
higher  level  sine. 


Figure  23,  Normalized  singular  values  of 
measured  FRFs,  compared  with 
synthesized  FRF’s,  showing  effects  of 
damping  and  residual  modes. 


non-linear  response.  A  noise  floor  begins  at  a  condition  number  of  about  500  or  so, 
which  is  consistent  with  our  noise  floor  assessment  above.  Condition  number  of  the 
matrix  is  the  ratio  of  the  largest  singular  value  to  the  smallest  [10]. 

Now  we  compare,  in  Figure  22,  these  singular  values  with  those  computed  from  the  two 
stepped-sine-excitation  data  sets  at  different  response  (and  force)  amplitudes.  These  are 
singular  values  of  the  FRF's,  from  which  the  mode  shapes  were  compared  In  Figure  19, 
using  258  responses  from  a  single  wing  tip  Input.  The  low  level  sine  is  very  nearly 
identical  to  the  random  data  set,  but  exhibits  a  slightly  higher  noise  floor.  The  high  level 
sine  data  is  very  “noisy"  such  that  the  noise  obscures  the  data  from  the  nine  modes  in 
this  frequency  band.  The  high  level  excitation  results  in  significant  departure  from  linear 
behavior.  Recall  that  the  SVD  is  removing  and  separating  linear  relationships  from  our 
data.  Many  “linear  relationships"  are  required  to  account  for  the  non-linear  behavior  at 
the  higher  response  level  in  this  data  set.  When  one  is  trying  to  numerically  identify  a 
linear  modal  model  from  this  data,  this  looks  like  “noise." 
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Figure  24,  FRF's  and  PRF's  for  different  levels  of  excitation: 
Top  row,  FRF’s;  bottom  row  PRF’s.  Left  column  -  random; 
middle  column  -  low  level  sine;  right  column  -  higher  level  sine. 


(Nine  modes  were  found  in  these  three  data  sets,  eight  of  which  were  shown  in  Figure 
19.  The  ninth  mode  lies  just  above  the  6  HZ  upper  limit  of  the  middle,  low  level  sine  data¬ 
set.  At  the  higher  level  of  response,  this  mode  drops  below  6  HZ.  The  random  data  set 
extends  to  6.15  Hz  to  include  this  mode  -  which  is  predominantly  a  local  soft-support 
mode.) 

The  singular  values  in  Figures  21  and  22,  derived  from  our  test  data,  may  not  appear 
meaningful  at  first  glance.  It  is  helpful  to  compare  them  with  expectations  from  a 
supporting  model.  We  have  synthesized  noise  free  FRF’s,  with  and  without  the 
contribution  of  residual  out-of-band  modes,  using  the  experimental  modal  model.  The 
graph  in  Figure  23  compares  the  singular  values  of  these  synthesized  FRF’s  with  the 
singular  values  of  the  random  and  high-level  sine  FRF  data  sets.  The  residual 
contribution  of  many  out  of  band  modes  can  be  seen.  One  presumes  that  additional 
contributions  to  the  test  data  curves  arise  from  nonlinear  response  and  from  other  noise 
and  errors  in  the  data. 

There  is  a  dramatic  difference  between  the  random  and  sine  data.  Presumably,  this 
results  from  the  significantly  higher  contribution  from  nonlinear  response  in  the  higher- 
amplitude  sine  data.  Looking  at  the  curve  for  the  sine  data,  It  appears  that  the  smaller 
contribution  of  the  more  weakly  excited  modes  is  being  “overwhelmed”  by  the  non-linear 
response  from  the  strongest  modes.  We  saw  in  Figure  20  that  this  stepped  sign  data  was 
more  difficult  to  “fit”  (estimate  modal  parameters)  than  the  corresponding  random  data. 
That  this  would  be  so  is  born  out  by  the  above  singular  values.  This  sine  data  is  “poorly 
conditioned”  for  numerical  estimation  because  the  nonlinear  “noise”  obscures  the  linear 
features  in  the  data  which  we  seek  to  identify. 

This  Is  further  illustrated  for  the  same  three  data  sets,  in  Figure  24.  The  top  row  of  graphs 
compare  the  full  set  of  258  FRF’s  from  the  wing  tip  input  for  each  of  three  different 
excitations.  The  bottom  row  shows  the  Principal  Response  Functions,  decomposed  by 
SVD.  On  the  left  is  the  data  set  from  burst  random  excitation.  The  middle  column  is  from 
the  low  level  stepped  sine  excitation.  The  right  column  is  the  high  level  sine  excitation, 
which  clearly  shows  higher  damping  and  a  much  higher  “noise  floor." 

Moda!  Test  Strategy  -  Revisited 

We  revisit  the  notion  that  in  real-world  testing  we  seldom  can  test  what  we  want  -  we  are 
forced  by  circumstances  to  compromise.  Then  we  must  come  to  our  original  goal  by  a 
more  circuitous  route.  We  choose  to  represent  our  airplane  with  a  linear,  dynamic  model. 
What  we  want  from  our  GVT  is  a  linear  modal  model,  relevant  to  operating  conditions, 
which  can  be  readily  identified  from  test  data.  The  MIMO  burst  random  excitation 
provides  us  a  convenient  means  to  identify  the  linear  model,  but  the  frequency  and 
especially  the  damping  values  are  not  relevant  to  our  operating  condition.  The  sine 
testing  gets  us  close  to  the  relevant  operating  amplitudes,  but  the  test  time  can  be  very 
expensive.  So  we  choose  to  identify  a  linear,  “small  signal”  model  from  random 
excitation,  then  do  a  limited  amount  of  sine  testing  to  “adjust"  the  model  (frequency  and 
damping  values)  to  represent  operating  conditions. 

We  have  seen  some  evidence  that  nonlinear  behavior  of  our  structure,  at  a  level  of 
response  typical  of  operation,  will  limit  our  ability  to  model  behavior  perfectly  (more 
closely  than  a  few  percent)  with  our  idealized  linear  models.  Although  beyond  this 
discussion,  it  can  be  demonstrated  that  this  level  of  uncertainty  is  acceptable  for  this 
application,  and  is  accommodated  by  conservatism  and  safety  factors. 
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Limits  to  Correlation 

We  would  like  to  use  our  test  results  to  tune 
or  improve  our  mode),  whether  by  numerical 
approach,  engineering  judgement  or  both. 
Often,  this  is  done  by  comparing  the  mode 
frequencies  of  the  model  with  those 
frequencies  for  the  same  modes  as  derived 
from  test.  If  the  mode  shapes  are  not  “the 
same”  or  nearly  so,  then  we  have  nothing  to 
compare  on  this  basis.  So  this  comparison 
is  usually  limited  to  about  10  to  perhaps  30 
modes,  and  inevitably  falls  apart  at  higher 
frequencies. 


Analysts  Modes 


Figure  25,  MAC  between  mode  shapes  of 
model  vs  test. 


In  Figure  25  the  mode  shapes  are  compared 

using  the  MAC  between  the  predictions  of  the  analysis  model  (x  axis)  and  the  test- 
derived  mode  shapes  (y  axis).  Mode  numbers  1-33  are  shown  for  the  frequency  range 
0-10  Hz.  The  important  flexible  modes  agree  quite  well.  For  the  purposes  of  predicting 
flutter,  this  correlation  is  excellent.  The  correlation  of  shapes  in  this  example  falls  apart 
after  20  or  so  modes. 


At  even  higher  frequencies,  we  find  the  non-linearity  of  the  structure  renders  linear  modal 
analysis  impractical.  We  compare  modal  models  from  two  different  levels  of  excitation,  in 
the  mid  frequency  range,  in  Figure  26.  (Note:  This  example  is  taken  from  a  different 
airplane  test  than  the  previous  examples).  The  FRF's  and  mode  shapes  from  a  small- 
signal  random  test  are  compared  with  those  derived  from  a  higher  level  sine  sweep  test. 
Note  the  shapes  compared  are  for  mode  numbers  34  to  47.  Only  a  few  of  these  modes 
have  similar  shapes.  For  the  most  part  one  would  say  there  is  no  unique  modal  model 
(derived  by  linear  modal  analysis)  to  describe  this  structure  at  these  frequencies.  Similar 
differences  in  mode  shape  occurred  when  comparing  data  from  sine  sweeps  at  two 
different  levels  of  excitation.  Note  that  the  FRF’s  remain  substantially  similar. 


Figure  26,  Modal  models  derived  from  high-level  and  low  level  excitation  at  mid 
frequencies  ~  shapes  are  different,  while  FRF’s  are  similar. 
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Operating  Measurements  -  Flutter  test  results 

We  are  challenged  by  a  humbling  taste  of  reality  when  we  perform  measurements  on  a 
structure  in  its  operating  environment.  Here  we  briefly  show  some  results  from  flight 
flutter  testing,  where  we  fly  an  instrumented  airplane  in  incremental  speeds  up  to  its 
maximum  flight  speed  envelope.  Identification  of  modal  parameters  Is  again  the  basis  for 
comparison  between  model  and  test,  with  emphasis  placed  upon  the  demonstration  of 
adequate  damping.  In  flight,  a  good  deal  of  the  damping  derives  from  aerodynamic 
effects.  Identifying  modes  is  more  challenging  due  to  the  presence  of  (unmeasured) 
turbulent  excitation,  the  higher  level  of  damping,  the  degree  of  non-  linearity  of  the 
structure  and  the  potential  for  time-dependent  effects.  In  addition  to  these  measurement 
challenges,  we  are  compelled  to  use  a  minimum  amount  of  test  time  due  to  crew  safety 
concerns,  air-traffic  flight  corridor  issues  and  the  extreme  cost  per  hour  of  flight  testing. 

Using  the  same  airplane  as  in  Figures  14  through  24,  we  consider  in  flight  measurements 
where  excitation  is  provided  from  a  sweep  of  the  elevator  control  surface.  In  Figure  30 
we  see  the  stability  diagram  and  pole  surface  from  modal  parameter  estimation  from 
these  data,  which  may  be  compared  with  Figure  20.  Only  the  frequency  band  from  3.2  to 
6.5  Hz  is  shown.  Of  the  8  or  9  modes  which  were  found  in  this  band,  only  3  modes  are 
symmetric  modes,  which  were  excited  and  can  be  seen  in  Figure  30.  Due  primarily  to  a 
difference  in  wing  fuel  loading,  the  important  mode  at  4.26  Hz  in  Figure  17  is  now  found 
at  about  3.9  Hz.  The  variation  with  Mach  number  of  the  frequency  and  damping  of  this 
mode  is  shown  in  Figure  31,  and  compared  with  the  predictions  of  our  model.  Clearly, 
the  variance  of  mode  frequency  and  damping  is  much  greater  in  flight  than  in  the  GVT. 


Figure  30,  Pole  Surface  and  Stability 
Diagram  from  in-flight  measurements, 
elevator  excitation. 
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Figure  31,  Comparison  of  predicted  —  and 
measured  O  mode  frequency  and  damping, 
plotted  vs  Mach  number. 
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Vibration  Trouble  Shooting 

We  are  often  called  upon  to  solve  problems 
involving  vibration.  These  problems 
manifest  themselves  as  response:  directly, 
due  to  perceived  vibration  or  noise;  or 
indirectly  as  high  cycle  fatigue  failures.  To 
reduce  or  eliminate  the  response,  we  must 
identify  the  energy  source  and  the 
transmission  path.  To  do  so  requires  a 
model.  Seldom  do  we  have  an  FE  model, 
but  we  often  work  with  a  “mental  model”  like 
the  one  pictured  in  Figure  33.  Physical 
models  provide  the  context  for  interpreting 
and  understanding  measured  data.  Having 
data  without  a  model  is  like  having  answers 
without  a  question.  The  value  of 
measurement  always  derives  from  the 
application  of  a  mathematical  model. 

The  source  of  vibration  can  often  be  deduced  by  the  response  spectrum,  using  “models” 
for  source  behavior,  such  as  rotating  imbalance,  turbulence,  vortex  shedding,  or 
impacting.  Commonly  an  experimental  model  for  H  is  measured  once  the  source  location 
is  determined.  When  sufficient  insight  is  gained,  a  solution  can  be  implemented  -  which 
may  consist  of  changing  structural  stiffness  or  damping  or  altering  mode  of  operation. 

Occasionally  we  are  faced  with  measured  data  which  is  “inexplicable”  -  for  which  we  have 
no  model.  Lacking  a  model,  we  are  at  a  loss  to  define  solutions  to  these  problems,  such 
as  the  source  of  a  vibration.  We  illustrate  with  a  case  study  example  in  which  a  turbofan 
engine  nozzle  and  strut  were  exhibiting  premature  cracking  and  fatigue  failures  The 
Illustrations  in  Figure  34  shows  vibration  and  dynamic  pressure  measurements.  A  very 
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Figure  33,  Source  -  System  - 
Response  model  for  vibration  trouble 
shooting. 


SuDDort  rod  load: 


"Mystery  Tone 


Mystery  Tone  Spectrogram 
Pressure  shapes  at  tone 


f  =  S  V/D  A=  V/f-  constant 

S  =  Strouhal  number 
(b) 


(a) 

Figure  34,  Tone  frequency  and  spatial  pressure  variqations  relate  measurements  to  vortex 

shedding  model. 
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strong  tone  was  found  (a),  which  at  first  seemed  to  bear  no  relation  to  engine  rotation 
speeds.  Lacking  a  “model”  or  explanation,  this  was  called  the  “Mystery  Tone.” 

As  soon  as  an  engineer  noticed  the  tone  frequency  seemed  to  be  proportional  to  fan  duct 
flow  velocity,  the  model  of  vortex  shedding  explained  the  tone.  This  “model”  guided  us  to 
additional  testing,  which  led  us  to  the  source  of  the  tone.  The  dynamic  pressures  on 
either  side  of  the  aft  strut  fairing,  at  the  tone  frequency,  can  be  seen  in  the  shapes  in  the 
right  hand  illustration  (b)  with  starboard  side  in  green,  port  side  in  red.  The  wave  length 
of  these  cyclic  disturbances  is  seen  to  be  independent  of  frequency,  as  expected,  and 
points  dearly  to  flow  separation  near  the  trailing  edge  of  the  nozzle.  Additional  modeling 
of  the  flow  field  in  this  area  led  us  to  a  “fix.” 

This  case  is  typical  of  the  “bootstrap”  Interacting  roles  of  model  and  test  in  the 
engineering  solution  of  vibration  problems.  A  disciplined  approach  Is  followed  [14]  which 
iteratively  improves  our  understanding  of  the  system  or  problem. 

Conclusion 

We  have  illustrated  with  examples  the  interdependence  of  modeling  and  testing  in 
engineering.  Practical  limitations  and  idealizations  prevent  us  from  modeling  or  testing 
our  exact  (desired)  operational  system.  The  relative  roles  of  model  and  test  were 
discussed  as  they  pertain  to  validation  of  predicted  flutter  boundary  for  a  transport 
airplane. 

Examples  were  shown  from  the  GVT  of  a  transport  airplane.  A  pretest  model  of  the 
airplane  was  leveraged  to  maximize  the  usefulness  of  the  test  results  to  validate  and 
improve  the  model.  Boundary  condition,  excitation  and  correlation  issues  were 
addressed.  Practical  measurement  considerations  were  discussed.  Departure  from 
linearity  was  found  to  be  a  dominant  source  of  uncertainty. 

Interdependence  of  model  and  test  is  not  limited  to  validation  of  FE  models.  Some  form 
of  physical  model  is  required  for  interpretation  of  all  test  data,  such  as  for  vibration  trouble 
shooting.  We  saw  that  great  quantities  of  test  data  simply  lead  to  increased  confusion 
when  we  lack  the  context  of  an  underlying  model  for  interpretation  of  the  data. 

Models  provide  us  with  the  means  to  calibrate  and  validate  our  measurements  and  to 
recognize  a  “right  answer.”  A  predictable  change  (from  a  model)  in  a  measurement  lends 
confidence  in  our  measurement.  We  do  this  for  every  test  when  we  calibrate  our 
transducers  and  measurement  systems.  When  repeated  measurements  (using  our 
calibrated  measurement  system)  confirm  the  predictions  of  a  model,  we  gain  confidence 
in  the  model. 

Of  course  models  are  not  limited  to  structural  dynamics,  or  even  to  engineering. 
Predictive  models  are  used,  consciously  or  unconsciously,  for  decision  making  in 
engineering,  business,  economics  and  even  interpersonal  relations.  Inevitably  predictive 
models  involve  idealization  and  simplification  of  reality.  We  rely  upon  observation  or 
measurement  of  reality  to  validate  and  revise  our  models.  It  is  often  challenging  to 
observe  or  measure  reality  accurately,  meaningfully  or  objectively.  Gaining  experience, 
we  continually  refine  both  our  models  and  observations  to  more  closely  represent  this 
reality  [14].  Using  an  inaccurate  or  inappropriate  model  can  be  costly. 

Rephrasing  our  quotation  from  Kant:  A  model,  not  validated  by  test,  is  a  speculation; 
Data  without  a  model  is  like  an  answer  without  a  question.  The  reconciliation  of  model 
with  test,  in  support  of  engineering  predictions,  is  usually  a  significant  intellectual 
challenge.  Applying  these  skills  to  the  design,  prediction  and  validation  of  products  is 
central  to  the  practice  of  engineering. 
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Abstract 

This  paper  will  survey  the  advances  in  nonlinear  structural 
dynamics  in  the  wake  of  the  development  of  modern  chaos  theory  and 
nonlinear  dynamical  systems.  Both  theoretical  and  experimental 
research  in  the  last  two  decades  will  be  discussed.  Among  the  topics 
reviewed  will  be  dynamic  buckling,  nonlinear  waves,  solitary  waves 
and  spatial  chaos.  Nonlinearities  to  be  discussed  will  include 
geometric  terms,  elasto-plastic  effects,  loose  joints  and  fluid  structure 
interactions.  Methods  for  detecting  chaos  in  structural  systems  such  as 
the  Poincare  section,  and  time  series  will  be  discussed.  The  conditions 
for  the  validity  of  low  dimensional  models  in  nonlinear  structural 
systems  will  be  explored. 


Introduction 

This  review  will  attempt  to  answer  the  question;  When  do 
structural  systems  exhibit  unpredictable  dynamics  under  deterministic 
forces?  This  is  an  extremely  important  question  for  structural  software 
designers  and  users.  Simulation  capabilities  have  reached  a  high  point 
in  both  hardware  and  software.  In  fact  when  the  motions  behave 
similar  to  linear  vibrations  of  structures,  it  is  hard  to  justify  the 
application  of  theoretical  methods  to  practical  problems  when  modern 
structural  codes  with  user  friendly  input  and  output  capabilities  are 
available.  In  the  last  two  decades  however,  new  phenomena  in 
nonlinear  dynamics  have  been  discovered,  including  chaotic  motion, 
which  caution  the  uncritical  use  of  structural  codes.  This  is  especially 
true  when  the  dynamics  occur  over  a  long  time  scale,  as  contrasted 
with  a  short  impulse  response.  These  new  phenomena  also  challenge 
the  code  designer  and  user  to  test  their  codes  for  what  have  now 
become  unpredictable  or  parameter  sensitive  nonlinear  behavior.  In 
the  case  of  structural  control  design,  low  order  nonlinear  models 
derived  from  modern  bifurcation  theory  sometime  offer  the  designer  a 
simpler  way  to  develop  control  laws. 

Research  on  chaotic  dynamics  and  application  to  structures  has 
had  a  vigorous  history  in  the  last  two  decades  in  both  Europe  and 
North  America.  This  review  will  use  case  studies  from  work  done  at 
Cornell  University  and  the  author  apologizes  for  not  citing  all  the 
important  papers,  but  the  list  of  works  relating  to  nonlinear  structural 
dynamics  and  chaos  would  number  several  hundred.  Results  on 
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classical  nonlinear  perturbation  methods  are  found  in  the  work  of 
Nayfeh  and  Mook  [1].  Global  bifurcation  methods  in  nonlinear 
dynamics  are  found  in  the  seminal  work  of  Guckenheimer  and  Holmes 
[2],  and  a  summary  of  major  experimental  work  in  chaotic  dynamics 
may  be  found  in  the  one  of  the  Author's  books  [3]. 

It  should  be  said  that  even  with  over  two  decades  of  advances  in 
nonlinear  dynamics,  there  remains  important  unsolved  problems, 
especially  in  complex,  spatially  distributed  systems  as  well  as  dynamic 
energy  propagation  through  structural  joints.  Also,  little  work  has  been 
done  on  chaos  in  elasto-plastic  structures  or  shells  and  problems  with 
fracture  in  structures.  By  chaos  we  mean  motion  whose  time  history  is 
sensitive  to  initial  conditions  and  other  problem  parameters  even 
under  deterministic  forces.  Chaotic  dynamics  can  take  the  form  of 
either  transient  chaos,  in  which  the  decay  time  is  unpredictable  or  long 
time  chaotic  dynamics  which  are  described  by  a  strange  attractor.  In  low 
dimensional  systems  chaos  is  often  characterized  by  at  least  one 
positive  Lyapunov  exponent.  There  are  many  other  types  of  chaos-like 
motions  that  involve  a  high  degree  of  spatial  complexity,  especially  in 
wave  like  phenomena  which  have  yet  to  be  fully  understood,  and  the 
classical  tools  of  chaos  theory  with  low  dimensional  models  may  not 
be  adequate. 

Chaotic  dynamics  occurs  in  nonlinear  systems  and  generally 
when  more  than  one  dynamical  attractor  is  possible.  The  most 
common  structural  nonlinearites  include  i)  geometric  nonlinearites,  ii) 
inelastic  effects,  iii)  inertial  nonlinearites,  iv)  uni-modal  constraints, 
vjnonlinear  force  field  ,  vi)  control  nonlinearites.  Other  types  of 
nonlinearities  not  usually  studied  to  date  in  chaos  theory  are  damage 
effects  such  as  fracture,  fatigue,  friction,  wear  etc.  One  area  that  has 
received  recent  attention  is  the  nonlinear  dynamics  of  machining  and 
manufacturing.  (See  e.g.  the  edited  volume  of  the  Author  on  chaos  in 
material  processing,  [4].) 


Case  Studies 

Nonlinear  structural  analysis  has  a  long  history  going  back  to 
the  work  of  Euler  and  is  summarized  in  the  work  of  Love  [5].  The 
most  fundamental  nonlinear  effect  is  the  coupling  between  in-plane 
stresses  and  lateral  displacement  strains  as  in  the  classical  beam- 
column,  strings,  prestressed  plates  and  shells.  The  classical 
phenomena  of  buckling  is  the  result  and  another  is  the  parametric 
vibration  of  structures  with  time  periodic  in-plane  stresses  (see  Bolotin 
[6]).  It  would  require  a  whole  book  to  review  all  the  research  into 
nonlinear  dynamics  of  structures.  Therefore  I  will  focus  on  a  few 
studies  in  the  last  two  decades  that  exhibit  chaotic  dynamics.  These 
include; 
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a)  d)Tiamic  buckling  and  chaos  of  the  beam-column 

b)  bending-torsion  chaos  in  the  beam  column 

c)  structures  with  unimodal  constraints 

d)  fluid-structure  dynamics 

e)  spatial-temporal  chaos,  and  solitons  in  periodic  structures 

f)  elasto-plastic  structures 

g)  spatial  chaos  in  the  elastica 

Chaos  in  post  buckling  dynamics. 

The  most  important  work  here  is  that  of  P.  J.  Holmes  [7],  whose 
doctoral  dissertation  in  the  late  1970's  was  the  first  to  show  that  chaos 
was  possible  in  structural  systems  which  at  the  time  had  been  foimd  in 
fluid  dynamics.  The  basic  model  in  shown  in  Figure  1,  in  which  a 
buckled  structure  with  two  stable  equilibria  is  forced  under  periodic 
loading.  The  single  mode  model  resisted  in  a  second  order  oscillator 
with  a  double  well  potential  of  the  form  of  a  Duffing  equation. 

x  +  Yx-^x(l-x^)  =  ff^coscot  (1) 

The  theoretical  work  of  Holmes  was  confirmed  shortly  thereafter  in  the 
work  of  Moon  &  Holmes  (1979)  [8]  and  Moon  (1980)  [9]  in  which  the 
buckling  forces  were  created  by  static  magnetic  fields.  This  experiment 
also  exhibits  the  now  classic  period  doubHng  route  to  chaos. 
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Figure  1;  Buckled  structures  with  two  stable  equUibriiun  states.  Forced 
vibration  was  shown  to  lead  to  chaotic  dynamics  [7],  [8],  [9]. 
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Another  fundamental  result  of  Holmes'  original  work  is  the 
derivation  of  a  criteria  for  transient  chaos  using  the  work  of  the 
Russian  Melnikov.  This  criteria  provided  a  lower  bound  in  the  forcing 
amplitude-frequency  plane,  below  which  chaos  would  not  occur. 


f^  = 


3nco 


f 

cosh 

V 


(2) 


Later  Moon  and  Li  [10],  showed  that  this  criteria  corresponded  with 
the  transition  from  smooth  basin  boundaries  to  fractal  boundaries.  The 
Holmes-  Melnikov  criteria  was  the  first  in  modern  nonlinear  dynamics 
to  use  the  idea  of  a  homoclinic  bifurcation  -  i.e.  the  intersection  of 
stable  and  unstable  manifolds  of  the  Poincare  map  -  as  a  method  to 
predict  the  onset  of  chaos.  This  criteria  could  give  designers  a  few 
"rules  of  thumb"  to  avoid  unpredictable  and  chaos  in  systems  of  the 
type  modeled  by  equation  (1).  Shortly  after  these  early  papers,  there 
appeared  a  succession  of  both  theoretical  and  experimental  papers  on 
nonlinear  structural  chaos. 


One  important  paper  at  the  time  was  that  by  Tang  and  Dowell 
(1990),  [11],  who  looked  at  the  threshold  for  chaos  in  a  vibrating  beam 
and  the  effect  of  adding  more  modes.  They  concluded  that  the  higher 
modes  lowered  the  threshold,  for  chaotic  dynamics  as  found  in 
numerical  simulation. 


In  the  1980's,  the  Cornell  group  developed  an  experimental 
methodology  to  investigate  chaos  in  nonlinear  structures  as  well  as 
other  nonlinear  systems.  One  of  the  principal  tools  was  the  use  of  the 
Poincare  maps  (see  Moon,  [3]).  One  recent  use  of  the  Poincare  map  is 
the  control  of  chaos  developed  in  the  1990's  by  the  Maryland  group  of 
Ott,  Grebogi  and  Yorke  [12].  This  technique  has  been  used  to  control 
the  chaotic  motions  of  a  buckled  beam  using  impulse  forces  and 
nonlinear  control  in  sync  with  the  Poincare  map.  (See  e.g.  Moon  et  al 
[13].) 


Bending  torsional  chaos  on  the  beam  column. 

One  of  the  principal  nonlinearities  of  fluid  mechanics  is  the 
quadratic  nonlinear  convection  acceleration  terms.  In  structural 
mechanics  quadratic  nonlinearities  terms  occur  due  to  centripetal  and 
Coriolis  accelerations.  Chaotic  vibration  due  to  inertial  nonlinearities 
in  a  torsion-beam  structure  were  reported  in  the  dissertation  of  J. 
Cusumono  at  Cornell  University  (1987)  and  in  the  paper  by  Cusumono 
and  Moon  [14].  The  basic  model  is  shown  in  Figure  2.  Vibration  of  the 
base  of  the  thin  cantilever  in  the  weak  direction  can  result  in 
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spontaneous  chaotic  vibration  near  the  natural  frequencies  as  show  in 
Figure  3.  A  two  mode  model  can  be  derived  for  the  as  in  equation  3. 


q^  +  (olq^-^{,q^fsmlq^=0 

(3) 

[e  +  sin^  +  £(o\qi  +  sin2^i  =  0 

These  equations  have  no  structural  geometric  nonlinearities. 
Analysis  of  the  higher  modes  have  yet  to  be  developed.  For  years 
many  studies  in  nonlinear  structures  have  focused  on  geometric 
nonlinearities,  but  these  experiments  show  that  inertial  terms  may 
sometimes  be  more  important. 


Figure  2:  Forced  vibration  of  a  thin  cantilever  beam  was  shown  to  lead 
to  chaotic  motions  with  bending  about  the  z  axis  and  twisting  about 
the  X  axis.  (See  [14]  and  Figure  3.) 
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Figure  3;  Regions  of  chaotic  bending  and  twisting  vibrations  of  a  thin 
cantilever  beam  from  Cusumano  and  Moon,  (1995),  [14], 


Uni-modal  constraints  and  nonlinear  boundary  conditions 

When  several  linear  substructures  are  attached  together, 
nonlinearities  may  occur  at  the  joints  and  boundary  conditions,  which 
may  lead  to  chaos.  This  was  illustrated  in  papers  by  Moon  and 
Shaw,[15]  Moon  and  Li  [16],  Li,  Rand  and  Moon  [17].  In  the  first  work, 
the  end  of  a  cantilever  is  constrained  in  one  direction  but  not  the  other 
direction.  This  problem  is  similar  to  the  moored  ship  dynamics  studied 
by  Thompson  and  coworkers  [18].  The  experiment  of  Moon  and  Li 
involved  a  truss  with  loose  joints.  (See  Figure  4.)  Periodic  forced 
vibration  resulted  in  a  broad  band  dynamic  response.  Other  similar 
problems  are  boundary  conditions  with  gaps  or  play  in  the  flutter  of  a 
pipe  with  fluid.  These  problems  are  discussed  below. 
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The  message  for  practical  ai\alysts  here  is  that  even  with  linear 
structures,  nonlinear  botmdary  conditions  can  lead  to  noise  and  chaos, 
a  problem  that  automobile  manufacturers  began  to  learn  in  the  1990's 
in  part  due  to  chaos  research.  Tight  joints  eliminate  a  lot  of  noise  (or 
chaos)  and  fewer  trips  to  the  car  dealer  for  repair. 


Figure  4:  Regions  of  chaotic  vibration  for  periodic  forcing  of  a  pin 
connected  truss  structure  with  center  pre-tensioned  cable,  from  Moon 
and  Li  (1990),  [16]. 


Nonlinear  fluid-structure  dynamics 

Fluid  flowing  through  or  around  structures  can  result  in  self 
excited  vibrations  or  flutter.  One  of  the  first  to  document  chaos  in 
flutter  was  Dowell  [19]  [20]  who  looked  at  panel  flutter.  Another 
investigator  is  Paidousis,  [21,  22]  who  has  documented  flow  induced 
vibrations  in  the  power  industry. 
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In  a  dissertation  in  my  own  laboratory,  G.  S.  Copeland  (1991) 
looked  at  a  steady  flow  of  water  through  a  flexible  tube.  (  See 
Copeland  and  Moon,  [23]).  In  these  experiments  niunerous  regions  of 
periodic,  quasi-periodic  and  chaotic  dynamics  were  observed  as 
outlined  in  the  Figures  5,  6.  These  motions  corresponded  to  different 
spatial  modes  of  the  tube  as  well  as  the  rigid  body  modes  of  the  end 
mass.  Copeland  was  able  to  analyze  one  of  these  modes  using 
bifurcation  theory  by  projecting  the  partial  differential  equations  for 
the  tube  onto  two  spatial  modes.  The  nonlinear  analysis  of  two  modes 
or  a  fourth  order  system  in  phase  space  is  very  difficult.  Steven 
Wiggins  of  Cal  Tech  has  published  some  methods  to  deal  with  such 
higher  dimensional  phase  spaces  [24].  Important  theoretical  work  on 
nonlinear  bifurcations  of  pipes  with  fluid  was  done  by  Baja]  and  Sethna 
[25],  and  Steindl  and  Troger  [26]. 


mass  from  Copeland  and  Moon,  (1992),  [23]. 
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Figure  6:  Power  spectrum  of  combined  quasi-periodic  and  chaotic 
vibrations  of  a  flexible  tube  with  steady  fluid  flow  from  Copeland  and 
Moon,  (1992),  [23]. 


These  problems  illustrate  the  difficulty  of  classical  chaos  theory 
using  low  order  models  with  three  and  fourth  order  phase  spaces.  In 
particular  when  the  dynamic  phenomena  leads  to  essential  motions 
that  involve  more  spatial  modes,  as  in  wave-like  problems,  other 
methodologies  must  be  used 


Spatial-temporal  chaos  and  solitons  in  periodic  structures. 

Many  important  structural  systems  involve  periodic 
reinforcement  as  in  ships,  missiles  and  aircraft.  (Figure  7).  Analysis  of 
such  systems  often  involve  reducing  the  number  of  degrees  of  freedom 
in  each  cell.  One  such  model  is  the  work  of  M.  Davies  in  a  Cornell 
dissertation  of  1993.  (See  Davies  &  Moon  [27]).  The  horizontal 
elements  are  arches  and  the  vertical  structures  are  linear  beams. 
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Figure  7:  Top  and  center;  periodically  reinforced  structures.  Bottom; 
experimental  model  with  horizontal  structure  with  initial  curvature 
and  vertical  cantilever  structure;  from  Davies  and  Moon,  (1994),  [27]. 


This  system  has  a  weak  nonlinearity  for  decreasing  distance 
between  neighboring  masses  (i.e.  a  weak  force  from  the  connecting 
arch),  and  a  strong,  almost  exponential  increase  in  force  for  increasing 
distance  between  masses.  This  model  has  some  shell  type  behavior. 
Davies  was  able  to  approximately  model  the  force  with  an  exponential 
potential  for  the  arch  and  a  linear  force  for  the  vertical  beam.  Both 
experiments  and  analysis  were  performed.  By  using  a  single  mode  for 
the  arch  and  the  cantilevers,  a  single  equation  of  motion  for  each  cell 
was  obtained. 

m^  =  l{ ^]-kx.  +  c[ ^  -2^  +  (4) 

d  tb^  >  y  di  dt  dt  ) 

This  model  has  a  counterpart  in  molecular  dynamics  known  as  a  Toda 
lattice  equation  [28].  Without  the  linear  springs  to  ground,  the  Toda 
lattice  is  known  to  exhibit  nonlinear  localized  waves  which  preserve 
shape.  When  these  waves  can  move  through  each  other  and  preserve 
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energy,  the  nonlinear  wave  is  known  as  a  soliton.  Experiments  on  a 
nine  cell  model  show  that  soliton  like  behavior  appears  to  be  present 
when  an  impulse  is  put  into  one  end  of  the  lattice.  However  due  to  the 
presence  of  the  linear  springs,  the  waves  begin  to  disperse  and  a 
complex  spatio-temporal  chaos  appears.  (Figure  8). 

Another  phenomena  is  the  spontaneous  transformation  of 
forced  nonlinear  vibration  of  the  lattice  from  a  stationary  modal  state 
to  a  wave  state.  This  effect  can  be  observed  in  experiments  and  in 
simulation,  and  shows  the  difficulty  of  using  low  dimensional  models 
in  extended  structural  systems.  The  recent  book  by  Vakakis  et  al  [29], 
explores  some  of  these  problems  of  localization  in  structures  that  will 
likely  not  be  addressed  by  classical  low  dimensional  models  t3^ical  of 
the  fest  decades  of  chaos  theory. 

Another  important  phenomenon  discovered  by  Ali  Nayfeh  and 
his  group  at  Virginia  Polytechnic  Institute  [30],  is  the  transfer  of 
vibration  energy  in  nonlinear  structures  from  liigh  frequencies  to  low 
frequencies. 


Figure  8:  Numerical  integration  results  for  the  structure  in  Figure  7, 
showing  energy  propagation  through  a  periodic  structure  for  an 
impact  of  mass  #8.  Wave  propagation  occurs  via  tension  in  the 
horizontal  arched  structures;  from  Davies  and  Moon,  (1994),  [27]. 
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Chaos  in  elasto-plastic  structures. 

One  of  the  important  papers  in  the  last  20  years  in  structural 
dynamics  is  that  by  Symonds  and  Yu  of  Brown  University  in  1985, 
[31].  In  this  study  they  examined  the  impulsive  loading  of  an  elasto- 
plastic  beam  with  clamped  ends.  The  problem  was  given  to  well 
known  finite  element  experts.  The  results  were  ten  different  answers. 
In  this  problem,  when  the  beam  reaches  the  plastic  state,  there  is 
plastic  stretching  of  the  mid  plane  so  that  when  the  dynamic  energy  is 
dissipated,  the  beam  takes  one  of  two  shapes  of  an  arch,  up  or  down. 
Five  analyses  predicted  the  up  state  and  five  the  down  arch  shape. 
What  was  not  realized  at  the  time  was  that  there  was  no  right  answer  - 
the  problem  was  one  of  transient  chaos,  sensitive  not  only  to  initial 
conditions  but  to  the  specific  numerical  modeling  used  by  the  different 
analysts.  Inspired  by  these  results,  my  colleagues  at  Cornell,  Poddar  et 
al  [32]  examined  a  slightly  different  one  using  periodic  impulsive 
loading.  With  a  one  element  model  we  were  able  to  show,  using  the 
Poincare  section,  that  there  existed  a  strange  attractor  in  the  time 
periodic  loading  case  which  lent  credence  to  the  suspicion  that  the 
Brown  University  paper  was  one  of  transient  chaos.  Since  that  paper 
there  have  been  others  by  Symonds  and  later  papers  by  the  Cornell 
group  (Pratap  et  al  [33]  )  on  dynamics  and  chaos  in  elasto-plastic 
beams.  (Figure  9) 
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Figure  9:  Nonlinear  dynamics  of  a  single  element  elasto-plastic 
oscillator,  (a)  -  (d)  show  Poincare  sections  for  forced  motion  and 
sensitivity  to  initial  conditions.  From  Pratap  el  al  (1994),  [33]. 
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These  problems  introduce  hysteretic  nonlinearities  in  the 
equations.  Such  terms  have  not  received  much  attention  from  the 
applied  mathematics  community.  One  exception  is  the  analysis  of 
hysteretic  electrical  circuits.  The  important  result  here  is  that  in 
problems  with  strong  nonlinearities  in  structural  dynamics,  one  must 
be  wary  of  numerical  results  without  checking  to  see  how  sensitive  the 
results  are  to  different  parameters  such  as  initial  conditions  and  spatial 
loading. 

Spatial  chaos  in  the  state  elastica. 

There  is  a  well  know  analogy  in  mechanics  between  the  static 
bending  and  twisting  of  the  elastica  and  the  dynamics  of  the  spinning 
top  or  rigid  body;  this  similarity  is  known  as  the  Kirchhoff  analogy, 
(see  e.  Love,  [5])  Thus  what  is  dynamically  possible  for  the  rigid  body 
in  time  is  by  analogy  possible  for  the  elastica  in  space.  Since  it  is 
known  that  the  spinning  top  or  rotating  pendulum  can  be  chaotic  in 
time,  then  one  might  suspect  that  the  static  elastica  structure  might  be 
chaotic  in  space.  The  coupled  equations,  in  terms  of  the  curvatures 
(k„  K2)  and  torsion  x,  of  the  elastica  are  given  by  ([5], [37]) 


ds 

ds 

dC(T-To) 


ds 


{B  -  C)k-jT  +  Ck-jTq  -  BxKj^, 
=  {C  -  A)k^t  +  Axk^^  -  CK^Tf^, 
=  (A  -  B)KpC^  +  BK'iK'jfi  -  A  K-^KTio 


(5) 


This  remarkable  result  has  been  studied  by  a  number  of  authors 
including  Thompson  &  Virgin  (1988)  [34],  El  Naschie  and  Kapitaniak 
(1990)  [35],  Mielke  and  Holmes  (1988)  [36],  and  Davies  and  Moon 
(1993)  [37].  One  example  of  the  twisted  chaotic  shape  of  an  elastica  is 
shown  in  Figure  10.  (Moon  &  Davies,  [37]).  Here  the  rod  has  a 
periodic  change  in  shape  in  space  corresponding  to  a  spinning  top  with 
periodic  forcing  in  time.  This  problem,  although  somewhat  academic. 
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shows  that  spatially  complex,  nonlinear  deformation  of  twisted 
struchires  are  possible  and  are  sensitive  to  problem  parameters.  One 
possible  application  of  these  problems  is  the  deformation  of  macro 
molecules  such  as  DNA.  These  analytic  solutions  present  a  challenge 
to  numerical  analysts  of  nonlinear  structural  deformation. 


Figure  10:  Numerical  integration  of  equations  (5)  for  initial  curvatures 
KTio  =k:2o  =  To  =0,  and  spatially  varying  initial  modulus 
5  =  5o  +  cosKs.  The  twisted  structure  shows  spatially  static  chaos; 
from  Davies  and  Moon  (1993),  [37]. 


Future  Directions 


The  early  work  of  Holmes  in  1979  clearly  established  the  idea  of 
unpredictable  motions  in  deterministic  structural  dynamics  and  the 
experiments  that  followed  confirmed  the  role  of  chaotic  phenomena  in 


many  structural  applications.  While  not  as  ubiquitous  as  in  fluid 
mechanics,  the  idea  of  chaos  and  even  some  form  of  spatial  turbulence 
in  structural  systems  is  now  accepted  by  most  theorists  but  has  not 
been  addressed  fully  by  the  numerical  simulation  community  in 
exploring  the  limits  of  predictable  dynamics  with  existing  and  future 
codes.  The  other  areas  of  future  research  is  elasto-plastic  structures  and 
damaged  and  fractured  structures.  The  need  for  comparison  of 
experimental  and  numerical  data  in  the  chaotic  regimes  of  these 
problems  in  structural  dynamics  is  also  an  area  of  opportunity. 

Another  subject  in  need  of  new  research  is  the  interaction  of 
random  and  deterministic  chaotic  dynamics  in  structures  since  most 
practical  problems  involve  a  mix  of  both.  Also  since  deterministic 
chaos  generates  a  probability  function,  it  should  be  possible  to  use  the 
tools  of  random  vibrations  if  one  can  determine  the  nongaussian 
probability  density  functions  for  the  chaotic  motions. 

Following  the  lead  of  fluid  mechanics,  there  are  many  problems 
in  structural  systems  in  which  there  is  complex  spatial  dynamics.  The 
extension  of  the  methods  of  Proper  Orthogonal  Decomposition  (POD) 
from  fluid  mechanics  to  structural  mechanics  is  one  method  that  may 
be  fruitful. (See  e.g.  Aubry  et  al  [38].)  Professor  J.  Cusumano  of  the 
Pennsylvania  University  in  the  USA  has  begun  one  such  effort. 

System  identification  has  made  great  strides  in  linear  structural 
dynamics.  It  should  be  expected  that  similar  efforts  in  structural 
dynamics  will  develop  in  the  next  decade.  The  book  of  Abarbanel  [39] 
of  University  of  California,  San  Diego  uses  ideas  and  concepts  to 
develop  time  series  methods  for  nonlinear  system  identification.  The  idea 
is  that  chaotic  "noise"  contains  important  information  about  the 
nonlinear  system  if  one  can  learn  how  to  mine  the  data.  Recent  work  at 
Cornell  University  in  nonlinear  fluid-structure  dynamics  uses 
nonlinear  bifurcation  theory  to  guide  the  choice  of  nonlinear 
representation  fluid  forces  on  a  vibrating  structure.  (See  Thothadri  and 
Moon,  [40]). 

Finally  as  has  been  mentioned,  there  remains  the  difficult  task  of 
understanding  structural  dynamics  in  extremely  complex  systems  such 
as  jet  engines  or  vehicles,  robots  and  other  complex  machines.  Such 
structural  systems  have  sources  of  energy,  relative  motion  of  parts 
rotary  motions,  inertial  nonlinearities,  friction,  intermittent  contact  and 
sometimes  fluid  and  magnetic  forces.  The  current  method  has  been  to 
take  a  reductionist  approach  to  analysis  and  design  reducing  the 
problem  to  dynamics  of  machine  elements  and  not  always  the  entire 
flexible  machine.  The  integration  of  machine  and  structural  nonlinear 
dynamics  is  a  challenging  problem.  There  is  also  some  evidence  that  a 
small  amount  of  chaos  in  complex  machines  may  be  inevitable  and 
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even  desirable.  A  recent  study  by  Steven  Boedo  of  Borg-Warner 
Corporation  (now  at  Rochester  Institute  of  Technology)  on  chaos  in 
hydrodynamic  rotor  bearings  suggests  that  better  performance  is 
obtained  with  a  small  amount  of  chaos,  [41],  Thus  although  the  days  of 
the  study  of  chaos  in  simple  mechanical  systems  may  be  in  the  past, 
the  future  direction  of  nonlinear  structural  dynamics  will  be  guided  by 
the  fruit  of  those  early  studies  into  chaotic  dynamics. 
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Abstract 

Repeated  analysis  of  a  structure  for  a  range  of  parameter  values  is 
often  encountered  in  engineering  design  and  optimisation.  In  this  pa¬ 
per,  the  problem  of  approximately  predicting  the  natural  frequencies 
of  a  system,  when  parameters  undergo  gross  changes,  is  addressed.  A 
method  of  ‘interpolated  modes’  is  developed.  It  is  shown  that  rea¬ 
sonable  estimates  of  the  natural  frequencies  are  obtained  without  a 
recourse  to  exact  calculations  for  each  value  of  the  system  parameter. 
Illustrative  examples  are  given. 

INTRODUCTION 

In  many  design  situations,  it  is  required  to  calculate  the  natural  frequencies 
of  a  mechanical  vibratory  system  or  a  structure  for  a  large  set  of  parameter 
values.  A  similar  situation  is  encountered  in  structural  optimisation  studies 
when  the  objective  function  is  related  to  the  natural  frequencies  of  the  system. 
The  problem  becomes  computationally  more  and  more  demanding  as  the 
degrees-of-freedom  involved  in  the  system  increase  and  as  the  dimensionality 
of  the  parameter  space  increases.  The  parameters  that  describe  the  system 
or  the  structure  could  be  a  geometrical  dimension  (e.g.  thickness),  a  lumped 
mass,  a  spring  constant,  modulus  of  elasticity  etc. 

Typically,  complex  engineering  structures  are  analysed  using  a  finite  el¬ 
ement  (or  another  approximate)  method  and  the  equations  of  motion  are 
written  in  terms  of  second  order  ordinary  differential  equations.  The  natural 
frequencies  are  associated  with  synchronous  motion  in  free  vibration;  and 
imposing  this  condition  on  the  type  of  motion  to  be  observed  leads  to  the 
following  generalised  eigenvalue  problem 

Ku  =  AMu.  (1) 
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The  stiffness  matrix  K  and  the  inertia  matrix  M  are  both  symmetric.  In 
addition,  M  is  positive  definite  whereas  K,  in  general,  is  positive  semi-definite 
to  allow  for  rigid  body  modes.  Square  roots  of  the  eigenvalues  are  the  natural 
frequencies  and  the  eigenvectors  represent  mode  shapes  of  the  system.  In 
a  computational  cycle  of  calculating  natural  frequencies,  it  is  this  step  of 
solving  the  eigenvalue  problem  (1)  that  is  usually  most  expensive;  setting-up 
matrices  K  and  M  are  relatively  cheaper  part  of  the  calculations.  Therefore, 
whenever  the  eigenproblem  (1)  needs  to  be  solved  repeatedly  for  a  large  set 
of  parameter  values,  the  required  computational  resources  are  substantially 
increased.  A  commonly  used  approximation  that  avoids  solving  equation  (1) 
repeatedly  is  based  on  Rayleigh’s  work  [1]  and  is  discussed  now. 

A  change  in  the  parameter  p  of  the  system  leads  to  a  change  in  the 
inertia  and  the  stiffness  matrices.  If  these  changes  are  denoted  by  AM  and 
AK  respectively,  then  the  perturbed  eigenproblem  is  given  by 

(K  +  AK)(ui  +  AuO  =  {Xi  +  AAi)(M  +  AM){ui  +  Au^.  (2) 


Here,  (Aj  +  AA,)  and  (u^  +  Au^)  are  the  changed  eigensolutions.  Expanding 
the  two  sides  of  (2),  making  use  of  (1),  premultiplying  by  (u^  +  Auj)^  and 
ignoring  higher  order  terms  in  the  expansion  leads  to 


AA^ 


uf  (AK  -  XiAM)ni 
ujMui 


(3) 


for  the  change  in  the  i-th  eigenvalue.  Note  that  this  expression  uses  eigenso- 
lutions  of  the  original  (unperturbed)  problem  and  the  changes  in  the  stiffness 
and  mass  matrices  due  to  parameter  changes.  We  shall  refer  to  this  approx¬ 
imation  as  the  ‘classical  perturbation’.  Based  on  this  expression  the  exact 
rate  of  change  of  eigenvalue  with  respect  to  a  parameter  can  be  obtained. 
While  the  chassical  perturbation  (1)  gives  reasonably  good  answers  for  small 
perturbations,  it  provides  poor  approximations  for  large  (or  gross)  changes 
in  the  parameter.  This  is  expected  since  the  classical  perturbation  formula 
is  based  on  ignoring  higher  order  terms. 

Although  the  basic  idea  of  perturbation  of  an  eigenvalue  problem  is  quite 
old  (e.g.  Rayleigh  did  not  use  the  language  of  matrices),  there  have  been 
numerous  studies  on  specific  issues.  Lancaster  [2]  and  Fox  and  Kapoor  [3] 
were  first  to  study  the  change  in  eigenvalues  and  eigenvectors  of  a  matrix 
when  the  matrix  is  a  function  of  a  parameter.  A  good  review  on  the  subject, 
with  structural  dynamics  as  the  main  motivation,  can  be  found  in  Brandon 
[4].  The  issue  of  sensitivity  and  derivatives  of  eigensolutions  is  a  closely 
related  one  (see,  Haftka  et  al.,[5,  6]  and  other  citations  therein,  for  example). 
Stetson  et  al.  [7]  and  Nagaraj  [8]  have  looked  into  design  and  engineering 
aspects  of  the  eigenvalue  perturbation  theory. 
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THE  METHOD  OF  INTERPOLATED  MODES 

This  paper  is  concerned  with  an  approximation  for  eigenvalues  (and,  con¬ 
sequently  the  natural  frequencies)  of  a  system  whose  parameters  undergo 
gross  changes.  In  an  earlier  work,  Sahu  et  al.  [9]  addressed  this  problem 
and  they  proposed  an  approximation  on  an  interval  over  which  a  parame¬ 
ter  takes  different  values.  The  strategy  there  is  to  interpolate  between  the 
eigenvalues  that  are  calculated  as  perturbations  from  the  two  ends  taking 
eigenvectors  at  the  left  end  as  the  reference  in  the  first  instance;  and  then 
taking  eigenvectors  at  the  right  end  as  the  reference  in  the  second  instance. 
In  this  manner  one  has  two  estimates  of  the  eigenvalue  for  each  value  of  the 
parameter  on  the  parameter  axis.  The  final  estimate  is  made  by  calculat¬ 
ing  the  weighted  average  such  that  the  value  calculated  from  the  eigenvector 
based  on  the  end  of  the  interval  that  is  closer  to  the  parameter  value  in  ques¬ 
tion  receives  more  weight.  The  approach  of  the  present  work  resembles  that 
of  [9]  in  that  it  also  attempts  to  develop  an  approximation  for  eigenvalues 
based  on  eigensolutions  at  the  two  ends  of  an  interval.  The  details  of  the 
two  approximations,  however,  are  different.  While  [9]  directly  calculates  an 
average  of  two  different  estimates,  the  present  work  employs  averaging  the 
eigenvectors  themselves.  The  details  of  the  procedure  follow. 

Consider  an  interval  Po  £  P  ^  P/»  where  p  represents  a  parameter  that 
describes  the  system.  The  eigensolutions  at  the  two  ends  can  be  found  ex¬ 
actly: 


KqUo  =  AMqUo,  and  K/U/  =  AM/U/.  (4) 

Defining  a  non-dimensional  parameter  t  as 


P-^Po 

P/-Po’ 


(5) 


we  have  0  <  t  <  1.  Taking  t  and  (1  —  t)  as  the  appropriate  weighting  factors 
for  interpolating  mode  shapes  to  be  obtained  from  uq  and  u/,  we  have  the 
following  expression  for  the  «-th  interpolated  mode  (the  subscript  i  has  been 
dropped): 


u={l-t){uo)  +  {t){uf).  (6) 

This  interpolated  mode  is  now  taken  as  an  approximation  for  the  true  mode- 
shape.  Finally,  the  approximate  eigenvalue  A^  is  calculated  from  the  Rayleigh 
quotient 

^_unK  +  AK)u, 

'  unM  +  AM)u/ 
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The  natural  frequencies  can  be  calculated  in  the  usual  way  by  taking  square 

root  of  the  eigenvalues,  i.e.  Ui  =  VX* 

It  may  be  noted  that  eigenvalues  are  not  interpolated  linearly  and  that 
the  true  non-linear  dependence  of  the  coefficient  matrices  K  and  M  on  the 
parameter  p  is  incorporated  in  the  Rayleigh  quotient.  The  trial  eigenvectors 
involved  in  the  quotient  are,  however,  linearly  interpolated  in  the  interval. 
The  results  are  expected  to  be  relatively  better  at  the  two  ends  of  the  interval, 
whereas  the  worst  approximation  errors  are  expected  close  to  the  centre  of 
the  interval.  In  the  limiting  case  of  t  =  0  and  t  =  1,  the  values  of  A,  are 
exact,  since  the  contribution  in  (6)  is  zero  except  due  to  the  exact  modes. 

The  method  uses  exact  eigensolutions  at  the  two  end  points  of  the  inter¬ 
val.  For  calculations  at  the  intermediate  points  on  the  parameter  axis,  the 
computational  effort  is  considerably  less:  we  need  to  set-up  the  coefficient 
matrices  (assemble  the  finite  elements)  and  evaluate  two  quadratic  forms. 
With  respect  to  the  classical  perturbation,  the  extra  effort  involved  is  in 
solving  an  additional  eigenvalue  problem.  This  may  well  be  worth  the  effort 
if  we  require  several  evaluations  within  the  interval.  This  would  be  typical 
in  a  design  search  or  optimisation  setting. 

The  method  outlined  here  can  be  readily  extended  to  parameter  spaces 
that  are  multi-dimensional.  For  example,  if  we  wish  to  explore  the  variations 
in  the  natural  frequencies  simultaneously  with  respect  to  two  parameters,  say. 
Pa;  and  Py\  then  the  domain  of  interpoltion  is  a  rectangle,  say,  0  <  p^  <  a, 
0  <  Pj/  ^  Non-dimensional  parameters  0  <  <  1  and  0  <  ty  <  I  can  be 

defined  as 


tx  = 


Px 


and 


ty  — 


Py 


The  interpolated  mode  (eigenvector)  is  then  calculated  as 


^i(pX)Py)  —  (1  ^x)(l  ^y)^00  ^i(l  ty)llQ0  "1“  (I  ^x)^y^06  "b  txtyMab 

(8) 

where  =  Ui{px  =  =  s).  The  four  eigenvectors  at  the  corners  of  the 

rectangle  [0,  a]  x  [0,6]  need  to  be  calculated  exactly.  It  can  be  seen  from 
the  above  equation  that  everywhere  inside  the  rectangle,  the  interpolation 
is  bilinear.  The  final  step  in  the  calculation:  evaluation  of  the  Rayleigh 
quotient,  remains  identical  to  the  previous  expression  of  equation  (7).  The 
approximate  eigenvalues  as  calculated  from  equation  (7)  coincide  with  the 
exact  ones  at  the  four  corners  of  the  rectangle  because  the  contributions  to 
the  interpolated  mode  from  the  eigenvectors  of  the  other  three  corners  is 
exactly  zero. 
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a  (Modification  parameter) 

Figure  1:  Variation  of  the  first  natural  frequency  with  the  modification  pa¬ 
rameter  a  for  the  three-degree-of-freedom  system  (Example  1),  a  =  2  corre¬ 
sponds  to  200  %  change  in  the  parameter. 

EXAMPLES  AND  DISCUSSIONS 

Two  examples  will  be  presented  now  to  illustrate  the  method  of  interpolated 
modes  developed  in  the  previous  section.  The  first  example  is  of  a  three- 
degree-of-freedom  discrete  mechanical  system;  and  the  second  example  is  a 
finite  element  model  of  a  cantilever  beam  with  a  mass  and  a  stiffness  at  the 
tip. 

Example  1  Consider  a  three-degree-of-freedom  system  with  the  non-dimensional 
mass  and  the  stiffness  matrices  given  by 


"1 

0 

o' 

r  2 

-1 

1 - 

o 

0 

1 

0 

,  and  Ko  =  —1 

2 

-1 

0 

0 

1 

L  0 

-1 

1  _ 

Suppose  one  of  the  stiffnesses  is  changed  from  1  to  (1  -h  a)  such  that  the 
stiffness  matrix  changes  to 

'2  -1  O' 

K=  -1  (2  + a)  -(1  +  a)  . 

_0  —(1  +  0;)  (1  +  o) 

The  mass  matrix  remains  unchanged.  Therefore  a  can  be  treated  as  a  pertur¬ 
bation  parameter.  Clearly,  a  =  1  corresponds  to  100%  change  in  the  stiffness 


Figure  2:  Variation  of  the  second  natural  frequency  with  the  modification 
parameter  a  for  the  three-degree-of-freedom  system  (Example  1),  a  =  2 
corresponds  to  200  %  change  in  the  parameter. 

parameter,  a  =  2  corresponds  to  200%  change  in  the  stiffness  parameter,  and 
so  on. 

Eigenvalues  and  eigenvectors  were  calculated  exactly  for  a  =  0  and  a  =  2. 
Taking  a  =  0  as  the  ‘reference  design',  frequencies  were  calculated  using  the 
classical  perturbation  formula  (3).  Approximate  frequencies  were  also  cal¬ 
culated  using  the  interpolated  modes  as  discussed  in  the  previous  section. 
Finally,  the  exact  frequencies  were  calculated  by  solving  the  eigenvalue  prob¬ 
lem  (1)  at  each  intermediate  frequency  in  the  range  0  <  a  <  2,  Results 
for  the  first  natural  frequency  uji  are  presented  in  figure  (1).  Note  that  the 
x-axis  of  the  figure  is  chosen  to  be  logarithmic,  since  the  range  of  the  mod¬ 
ifications  in  the  parameter  a  is  reasonably  large.  It  can  be  seen  that  the 
classical  perturbation  provides  excellent  approximation  to  the  first  natural 
frequency  upto  approximately  10%  modification  in  the  stiffness  parameter 
(i.e.  a  =  0.1).  Beyond  this,  the  higher  order  terms  in  the  expansion  of  e- 
quation  (2)  take  over  and  the  classical  perturbation  formula  rapidly  deviates 
away  from  the  curve  for  the  variation  of  the  exact  natural  frequency  with 
respect  to  a. 

The  first  natural  frequency  as  calculated  from  the  method  of  interpolat¬ 
ed  modes  also  starts  deviating  from  the  exact  first  natural  frequency  as  a 
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Figure  3:  Variation  of  the  third  natural  frequency  with  the  modification 
parameter  a  for  the  three-degree-of-freedom  system  (Example  1),  a  =  2 
corresponds  to  200  %  change  in  the  parameter. 

increases  beyond  15-20%.  However,  it  is  contained  eventually  as  we  come 
close  to  the  right  side  end  of  the  interval  corresponding  to  a  =  200%  The 
errors  at  the  intermediate  values  can  be  seen  to  be  substantially  less  that 
those  obtained  from  the  classical  perturbation  formula. 

The  second  natural  frequency  as  calculated  from  equation  (7)  shows  a 
similar  improvement  over  that  calculated  from  the  classical  perturbation  for¬ 
mula  (3).  The  three  curves  are  plotted  in  figure  (2).  Again  it  can  be  seen  that 
the  values  are  exact  at  the  two  ends  of  the  interval.  The  third  natural  fre¬ 
quency  as  calculated  from  the  perturbation  formula  (3)  underestimates  this 
frequency  and  is  presented  as  a  function  of  a  in  figure  (3).  The  discrepancy 
increases  with  increase  in  the  parameter  a.  The  performance  of  interpolat¬ 
ed  modes,  on  the  other  hand,  is  exceptionally  good  and  the  curve  for  exact 
eigenvalue  is  almost  indistinguishable  from  that  of  the  frequencies  calculated 
from  the  interpolated  modes.  This  indicates  that  the  true  mode-shapes,  in 
fact,  vary  linearly  with  a  in  the  range  shown. 

Going  back  to  figure  (1),  we  note  that  the  maximum  absolute  error  in 
estimating  a;i  is  only  0.49  -  0.461  =  0.029.  However,  for  a  200%  change 
in  a  the  total  change  in  wi  is  only  ^  0.461  —  0.445  =  0.016.  Therefore,  to 
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Figure  4:  Normalised  percentage  error  in  estimating  the  three  natural  fre¬ 
quencies  as  a  function  of  the  modification  parameter. 


represent  error  better,  a  normalised  error  is  defined  as 

Absolute  error 
\^i{v=Pf)  -  Wi(p =po)r 

This  normalised  error  (in  percentage)  is  plotted  for  the  three  modes  in  figure 

(4) .  The  general  features  of  the  three  error  profiles  are  fairly  similar:  errors 

are  negligible  at  the  two  ends,  and  are  maximum  close  to  the  centre  of  the 
interval  around  a  =  80%  90%.  The  maximum  error  for  u)i  is  less  than  9%, 

for  it  is  less  than  8%,  and  for  Uz  it  is  less  than  2%. 

To  study  the  performance  of  the  proposed  method  of  interpolated  modes 
for  extremely  large  modifications,  a  was  varied  in  the  range  0-500%.  Again 
exact  calculations  were  carried  out  only  at  the  two  ends  of  interval.  The 
approximate  calculations  and  the  exact  calculations  are  presented  in  figure 

(5)  for  a;i.  The  maximum  error  is  observed  around  a  —  200%  and  its  value 
equals  approximately  40%.  Elsewhere  in  the  interval,  it  is  substantially  less. 
This  demonstrates  the  usefulness  of  the  method  developed  here,  when  one  is 
interested  only  in  rough  estimates  of  natural  frequencies.  The  possibility  of 
integrating  the  method  with  a  design  search  tool,  therefore,  exists:  one  could 
start  with  very  rough  estimates  and  scan  a  very  large  parameter  space  very 
cheaply.  This  could  be  followed  by  increasingly  more  accurate  calculations 
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Figure  5:  Variation  of  the  first  natural  frequency  with  the  modification  pa¬ 
rameter  a.  Note  that  the  maximum  perturbation  in  a  is  500%. 

(by  reducing  the  interval  successively)  as  we  begin  to  be  more  and  more 
committed  to  a  particular  design. 

Yet  another  point  to  note  in  figure  (5)  is  the  non-monotonic  nature  of 
the  curve  corresponding  to  the  interpolated  modes.  From  one  of  the  well- 
known  theorems  of  Rayleigh  [1],  it  follows  that  it  is  impossible  to  observe 
this  trend.  This  is  because  increasing  the  parameter  a  means  increasing  the 
stiffness  of  the  system,  and  therefore,  natural  frequencies  can  only  increase 
or  remain  constant.  Hence,  it  is  possible  to  improve  the  performance  of 
the  method  of  interpolated  modes  further  by  incorporating  this  information 
that  the  true  curve  cannot  cross  the  horizontal  line  passing  through  UJi\p=pj- 
Details  of  imposing  this  ceiling  will  not  be  discussed  further  and  will  be 
presented  elsewhere.  This  scheme  of  further  improvement  will  work  only 
when  a  parameter  affects  either  the  mass  properties  or  the  stiffness  properties. 

Recall  that  the  error  for  a  =  200%  was  zero  in  figure  (1)  because  it  corre¬ 
sponded  to  the  right  end  of  the  interval.  As  the  range  increases  it  is  expected 
that  the  maximum  error  will  also  increase.  This  variation  is  presented  in  fig¬ 
ure  (6).  On  the  x-axis,  maximum  value  of  a  (which  corresponds  to  the  right 
end  of  the  interval)  is  plotted.  On  the  y-axis,  the  maximum  value  of  the 
normalised  error  (maximum  being  taken  over  the  relevant  interval)  is  plot¬ 
ted  for  the  three  natural  frequencies.  It  is  seen  that  the  method  performs 
better  for  tjj2  for  relatively  smaller  values  of  amax  than  for  wi-  This  trend. 
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Figure  6:  Maximum  over  interpolation  range  of  the  normalised  error  as  a 
function  of  a^ax 

however,  is  reversed  for  higher  values  of  a^nax^  The  third  natural  frequency 
is  consistently  calculated  very  accurately,  the  worst  error  being  less  than  5% 
for  a  modification  equal  to  500%. 

Example  2  Consider  a  clamped-free  cantilever  beam.  The  tip  of  the  beam 
has  a  concentrated  mass  mo  and  a  spring  k^.  The  beam  is  characterised  by 
three  parameters:  m,  the  mass  per  unit  length  of  the  beam;  El  its  bending 
rigidity;  and  L  the  length.  Non-dimensional  parameters  are  defined  as 

ml  =  mo/imL),  k;  =  ko/{EI/L^),  X*  =  Xi/{EI /mL^). 

We  shall  treat  the  two  parameters  mj  and  as  modification  over  the  refer¬ 
ence  structure  which  is  a  cantilever  beam  without  any  tip  mass  or  tip  spring. 
The  parameter  space,  therefore  is  two  dimensional. 

The  beam  was  discretised  using  a  finite  element  procedure  using  10  el¬ 
ements.  Each  node  of  an  element  possesses  two  degrees-of-freedom:  one  in 
the  transverse  displacement  direction  and  one  for  rotation  (slope). 

The  four  corners  of  the  domain  of  interpolation  are  defined  by  the  points: 
(mS  =  0,A:S  =  0),  (mj  =  2,^:^  =  0),  (mj  =  0^k*  =  2),  and  (mj  =  2,A:S  = 
2).  Percentage  error  is  now  defined  as  the  ratio  of  the  difference  of  exact 
eigenvalue  and  the  eigenvalue  calculated  via  interpolated  modes  to  the  exact 
value  at  each  point  in  the  parameter  space.  This  error  is  plotted  as  a  function 
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Figure  7:  Percentage  error  in  as  a  function  of  and  Maximum 
modification  in  both  parameters  is  200%. 

of  and  for  AJ  in  figure  (7).  It  is  seen  that  this  error  is  less  than 
1%  throughout  the  domain  when  the  parameters  at  the  corner  points  are 
modified  by  200%.  Note  the  values  of  error  at  the  four  corners  which  is 
exactly  zero,  as  expected.  The  same  plot  for  A2  is  shown  in  figure  (8).  This 
time  the  maximum  error  is  of  the  order  of  35%. 

Although  the  method  discussed  in  this  paper  works  quite  well  for  the 
examples  presented  here,  there  are  some  unresolved  difficulties.  Firstly,  it  is 
recognised  that  eigenvectors  showing  sharp  changes  with  respect  to  a  param¬ 
eter  will  not  be  properly  interpolated.  The  results  for  natural  frequencies 
calculated  from  such  interpolated  modes  are  likely  to  be  fairly  inaccurate. 
Secondly,  when  two  eigenvalues  cross  each  other  in  the  the  parameter  space 
leading  to  reversal  of  the  mode  order,  extra  care  needs  to  be  taken  in  automat¬ 
ing  the  interpolation  procedure.  If  this  is  not  properly  done,  interpolation 
with  two  different  ‘types’  of  modes  will  take  place  resulting  in  inaccurate 
estimation  of  the  corresponding  natural  frequencies.  Finally,  the  procedure 
needs  to  be  adapted  to  systems  that  possess  degeneracy,  e.g.  periodic  struc¬ 
tures.  The  present  formulation  is  robust  only  for  distinct  eigenvalues. 

CONCLUSIONS 

A  method  of  approximate  calculation  of  natural  frequecies  of  a  mechanical 
system  based  on  interpolated  modes  was  presented.  This  method  offers  sub¬ 
stantial  computational  saving  when  one  is  interested  in  approximate  values 
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Figure  8:  Percentage  error  in  A2  as  a  function  of  tUq  and  k^.  Maximum 
modification  in  both  parameters  is  200%. 

at  a  large  number  of  points  inside  an  interval.  The  interval  could  be  multi¬ 
dimensional.  It  was  shown,  through  two  simple  examples,  that  reasonably 
accurate  estimates  of  the  natural  frequencies  are  obtained  for  fairly  large 
values  of  modification.  It  is  believed  that  the  method  will  give  very  use¬ 
ful  inputs  to  optimisation  and  search  porblems  associated  with  structural 
dynamic  design. 
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ABSTRACT 

The  present  study  considers  the  influence  of  an  elastic,  open  crack  on 
the  natural  frequencies  and  stability  chareicteristics  of  a  simply  supported, 
translating  beam.  Using  Hamilton’s  principle  and  elementary  fracture  me¬ 
chanics,  the  equations  of  motion  for  the  beam  are  developed.  An  eigen- 
analysis  is  performed  and  shows  that  the  natural  frequencies  (Im(A))  and 
stability  characteristics  (Re(A))  fluctuate  as  the  crack  translates  with  the 
beam  between  the  two  fixed  supports.  The  magnitude  of  these  fluctuations 
vary  with  the  axial  transport  speed  and  are  mapped  in  the  parameter  space. 
The  implications  for  the  free  and  forced  responses  are  discussed. 

INTRODUCTION 

Axially  moving  systems  have  been  widely  studied  in  the  literature  [1],  [2] 
and  deal  with  applications  including  bandsaws,  magnetic  tapes,  paper  man¬ 
ufacturing  etc.  The  present  study  considers  the  influence  of  a  shallow  crack 
on  the  vibration  and  stability  characteristics  of  a  translating,  simply  sup¬ 
ported  beam.  Throughout  this  work  it  is  assumed  that  the  applied  axial 
tension  is  large  and  that  the  internal  bending  moment  is  small  (a  reason¬ 
able  assumption  for  small  amplitude,  linear  motion)  such  that  the  crack 
always  remain  open.  In  other  words,  impacting  conditions  associated  with 
crack  closure  are  not  considered  [3],  [4]. 

Introducing  a  crank  into  a  structure  produces  two  significant  effects. 
First,  there  is  a  change  in  the  stress  field  near  the  crack  tip.  This  reduces 
the  local  stiffness  of  the  system  which,  in  turn,  influences  the  dynamics  of 
the  beam.  This  is  typically  accomplished  using  the  stress  intensity  factor 
to  describe  the  local  stress  field  near  the  crack  tip.  See,  for  example,  refer¬ 
ences  [5]- [7].  Alternatively,  variational  techniques  with  exponential  “crack 
functions”  have  been  used  to  obtain  a  consistent  theoretical  description  of 
the  problem  [8] -[10]. 

The  second  effect,  which  is  not  commonly  incorporated,  involves 
the  discontinuity  in  the  mass  per  unit  length  of  the  beam  produced  by  the 
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Figure  1:  A  schematic  of  the  translating  beam  system  under  consideration. 

presence  of  the  crack.  In  a  related  study,  Wickert  and  Mote  [11]  examined 
the  dynamics  of  a  translating  string  carrying  a  discrete  mass  (as  opposed 
to  a  disruption  in  the  mass  per  unit  length).  They  showed  that  the  mass 
acted  to  scatter  harmonic  waves  and  that  the  frequencies  fluctuated  as  the 
mass  location  varied  during  translation. 

In  the  present  study,  both  effects  are  incorporated  into  a  mathe¬ 
matical  model  to  describe  the  linear  vibrations,  both  axial  and  transverse, 
of  a  cracked,  translating  beam.  The  governing  PDF’s  are  discretized  to  a 
set  of  ode’s  and  the  vibration  and  stability  characteristics  are  examined 
through  an  eigenvalue  analysis.  It  is  shown  that,  like  the  results  presented 
in  reference  [11],  the  natural  frequencies  (Im(A))  and  the  stability  char¬ 
acteristics  (Re(A))  fluctuate  as  the  crack  location  moves.  Furthermore, 
the  influence  of  the  transport  speed  on  the  amplitude  of  these  fluctuations 
is  demonstrated.  The  implications  of  these  results  for  both  the  free  and 
forced  response  are  considered  and  discussed. 

MODEL  DEVELOPMENT 

Changes  in  Local  Stiffness  Due  to  a  Crack 

Figure  1  shows  a  schematic  of  the  cracked  beam  system  being  considered. 
The  beam  has  length  L,  height  6,  cross  sectional  area  A,  axial  transport 
speed  c,  and  axial  tension  P.  It  also  has  a  crack  of  depth  a  that  is  located 
at  =  ^o/L  at  the  instant  shown.  The  presence  of  the  crack  reduces  the 
stiffness  of  the  beam  both  in  axial  stretching  and  in  bending.  In  other 
words,  a  given  load  will  produce  more  deformation  in  the  cracked  beam 
than  in  its  uncracked  counterpart.  This  additional  deformation  is  highly 
localized  near  the  crack  and  not  distributed  evenly  over  the  structure.  In 
addition,  the  asymmetric  crack  causes  the  neutral  axis  to  dip  down  from 
the  centerline  in  the  vicinity  of  the  crack.  This  is  shown  schematically  with 
a  dashed  line  in  Figure  1.  This  asymmetry  produces  an  eccentric  loading 
scenario  which  leads  to  coupling  between  the  bending  and  stretching  de¬ 
formations. 

To  begin,  consider  the  net  effect  of  the  crack  and  forget,  for  the 
moment,  that  the  additional  deformation  is  highly  localized.  In  this  case, 
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the  global  force*deformation  relations  are 


where  d  and  0  are  measures  of  the  overall  (global)  axial  and  rotational 
deformations,  respectively,  Pi  =  p  the  axial  tension,  P2  —  M  is  the 
bending  moment,  and  \C]  is  the  compliance  matrix.  In  the  absence  of 
a  crack,  the  compliance  matrix  is  diagonal  with  terms  Cn  =  {L/AE)o 
and  C22  =  [LjEl^o^  where  the  subscript  indicates  that  this  refers  to  the 
uncracked  structure.  The  addition  of  the  crack  increases  the  diagonal  el¬ 
ements  and  introduces  off-diagonal  terms  coupling  the  axial  and  bending 
deformation: 


Aci2 


Aci2 

(i7)„  +  ^C22 


(2) 


where  is  the  change  in  flexibility  which  leads  to  the  net  increase  in  the 
global  deformation  variables.  An  appropriate  expression  for  the  change  in 
flexibility  is 

lo 

where  a  is  the  depth  of  the  crack,  G  is  the  elastic  energy  release  rate,  and 
the  Pi  are  the  generalized  forces  described  previously  [12],  [13].  It  should 
be  noted  that  this  description  of  the  compliance  matrix  is  only  valid  for 
situations  where  the  crack  remains  open.  If  the  crack  should  close,  the 
compliance  will  experience  a  discontinuity  (a  strong  nonlinearity)  and  a 
very  different  analysis  would  be  required. 

The  global  change  in  compliance  may  be  computed  using  Equa¬ 
tion  (3)  along  with  an  appropriate  expression  for  the  energy  release  rate: 


G{a/b)  =  + 


(4) 


where  E  is  the  elastic  modulus,  u  is  Poisson’s  ratio,  and  K^j  and  Kf  are  the 
stress  intensity  factors  in  bending  and  stretching,  respectively.  The  stress 
intensity  factors  for  a  beam  with  an  edge  crack  in  bending  and  stretching 
are  found  in  reference  [5]  and  take  the  form 


Fi{alb)  (5) 

K]  =  ^^F2{a/b)  (6) 
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where  Fi{a/b)  and  F2{a/b)  are 


Fiia/b) 


0.752  +  2.02(f)  +  0.37(1  -  sin(f  ))3 
cos(f) 


(7) 


F2{a/b) 


0.923  +  0.1999(1  -sm(f))'* 


(8) 


Prom  this  formulation,  the  global  stiffness  matrix  may  be  computed  by 
simply  inverting  the  flexibility  matrix,  Equation  (2). 

Thus  far,  the  approach  taken  has  been  a  global  one  despite  the 
fact  that  the  additional  deformation  is  known  to  be  localized  near  the 
crack.  This  approach  was  taken  because  the  expression  for  the  change 
in  compliance,  Equation  (3),  was  defined  using  the  global  deformations 
d  and  0.  To  transform  this  global  approach  into  a  local  one,  two  steps 
are  taken.  First,  the  deformation  measures  are  changed  to  local  measures: 
“stretching”  strain  and  curvature,  i.e.,  d  and  9  are  replaced  by  e^ix)  and 
k{x),  respectively.  As  a  result,  the  stiffness  is  multiplied  by  L.  To  localize 
the  additional  deformation,  the  changes  in  the  stiffness,  are  are 

multiplied  by  L  and  the  Dirac  delta  function  centered  at  the  location  of 
the  crack,  Xq.  This  produces  the  following  stiffness  matrix: 


[EA)o  ~  AKuL8{x  —  Xo)  AKi2L6{x  —  Xq) 

AKi2L6{x  ~  Xo)  {EI)o  ~  AK22L6{x  -  Xo) 


(9) 


where  the  AKij  are  computed  by  inverting  both  the  uncracked  global  com- 
plience  matrix  and  the  cracked  global  compliance  matrix,  Equation  (2),  and 
subtracting  the  former  from  the  latter. 


Equations  of  Motion 

Having  arrived  at  an  appropriate  description  for  the  stiffness  of  the  beam, 
the  governing  equations  of  motion  may  be  developed  from  Hamilton’s  prin¬ 
ciple.  This  requires  expressions  for  the  internal  strain  energy,  the  kinetic 
energy,  and  the  external  work. 

The  strain  energy  of  the  beam  may  be  written 

Use  =  r  l-q^[K]qdx  (10) 

Jo 

where  Use  Is  the  strain  energy,  [K]  is  the  stiffness  matrix  defined  by 
Equation  (9),  and  =  {cs,/c}  is  a  generalized  deformation  vector.  Here 
65  =  (^,2;  +  P/EA)  is  the  stretching  strain.  Note  that  the  term  PJEA  rep¬ 
resents  a  static  strain  resulting  from  the  constant  axial  load  P.  As  such, 
u  represents  only  the  dynamic  axial  deformation.  Under  the  typical  small 
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slope  assumption  the  curvature  is  simply  k  =  with  v{x,  t)  being  the 
transverse  deflection. 

Under  the  assumption  that  the  crack  is  shallow  {a/b  <  0.4)  and  that 
the  beam  is  long  and  thin  (6/ L  0.01),  the  coupling  terms  AK12  and  AK21 
are  less  than  one  percent  of  the  diagonal  terms  and  may  be  ignored.  Elimi¬ 
nating  the  off-diagonal  terms  leads  to  the  following  expression  for  the  strain 
energy 

Use  = 

where  El  =  {EI)o  -  AKuL6{x  -  Xo),  EA  =  {EA)o  -  AK2iL5{x  -  Xo), 
Xo  refers  to  the  location  of  the  crack,  and  the  AKij  are  obtained  using  the 
method  described  in  the  previous  section. 

The  kinetic  energy  is  given  by 

1 

^  =  O  /  P  [  +^,4  +  {c  +  CU,x+U,t)‘^]dx  (12) 

where  p  =  po  —  m6{x  —  Xo)  is  the  mass  per  unit  length  of  the  beam,  po  is  the 
mass  per  unit  length  of  the  uncracked  beam,  m  is  reduction  in  the  mass 
per  unit  length  occurring  at  the  crack  location,  and  c  is  axial  transport 
speed  of  beam. 

These  expressions  for  the  potential  and  kinetic  energies,  along  with 
an  expression  of  mass  conservation  {cdp/dx  -f-  dpjdt  —  0)  are  used  in 
Hamilton’s  principle  to  obtain  the  following  uncoupled,  linear  partial  dif¬ 
ferential  equations  which  govern  the  unforced,  undamped  motion  of  a  trans¬ 
lating  beam  with  an  open  crack. 

P^  '\~pv^tt  )5xa7  )  jx  ~  0  (f^) 

pc  IL^xx  EA.  ~  ^ 

These  equations  are  recast  using  the  full  expressions  for  El  and  EA,  and 
the  following  dimensionless  quantities:  a  new  spatial  coordinate  ^  ~  x/L, 
two  new  deformation  coordinates  V  =  v/L  and  U  =  u/L,  and  a  dimen¬ 
sionless  time  r  =  ^JlEIJ~p^lAt,  The  results  are 

(1  —  p,5)V,rr  +  ^l(l  “  P^)U,^r  +  ^2(1  “ 

-{-  =0  (15) 

(1  —  pbS)U,rr  +  fcl(l  ”  p>6)U,^r  + 

fc2(l  -  +  k,[r6,^  -  (1  rS)U,^^]  =  0  (16) 
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where  ^  =  m/p„,  r  =  HKnL/EAo,  h  =  2c^/^JJ/EE,  k2  =  PoL^cyEE, 
kz  =  AK22L/ EIo,  ki  =  Pl'^/EIo,  k^  =  AoL^/ 1 0-  Furthermore,  it  should  be 
understood  that  S  =  Spatial  derivatives  of  — -^o)  are  evaluated 

using  the  standard  method  [14], 

Natural  Frequencies  and  Stability 

The  principle  objective  is  to  develop  a  fundamental  understanding  of  the 
system’s  response  characteristics  as  the  crack  travels  between  the  two  sup¬ 
ports  as  shown  in  Figure  1.  This  is  accomplished  by  examining  the  free 
vibration  eigenvalue  problem  which  renders  the  natural  frequencies  (Im(A)) 
and  the  stability  exponents  (Re(A)). 

To  arrive  at  the  eigenvalue  problem,  the  governing  equations  are 
discretized  using  a  Galerkin  procedure  with  the  following  expansions: 

U  =  V  =  (17) 

where  ^^(0  ~  ^i(0  =  sin(z7r^)  for  the  simply  supported  boundary  condi¬ 
tions  under  consideration  here.  The  discretized  equations  are  then  written 
in  matrix  form: 

[M]x  +  [G]x  +  [K]x  =  0  (18) 

where  x  =  {cri,  ^2, . . . ,  A, /32  ■  • is  a  vector  of  the  modal  amplitudes, 
[M]  is  the  mass  matrix,  [G]  is  the  skew-symmetric  gyroscopic  matrix,  and 
[K]  is  the  linear  stiffness  matrix.  The  natural  frequencies  for  this  system 
are  found  by  rewriting  Equation  (18)  in  first  order  form  and  solving  the 
associate  eigenvalue  problem  numerically  [15]. 

RESULTS 


Transverse  Vibrations 

Consider  the  transverse  motion  of  a  beam  with  a  thickness  to  length  ratio 
of  b/L  =  0.01,  a  transport  speed  of  half  its  critical  speed  c/ccr  =  0.5, 
and  a  crack  depth  of  a/b  =  0.1.  Figures  2a  shows  the  imaginary  part 
of  the  first  and  second  eigenvalues  as  a  function  of  the  crack  location. 
As  the  crack  enters  the  domain,  the  natural  frequencies  are  those  of  the 
uncracked,  traveling  beam  (given  by  the  dashed  lines).  As  the  crack  and  the 
accompanying  discontinuities  in  mass  and  stiffness  move  to  the  right,  there 
is  a  change  in  the  frequencies.  Both  the  first  and  second  mode  frequencies 
begin  to  increase.  The  first  mode  frequencies  continue  to  increase  until  a 
local  maximum  achieved  at  the  midspan  and  then  it  decrease  monotonically 


80 


Figure  2:  The  imaginary  (a)  and  real  (b)  parts  of  the  first  two  eigenvalues 
for  transverse  motion  as  a  function  of  crack  location. 

until  the  crack  exits  the  domain  at  =  1.  The  second  mode  eigenvalue 
locus  experiences  two  local  maxima  and  a  local  minimum. 

There  are  three  important  observations  to  be  made  regarding  Fig- 
ure  2a.  First,  it  is  evident  that  the  Im(A)  loci  are  symmetric  about  the 
midspan  —  0.5.  Second,  the  number  of  local  maxima  in  each  loci  is 
equal  to  the  mode  number  associated  with  that  loci.  Finally,  the  fluctua¬ 
tions  of  the  natural  frequencies  have  significant  implications  for  the  forced 
response.  Consider,  for  a  moment,  the  uncracked,  translating  beam.  That 
system  has  an  infinite  but  countable  number  of  resonant  frequencies  which 
should  be  avoided  in  the  forced  vibration  problem.  In  the  cracked  beam 
problem,  these  resonant  frequencies  fluctuate  creating  frequency  bands  as¬ 
sociated  with  resonance  in  the  cracked  problem  (these  bands  are  darkened 
in  the  figure).  If  the  system  is  excited  at  a  frequency  in  one  of  these  bands 
the  beam  will  begin  to  resonate  as  the  crack  translates  and  the  natural 
frequency  passes  through  the  excitation  frequency.  Fortunately,  a  steady 
state  resonance  will  not  occur  since  the  frequency  continues  to  change.  But 
a  large  transient  may  be  initiated.  Of  course,  the  size  of  the  transient  de¬ 
pends  on  the  transport  speed  which  controls  the  duration  that  the  natural 
frequency  dwells  near  the  excitation  frequency. 

Figure  2b  shows  the  real  parts  of  the  eigenvalues  as  a  function  of 
crack  location.  As  the  crack  initially  enters  the  domain,  Re(A)  =  0  which 
is  in  agreement  with  the  uncracked,  undamped  problem.  As  the  crack 
begins  to  move  through  the  domain,  all  of  the  Re(Ai)  are  greater  than  zero 
indicating  the  system  is  dynamically  unstable.  The  stability  changes  for 
the  first  mode  as  the  crack  moves  beyond  the  midspan  and  Re(Ai)  becomes 
negative.  The  second  mode  fluctuates  with  a  larger  amplitude  and  twice 
the  frequency  of  the  first  mode.  Both  loci  return  to  zero  as  the  crack  exits 
the  domain  at  =  1- 
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Figure  3:  The  resonance  zones  for  transverse  motion  as  a  function  of  the 
transport  speed  for  (a)  a  beam  with  a  crack  depth  ajh  =  0.1  and  (b)  a 
beam  with  a  crack  depth  a/6  =  0.3. 


Prom  Figure  2b,  it  is  evident  that  the  Re(A)  loci  are  anti-symmetric. 
As  was  the  case  for  the  imaginary  components,  the  number  of  local  maxima 
is  equal  to  the  mode  number.  Finally,  as  the  crack  enters  the  domain,  the 
system  is  dynamically  unstable  (all  Re(A)  increase  from  zero).  As  the  crack 
exits  the  domain,  the  system  is  always  dynamically  stable.  The  extent  to 
which  the  beam  experiences  unstable,  growing  transient  oscillations  de¬ 
pends  on  the  transport  speed.  If  the  transport  speed  is  low  and  the  system 
lingers  in  an  unstable  region,  a  large  amplitude  oscillation  may  develop. 
However,  if  the  transport  speed  is  high,  the  crack  will  exit  the  dynamically 
unstable  regime  before  large  oscillations  can  develop. 

Perhaps  the  two  most  important  revelations  about  this  system  are 
that  both  the  natural  frequencies  and  the  dynamic  stability  characteristics 
change  as  the  crack  location  (which  can  be  viewed  as  a  parameter)  changes. 
But  how  do  other  parameters,  such  as  the  crack  depth  and  the  transport 
speed,  influence  the  size  of  the  resonant  frequency  bands?  Figures  3a  and 
3b  provide  some  insight.  These  show  the  size  of  the  frequency  bands  as  a 
function  of  transport  speed  for  crack  depths  of  ajh  ==0.1  and  ajh  =  0.3, 
respectively.  Comparing  3a  and  3b  shows  that  deeper  cracks  lead  to  larger 
resonance  bands  for  both  modes  (indeed,  for  all  modes)  at  all  transport 
speeds  below  Ccr-  In  both  figures,  the  size  of  the  first  mode  band  does 
not  change  substantially  for  transport  speeds  below  c/ccr  =  0.9.  As  the 
divergence  instability  is  approached  at  cjccr  =  1,  the  upper  boundary  of 
the  first  mode  resonance  zone  continues  to  decrease  mildly  but  the  lower 
boundary,  associated  with  the  frequency  of  the  uncracked  beam,  drops  to 
zero  and  widens  the  band.  The  second  mode  resonance  becomes  more  nar¬ 
row  with  increases  in  the  transport  speed. 
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a)  b) 


Crack  Location,  x„/L  Crack  Location,  ^  s  x./L 


Figure  4:  The  imaginary  (a)  and  real  (b)  parts  of  the  first  two  eigenvalues 
for  axial  motion  as  a  function  of  crack  location. 

Axial  Vibrations 

Axial  vibrations  are  also  influenced  by  the  presence  of  an  open  crack. 
Figure  4a  illustrates  the  behavior  of  the  first  two  axial  natural  frequen¬ 
cies  as  the  crack  translates  between  the  supports  for  the  case  ajh  —  0.1, 
clc-cr  =  0.5.  Many  of  the  trends  discussed  for  transverse  vibrations  also 
hold  here.  The  eigenvalue  loci  fluctuate  and  the  number  of  maxima  for  a 
given  loci  equals  the  mode  number,  i.e.,  the  first  mode  loci  has  one  maxi¬ 
mum.  As  the  crack  exits  the  span,  the  frequencies  again  return  to  that  of 
the  uncracked  translating  beam.  Of  course,  the  absolute  magnitude  of  the 
fluctuations  in  the  axial  frequencies  are  much  larger  than  those  associated 
with  transverse  vibrations.  Relative  to  their  respective  frequency  scales, 
there  is  parity.  The  real  parts  of  the  eigenvalues  are  presented  in  Figure 
4b.  Again,  the  behavior  is  qualitatively  similar  to  the  results  presented  for 
transverse  motion. 

As  before,  the  size  of  the  resonance  bands  increases  with  mode  num¬ 
ber  and  crack  depth.  As  the  axial  transport  speed  is  increased,  the  axial 
resonance  zones  also  shrink  mildly.  However,  near  the  critical  speed  there 
is  no  drastic  increase  in  the  size  of  the  first  mode  resonance  band  since  the 
fundamental  axial  frequency  is  never  reduced  to  zero. 

A  Brief  Note  on  Convergence 

During  the  discretization,  the  expansion  series  given  by  Equations  (17) 
were  truncated.  As  a  result,  the  issue  of  modal  convergence  arises.  To 
ensure  convergence  of  the  first  two  eigenvalues,  a  convergence  study  was 
performed.  This  consisted  of  fixing  the  number  of  terms  retained  at  n  and 
computing  the  eigenvalues  at  four  crack  locations  ^  =  0.2, 0.4, 0.6,  and  0.8. 
The  value  of  n  was  increased  and  the  eigenvalues  were  again  computed. 
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The  eigenvalues  were  then  plotted  against  the  number  of  terms  retained. 
Once  the  change  in  all  of  the  eigenvalues  was  below  0.5%,  the  system 
was  said  to  be  converged.  Typically,  ten  terms  (n  =  10)  were  sufficient 
to  ensure  convergence  of  the  transverse  eigenvalues.  The  axial  problem 
usually  required  many  more  modes  to  converge  -  usually  in  the  range  of 
n  =  24. 


CONCLUSIONS 

The  objective  of  this  work  is  to  study  the  dynamics  of  a  translat¬ 
ing  beam  containing  an  open  crack.  The  mathematical  framework  for  this 
problem  depends  on  linear  elastic  fracture  mechanics  to  describe  the  global 
change  in  the  stiffness  of  the  cracked  beam.  This  effect  is  then  localized  in 
the  vicinity  of  the  crack  using  a  delta  function  representation.  Similarly, 
there  is  a  discontinuity  in  the  mass  per  unit  length  of  the  beam  due  to  the 
presence  of  the  crack.  The  equations  governing  the  axial  and  transverse 
vibrations  of  a  translating,  cracked  beam  are  developed  using  Hamilton’s 
principle.  These  equations  are  nondimensionalized  and  then  discretized 
using  a  Galerkin  projection.  An  eigen-analysis  is  then  carried  out  to  as¬ 
certain  the  behavior  of  the  natural  frequencies  (Im(A))  and  the  dynamic 
stability  characteristics  (Re  (A)). 

It  is  shown  that  as  the  crack  translates  with  the  beam  between  the 
fixed  end  supports,  the  imaginary  and  real  parts  of  the  eigenvalues  fluctu¬ 
ate.  These  fluctuations  are  seen  as  eigenvalue  loci  plotted  as  a  function  of 
crack  location  between  0  <  ^  <  1.  Turning  to  the  natural  frequencies  first, 
these  fluctuations  imply  that  at  a  fixed  excitation  frequency  in  this  reso¬ 
nance  band  the  system  will  be  pass  through  resonance  at  least  twice.  This 
nonstationary  problem  could  lead  to  large  transients  oscillations.  Further¬ 
more,  the  size  of  these  resonance  bands  increases  with  mode  number  and 
with  crack  depth.  The  size  of  the  resonance  band  is  relatively  insensitive  to 
changes  in  the  transport  speed  until  approximately  90%  of  the  first  critical 
speed,  at  which  time  the  first  mode  band  widens  for  the  transverse  case. 

The  real  parts  of  the  eigenvalues  also  fluctuate  and  become  positive 
as  the  crack  moves  through  the  domain.  This  indicates  that  the  system,  at 
least  for  a  portion  of  the  motion,  is  dynamically  unstable  and  free  oscilla¬ 
tions  will  grow.  In  contrast  to  the  imaginary  parts  of  the  eigenvalues,  the 
real  parts  are  not  substantially  altered  by  the  crack  depth  or  the  transport 
speed. 

In  general,  this  work  sheds  light  on  some  complexities  in  the  mod¬ 
eling  of  axially  translating  beams  possessing  an  open  crack.  It  also  demon¬ 
strates  some  of  the  fundamental,  yet  complicated,  dynamics  involved  in 
this  free  vibration  problem  and  serves  as  a  cautionary  note  for  the  forced 
problem. 
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1  Introduction 

A  common  intuitive  notion  of  stability  asks  the  simple  question:  if  the  structure 
is  slightly  perturbed,  what  happens  to  the  ensuing  dynamics?  That  is,  if  the 
structure  returns  to  its  current  state,  then  it  is  stable;  otherwise  it  is  unstable 
and  a  dynamic  process  ensues.  The  purpose  of  the  present  paper  is  to  pursue 
the  implications  of  this  simple  notion  of  stability  within  the  context  of  modern 
computational  methods. 

One  of  the  first  concepts  of  stability  was  proposed  by  Euler.  He  phrased  it  in 
terms  of  alternate  equilibrium  positions  existing  not  ‘too  far’  from  the  original 
configuration.  We  take  this  as  representative  of  the  static  view  and  as  a  basis 
for  the  discussion  of  the  dynamic  alternative.  Thus,  the  static  view  of  (buckling) 
instabilities  considers  the  structure  under  monotonic  loading,  and  when  the  load 
reaches  a  critical  value  it  displaces  instantaneously  to  a  new  configuration.  This 
new  configuration  is  a  nearby  equilibrium  state.  Reference  [1]  gives  a  good 
background  setting  for  studying  the  stability  of  structures,  and  Reference  [2] 
is  a  thorough  compendium  of  examples  and  solutions.  Mention  should  also  be 
made  of  References  [3,  4]  which  place  static  stability  in  a  much  broader  context. 
Path  following  schemes  [5]  are  the  computational  implementation  of  the  static 
methods;  Reference  [6]  gives  an  excellent  application  and  discussion  (with  many 
references)  of  current  generalized  path-following  procedures. 

Fundamentally,  the  dynamic  view  considers  instability  to  be  synonymous 
with  motion  and  large  displacements,  and  thus  requires  a  fully  nonlinear  dy¬ 
namic  perspective.  In  comparison  to  the  static  methods,  we  make  two  opera¬ 
tional  changes.  First,  the  independent  variable  is  time;  all  variables,  including 
the  load,  are  functions  of  time,  and  the  complete  state  vector  —  both  velocity 
and  displacement  —  is  computed  and  monitored.  Secondly,  we  explicitly  sepa¬ 
rate  the  loading  associated  with  the  fundamental  path  from  that  which  initiates 
or  interrogates  the  instability.  There  are  very  few  papers  devoted  to  a  dynamic 
analysis  of  static  instability;  however,  References  [7,  8]  give  very  clear  discussions 
of  the  difference  between  the  static  and  dynamic  methods  of  stability  analysis. 
An  interesting  dynamic  computational  approach  is  given  in  Reference  [9]  where 
an  eigenanalysis  is  used  to  determine  the  displacement  increment  in  the  vicin¬ 
ity  of  a  singular  point  and  a  transient  solver  is  used  to  follow  the  subsequent 
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motion.  The  approach  operates  only  on  limit  point  singularities;  geometries 
exhibiting  bifurcation  type  singularities  are  converted  to  limit  points  by  adding 
imperfections. 

A  schematic  of  the  dynamic  view  is  illustrated  in  Figure  1.  A  stable  loading 
state  {resulting  from  the  slowly  applied  load  P{t))  is  illustrated  by  segment  A;  a 
disturbance  (in  the  form  of  a  short  duration  ping  load  Q{t))  causes  oscillations 
about  the  equilibrium  path,  these  are  temporary  and  the  structure  eventually 
comes  back  to  the  equilibrium  path.  At  or  beyond  a  critical  point,  however,  a 
small  disturbance  will  cause  a  significant  dynamic  process  to  ensue.  Depending 
on  the  particular  problem,  a  nearby  equilibrium  path  may  or  may  not  be  found. 
It  is  worth  noting  that  the  new  equilibrium  path  may  not  be  statically  connected 
to  the  original  one;  that  is,  we  could  not  devise  a  proportional  loading  sequence 
(where  the  ratio  of  all  the  loads  is  kept  constant)  to  connect  the  two  equilibrium 
states. 

As  we  shall  show,  the  dynamic  view  has  two  aspects  to  it:  monitoring  the 
vibration  eigenvalues  to  detect  when  a  singularity  is  encountered,  and  using  ping 
as  agent  to  dynamically  move  the  structure  toward  the  new  state.  Ping  plays  a 
pivotal  role  and  therefore  we  discuss  its  effective  design. 

We  use  the  example  of  a  rectangular  plate  to  illustrate  the  main  features 
of  the  dynamic  view  —  a  range  of  other  problems  including  frames  and  shells 
where  the  dynamic  view  was  used  can  be  found  in  Reference  [10].  We  will  look 
at  a  plate  with  clamped  boundary  conditions  on  the  loaded  edges.  This  plate 
exhibits  mode  jumping  (secondary  buckling).  It  is  taken  through  a  complete 
load/unload  cycle  and  the  dynamic  approach  is  used  to  navigate  through  mode 
jumps  occurring  during  the  loading  and  unloading  stages. 

2  Implementing  the  Dynamic  View 

The  dynamic  view  considers  instability  to  be  synonymous  with  motion  and  large 
displacements,  and  therefore  requires  a  fully  nonlinear  dynamic  analysis  capabil¬ 
ity.  This  section  reviews  some  of  the  underlying  theory,  and  its  implementation 
as  part  of  a  finite  element  formulation. 

Dynamic  Analysis 

The  discretized  form  of  the  equations  of  motion  [11]  are 

[M]{ii}  +  [(7]{ii}  =  {P}-{F(j.)}  (1) 

where  [  M  ]  and  [  C  ]  are  the  mass  and  damping  matrices,  respectively;  {P}  is 
the  total  applied  load  vector,  and  {f}  is  the  vector  of  internal  nodal  forces. 
Computational  formulations  are  available  for  solving  this  equation  using  either 
an  implicit  or  explicit  scheme.  Consistent  with  the  dynamic  view  of  instability, 
let  us  conceive  of  the  total  response  and  applied  load  as  made  up  of  the  two 
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parts  introduced  in  Figure  1,  namely, 


{n(i)}  =  KW}  +  £{$(*)} ,  {P«)}  =  {P«(<)}  +  €{Q(i)} 

There  is  the  primary  response  {uq}  due  to  {Po}^  and  the  smaller  perturbation 
response  {^}  due  to  the  ping  load  {Q}.  Substituting  this  decomposition  into 
the  equation  of  motion  for  the  total  response  and  grouping  according  to  powers 
of  €  gives  the  two  equations 

6°:  [M]R}  +  [C]{uo}  =  {i"o}-{J’K)}  (2) 

e':  [M]{e}  +  [C]{^}  +  [i^t]{e}  =  {Q}  (3) 

It  must  be  emphasized  that  this  decomposition  is  only  conceptual;  in  the  discus¬ 
sions  and  results  that  follows,  Equation  (1)  is  treated  as  fully  dynamic  and  fully 
nonlinear  and  used  to  generate  all  the  responses.  We  see  from  Equation  (3)  that 
the  response  due  to  the  ping  (at  a  given  load  {P©})  is  that  of  a  linear  system  with 
constant  tangent  stiffness  [Kt]  =  [dF/duo]^  With  changing  deformation,  gov¬ 
erned  by  Equation  (1),  the  tangent  stiffness  changes  and  clearly  monitoring  the 
spectral  content  of  the  free  vibration  response  to  {Q}  will  then  give  information 
about  the  current  tangent  stiffness. 

That  is,  look  for  solutions  of  the  form 

m)}  = 


and  substitute  into  the  equation  of  motion  to  get 


[Kt]  +  in[  C] 


We  can  have  non- trivial  solutions  only  if  the  determinant  is  zero  which  leads  to 
a  characteristic  equation  to  determine  the  eigenvalues  //i  and  eigenvectors 
The  general  solution  is  written  as  a  combination  of 

We  state  our  stability  criterion  in  terms  of  the  properties  of  the  eigenvalues 
For  the  system  to  be  asymptotically  stable  we  want 

Imag  [g]  >  0  since 

Thus,  a  negative  imaginary  component  of  fii  would  give  an  exponentially  in¬ 
creasing  function  of  time.  If  the  criterion  is  not  true  for  any  one  of  the  roots, 
then  the  system  is  unstable. 

The  static  instability  criterion  of  Euler  is  the  case  of  /xi  =  /x/  +  ifiR  =  0; 
that  is,  both  the  real  and  imaginary  parts  are  zero  simultaneously.  There  are 
structural  problems,  however,  where  this  criterion  is  insufficient.  For  example. 


89 


for  follower- force  type  problems  (and  related  problems  such  as  aeroclastic  flut¬ 
ter),  instability  occurs  when  the  real  part  of  /ii  is  still  positive.  Such  situations 
are  usually  referred  to  as  dynamic  instabilities  [7]. 

Thus,  a  key  ingredient  of  the  dynamic  approach  is  to  monitor  the  spectral 
behavior  of  [Kt],  This  can  be  done  by  imposing  a  ping,  and  doing  a  Fourier 
analysis  on  the  response.  This  is  conceptually  appealing  and  has  the  significant 
advantage  of  being  implemented  with  an  explicit  solver  for  the  nonlinear  dynam¬ 
ics,  Unfortunately,  it  is  too  computationally  intensive  for  use  as  a  continuous 
monitor  of  the  system.  When  the  tangent  stiffness  is  available  (as  when  using  an 
implicit  solver),  a  more  expedient  method  is  to  do  an  undamped  vibration  eigen- 
analysis  —  we  will  then  refer  to  the  eigenvalues  as  /x^  — >  which  are  real  only. 

It  should  be  pointed  out,  however,  that  this  is  generally  not  effective  for  follower- 
force  type  problems  because  most  codes  use  an  approximate  symmetric  tangent 
stiffness  matrix.  Actually,  for  incremental  schemes  using  Newton-Raphson  it¬ 
erations,  an  accurate  tangent  stiffness  matrix  is  not  essential  as  verified  by  the 
success  of  the  various  modified  Newton-Raphson  methods.  What  this  means  is 
that  for  a  given  level  of  discretization,  the  tangent  stiffness  matrix  as  used  in  an 
implicit  solver  may  give  imprecise  estimates  of  the  vibration  eigenvalues;  it  may, 
for  example,  indicate  a  negative  eigenvalue  even  though  the  system  is  actually 
stable.  Of  course,  we  expect  an  accurate  stiffness  matrix  in  the  limit  of  a  fine 
mesh  discretization,  but  short  of  that,  and  consistent  with  the  dynamic  view, 
the  structure  can  be  pinged  to  assess  the  true  stability  state  of  the  structure. 
Thus  the  monitoring  is  a  combination  of  a  vibration  eigenanalysis  at  regular 
intervals  plus  selective  use  of  ping.  We  elaborate  more  on  this  later. 

We  can  represent  the  dynamic  response  due  to  the  ping  using  the  following 
modal  superposition 

m 

where  T]Tn{^)  are  the  principal  coordinates  obtained  by  solving  the  uncoupled 
equations 

Vm  d"  d"  ^  {^IrnlQ} 

For  a  ping-like  {Q}  (short  duration  pulse),  all  r]m(t)  behave  like  a  damped 
oscillator  and  eventually  tend  to  zero.  However,  at  a  static  singular  point  (limit 
or  bifurcation),  we  have  uJi  =  0,  giving 

^1  =  WilQ} 

This  is  an  unconstrained  motion  increasing  almost  linearly  in  time  (since  {Q} 
is  of  short  duration).  Therefore,  all  other  things  being  equal,  for  a  ping  with 
arbitrary  spatial  distribution,  we  expect  (after  a  short  time)  the  shape  of  the 
deforming  structure  to  be  dominated  by  the  first  vibration  mode  shape  at  that 
load  level. 

Figure  2  shows  the  effect  of  the  magnitude  of  ping  (ranging  from  10“^ 
to  10”^)  on  the  response  —  the  last  value  essentially  corresponds  to  no  ping 
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(just  numerical  round-off.)  We  conclude  that  once  the  structure  is  unstable 
{Imaglpi]  <  0)  that  motion  will  eventually  occur;  the  only  effect  of  ping  is  to 
control  when  it  begins.  We  are  motivated  to  efficiently  initiate  this  transition 
because  we  test  for  stability  after  each  significant  load  stage.  We  can  increase 
this  control  by  enhancing  the  dominance  of  the  first  mode.  This  is  achieved  by 
letting  the  ping  be  designed  such  that 

{<3}  =  o:[M]{</'}i  (4) 

where  a  is  a  proportionality  factor.  Then 

flm  +  K^mrtrn-^^^mVm  =  =Oi{<t>}m[M]{(t>}l  =0,  m^l 

Thus  the  motions  of  the  higher  modes  are  initially  quiescent. 

Finite  Element  Formulation 

The  program  NonStaD  [11]  is  a  nonlinear  finite  element  package  for  the  static, 
dynamic,  and  stability  analysis  of  thin- walled  reinforced  structures.  The  method 
of  description  is  co-rotational  [5]  where  the  motion  of  an  element  is  decomposed 
into  a  rigid  body  motion  and  a  deformation  through  the  use  of  a  local  coordinate 
system  which  continuously  translates  and  rotates  with  the  element.  The  strains 
are  assumed  small  in  the  local  coordinates  and  therefore  a  linear  theory  can  be 
used  for  the  element  formulation.  The  finite  elements  used  in  the  modeling  are  a 
flat-facet  three-node  triangular  shell  element  and  a  two-node  frame  element,  both 
with  six  degrees  of  freedom  at  each  node.  In  the  local  system,  the  membrane 
behavior  is  that  of  the  MRT  element  [12]  (this  has  a  drilling  degree  of  freedom) 
and  the  plate  bending  behavior  is  that  of  the  DKT  element  [13,  14].  The  frame 
behavior  is  based  on  elementary  beam  and  rod  theory  [15]. 

The  equations  of  motion  can  be  integrated  using  either  an  explicit  or  an 
implicit  scheme.  In  all  the  results  to  be  presented  here,  the  implicit  scheme  with 
full  Newton-Raphson  (dynamic)  equilibrium  iterations  was  used.  A  lumped  mass 
matrix  and  a  mass  proportional  damping  matrix  were  used. 

For  the  present  analysis,  NonStaD  was  modified  in  a  three  ways.  First,  it 
was  changed  to  allow  two  independent  load  histories;  one  corresponds  to  the 
slowly  varying  primary  loading,  and  the  other  to  the  ping  loading.  Second, 
the  implicit  module  was  modified  to  give  a  vibration  eigenanalysis  at  regular 
stages  of  the  loading.  Vector  iteration  [16,  15]  was  initially  implemented  for 
the  eigenanalysis  because  it  is  very  efficient  at  determining  the  single  lowest 
eigenmode;  it  became  clear,  however,  that  we  needed  to  monitor  many  of  the 
lowest  eigenvalues  simultaneously  and  so  the  subspace  iteration  [16,  15]  method 
was  also  implemented.  The  third  significant  modification  was  in  the  spatial 
design  of  ping.  Three  options  are  implemented:  a  single  point  load  ping,  a 
random  (in  space)  ping,  and  a  designer  ping.  The  second  of  these  was  used  to 
simulate  ambient  disturbances.  The  designer  ping  is  that  of  Equation  (4).  Note 
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that  in  many  cases,  multiple  modes  can  go  through  zero  almost  simultaneously. 
For  exploring  those  cases,  NonStaD  has  actually  implemented  a  ping  designed  as 

{Q}  =  ai[M]{(t>}i  -h  a2[M]{(l>}2 

In  implementing  this,  each  eigenvector  is  normalized  so  that  the  largest  compo¬ 
nent  is  unity. 


3  Navigating  with  the  Dynamic  View 

Our  example  application  is  a  discussion  of  the  phenomenon  of  mode  jumping. 
This  phenomenon  received  a  good  deal  of  attention  after  Stein  reported  for  his 
plate  experiments  [17]  that  the  changes  of  buckle  pattern  “occurred  in  a  violent 
manner  and  were  observed  to  go  from  5  to  6  to  7  to  8  buckles”.  That  it  is 
“violent”  implies  it  is  inherently  dynamic.  Our  objective  here  is  to  navigate 
through  a  mode  jump  using  the  dynamic  view. 

Secondary  Buckling  of  Plates 

A  common  agreement  is  that  mode  jumping  is  intimately  associated  with  the 
interaction  of  two  buckling  modes  and  therefore  can  be  very  sensitive  to  the 
precise  geometry  and  boundary  conditions  [18,  19].  The  chosen  plate  has  an 
ratio  [3.4:1],  is  simply  supported  on  the  long  edges,  and  is  clamped  on  the  short 
edges.  These  choices  contribute  to  enhancing  the  interaction  of  buckling  modes 
—  the  corresponding  plate  with  simply  supported  conditions  on  all  edges  does 
not  exhibit  mode  jumping.  The  implementation  of  the  lateral  simply-supported 
conditions  actually  were 

u,  ly,  <f)x^  (py^  ''  {l?  9,  0,  1,  0,  ,  {1,  1,  0,  1,  0, 

where  0  means  fixed,  and  1  means  free.  This  is  different  than  the  ‘special’ 
lateral  conditions  used  in  Reference  [9].  Contrary  to  intuition,  even  though  the 
geometry  and  loading  are  symmetric  about  the  long  the  centerline,  a  full  mesh 
must  be  used  because  there  is  a  nonzero  <px  during  the  bifurcation  dynamics. 

Figure  3  shows  the  load  and  some  displacement  histories  for  a  complete 
load/unload  cycle.  The  load  history  is  such  that  after  each  significant  stage 
it  remains  constant  until  most  of  the  dynamics  associated  with  ping  has  died 
out,  and  Figure  4  shows  the  out-of-plane  deflection  contours  at  some  of  these 
significant  times.  Clearly  there  are  drastic  changes  in  deformed  shape.  Figure  5 
shows  the  eigenvalue  histories  and  Figure  6  the  vibration  mode  shapes.  The 
latter  figure  shows  a  complex  evolution  over  time;  note  that  because  of  the 
clamped  boundary  condition,  the  vibration  mode  shapes  are  not  as  ‘crisp’  and 
well  defined  as  for  the  simply  supported  case. 

For  the  first  10  ms  the  behavior  is  close  to  that  of  a  simply-supported  plate. 
There  are,  however,  some  significant  differences.  First,  two  modes  become  un¬ 
stable  almost  simultaneously  and  that  this  mode  pair  is  quite  separated  from 
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the  other  inodes.  A  second  difference  is  that  after  the  bifurcation,  the  lowest 
mode  has  significantly  less  stiffness  than  for  the  simply  supported  case. 

On  further  increase  of  load,  first  there  is  a  stiffening,  followed  by  a  rapid 
loss  of  stiffness  which  occurs  at  about  22  ms.  Figure  4  shows  that  after  the 
dynamics  has  settled  down,  the  deformed  shaped  has  changed  significantly  from 
a  symmetric  (3, 1)  shape  to  an  antisymmetric  (4, 1)  shape.  This  singular  point 
encountered  is  so  sensitive  that  the  application  of  ping  was  not  necessary  to 
cause  the  transition.  This  is  the  mode  jump  phenomenon. 

Between  30  ms  and  34ms,  the  load  was  then  increased  to  show  the  stability 
of  this  new  state  —  the  four  lower  eigenvalues  increased.  On  unloading,  at  a 
time  of  about  59  ms,  the  plate  goes  through  another  mode  jump,  this  time  from 
a  (4, 1)  to  a  (3, 1)  shape  as  shown  in  Figure  4.  This  is  not  at  the  same  load 
level  as  the  first  mode  jump  as  can  be  seen  more  clearly  in  the  load/defiection 
plots  of  Figure  7.  After  this  jump,  the  unloading  path  is  identical  to  the  first 
post-buckling  path  {it  is  noted  that  for  some  computer  runs  the  sense  of  the 
deflection  switches).  The  transition  through  the  first  bifurcation  is  similar  as  for 
the  simply-supported  plate. 

The  load/end-shortening  plot  of  Figure  7  shows  a  hysteresis  loop  in  the  post- 
buckling  region.  This  non-conservative  behavior  indicates  an  energy  loss,  energy 
that  was  dissipated  during  the  dynamic  events. 

Discussion  of  Plate  Mode  Jumps 

At  zero  load,  the  vibration  mode  shapes  have  the  familiar  sequence  for  a  rectan¬ 
gular  plate.  As  the  load  increases,  the  sequence  changes  and  it  is  the  (3, 1)  and 
(4, 1)  modes  that  become  unstable.  Both  modes  have  comparable  eigenvalues. 
After  the  transition,  which  occurs  at  a  load  higher  than  the  critical  load,  these 
two  modes  interchange  positions. 

As  the  load  is  increased,  the  (4, 1)  mode  is  unchanged  but  there  is  a  strong 
interaction  between  the  (3,1)  and  (1,1)  modes.  All  eigenvalues  increase.  The 
second  and  third  modes  peak  first  and  only  after  they  are  definitely  decreasing 
does  the  lowest  mode  peak  and  then  decrease.  It  appears  that  it  is  the  com¬ 
plicated  large  deflection  of  the  plate  that  leads  to  the  effective  softening  of  the 
anti-symmetric  mode.  In  the  FEM  formulation,  the  tangent  stiffness  matrix  is 
constructed  of  two  parts  as 

[Ki]  =  [Ke]  +  [Kg{  ^yy-)  ^xy)] 

where  the  geometric  stiffness  contribution  depends  on  the  current  state  of  the 
membrane  stresses.  Figure  8  shows  the  stress  state  during  this  loading  stage. 
The  numbers  indicate  the  range  of  the  contours;  as  the  load  changes,  the  shape  of 
the  contours  remain  essentially  the  same,  but  the  range  of  the  numbers  change. 
Clearly,  there  is  not  a  uniform  membrane  stress  as  was  the  case  leading  up  to 
the  first  bifurcation.  Indeed,  there  is  a  significant  compressive  ayy  stress  on  the 
north  boundary.  This  stress  is  softening  the  center  as  well  as  approximately  the 
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1  /4  and  3/4  areas.  The  vibration  mode  shape  is  reflecting  this.  We  identify  the 
Cyy  stress  as  the  softening  mechanism.  Note  that  small  changes  in  the  boundary 
conditions  can  cause  large  changes  in  the  Cyy  stress,  and  consequently  large 
changes  in  the  post-buckling  behavior. 


4  Conclusions 

In  line  with  our  intuitive  notion  of  stability,  the  dynamic  view  treats  all  sta¬ 
bility  problems  as  dynamic  events  and  thus  there  is  no  essential  difference  (or 
complication)  between  bifurcations,  limit  points,  and  phenomena  such  as  mode 
jumping.  In  a  sense,  it  recreates  a  situation  quite  close  to  an  experiment  where 
“what  will  happen  will  happen”  and  post-buckled  states  not  easily  attained  by 
path  following  methods  are  happened  upon.  The  dynamic  view  is  enhanced  by 
implementing  the  following  two  aspects:  monitoring  the  vibration  eigenvalues  to 
detect  when  a  singularity  is  encountered,  and  using  ping  as  agent  to  dynamically 
move  the  structure  toward  the  new  state.  Both  of  these  contribute  a  deeper  in¬ 
sight  into  the  static  instability  problem  as  well  as  giving  some  control  over  the 
loading  process. 

There  are  quite  a  number  of  issues  yet  to  be  explored.  First  among  them 
is  the  situation  when  multiple  modes  become  unstable  —  the  question  of  the 
uniqueness  of  the  new  found  equilibrium  state  arises.  The  design  of  ping  sends 
the  structure  in  a  certain  direction,  but  this  may  bear  little  relation  to  the 
final  rested  state.  Similar  issues  arise  with  an  asymmetric  bifurcation  point. 
Both  of  these  require  that  we  address  the  question  of  stability  of  motion  in  the 
large  [8,  11]. 
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Figure  2:  Effect  of  ping  magnitude  on  response. 
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Figure  5:  First  four  vibration  eigenvalues  as  a  function  of  time. 
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18.0  ms  21.0  ms  28.0  ms 

Figure  6:  ^Sequence  of  vibration  mode  shapes. 
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ABSTRACT 

Large  scale  dynamic  finite  element  analysis  of  structural  systems  can  be  very 
expensive.  To  significantly  reduce  the  computational  cost  various  techniques 
have  been  developed  and  presented  in  the  literature.  The  reduction  method 
based  on  symmetry  group  or  the  so-called  group  theoretic  approach  (GTA)  has 
been  demonstrated  to  be  a  superior  means  for  the  bifurcation  analysis  and  free 
vibration  analysis  of  geometrically  nonlinear  systems  with  symmetries  by 
Healey  and  associates,  and  others.  This  method  has  recently  been  extended  by 
the  authors  to  deal  with  large  geometrically  nonlinear  static  and  dynamic 
responses  of  structures  discretized  by  the  finite  element  method.  The  present 
paper  is,  however,  concerned  with  the  introduction  and  application  of  the 
extended  GTA  to  systems  with  non-proportional  damping  without  recourse  to 
the  complex  modal  analysis.  It  is  shown  that  the  extended  GTA  is  simple, 
efficient  and  accurate.  Consequently,  it  can  prove  to  be  a  powerful  and 
economical  method  to  be  employed  for  the  computation  of  accurate  transient 
responses  of  large  scale  structural  systems  with  or  without  non-proportional 
damping. 


Corresponding  author. 
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1.  INTRODUCTION 


Large  scale  dynamic  finite  element  analysis  of  complex  nonlinear 
mechanical  or  structural  systems  can  be  very  expensive.  To  reduce 
significantly  the  size  and  cost  of  such  an  analysis  various  techniques  have  been 
proposed  over  the  last  decade  or  so.  The  so-called  reduced  basis  or  modal 
truncation  technique  is  a  powerful  and  tested  approach.  However,  it  requires 
computation  of  higher  order  derivatives  of  the  governing  equation  and 
therefore,  it  can  be  very  costly. 

For  bifurcation  analysis  of  geometrical  nonlinear  structural  systems  with 
symmetries,  the  reduction  method  based  on  symmetry  group  or  the  so-called 
group  theoretic  approach  (GTA)  has  been  applied  and  further  developed  by 
Healey  and  associates  [1-5],  among  others.  In  a  related  study,  the  GTA  has 
been  applied  by  Whalen  [4]  to  free  vibration  analysis  of  geometrically 
nonlinear  systems  with  symmetries.  Among  various  other  advantages,  the  GTA 
is  mathematically  very  elegant  and  rigorous,  and  the  solution  using  GTA  is 
exact  and  very  efficient.  This  method  has  recently  been  further  developed  by 
the  authors  to  deal  with  large  geometrically  nonlinear  static  and  dynamic 
responses  of  structures  discretized  by  the  finite  element  method  [6,  7].  In  the 
investigation  reported  here,  however,  the  GTA  is  applied  to  the  response 
analysis  of  systems  with  non-proportional  damping  without  recourse  to  the 
complex  modal  analysis  technique.  It  is  observed  that  the  type  of  symmetry 
group  for  systems  with  gyroscopic  matrices  is  different  from  that  of  systems 
without  gyroscopic  matrices.  It  is  shown  that  the  GTA  is  simple,  efficient  and 
accurate  to  employ.  Consequently,  it  can  prove  to  be  a  powerful  and 
economical  method  for  the  computation  of  accurate  transient  responses  of  large 
scale  structural  systems  with  or  without  non-proportional  dampings. 

The  organization  of  the  remaining  part  of  the  paper  is  as  follows.  The 
statement  of  the  problem  is  given  in  Section  2,  while  various  elementary 
concepts  in  symmetry  are  included  in  Section  3  for  completeness.  Section  4  is 
concerned  with  the  reduction  of  the  problem  by  the  group  theoretic  approach. 
Application  of  the  concepts  presented  in  the  previous  sections  is  made  in 
Section  5.  In  particular,  the  case  of  a  flexible  pipe  containing  a  steady  moving 
medium  is  investigated.  Section  6  presents  the  conclusion. 

2.  STATEMENT  OF  THE  PROBLEM 

A  damped  large  scale  structure  discretized  by  the  finite  element  method  is 
considered  in  this  section.  The  governing  matrix  equation  of  motion  may  be 
written  as 

Mu  +  Cu  ^  Ku  -  XF  (I) 
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where  M  is  the  assembled  mass  matrix,  C  is  the  assembled  damping  matrix, 
K  is  the  assembled  tangent  stiffness  matrix,  u  is  the  generalized  displacement 
vector,  X  is  the  load  multiplier  which  is  equal  to  unity  for  linear  system,  F  is 
the  generalized  external  load  vector,  and  the  double  over-dot  denotes  the 
second  derivative  with  respect  to  time  t.  In  general,  damping  in  the  system  is 
not  necessary  proportional  or  of  Rayleigh  type.  Thus,  C  can  be  a  skew 
symmetric  matrix,  for  example. 

In  many  practical  problems,  the  number  of  degrees  of  freedom  (dof)  of  the 
discretized  structure,  say  n,  is  large  and  the  dof  of  the  reduced  problem  is 
relatively  small,  say  n^.  Thus,  eqn  (1)  becomes 

M^q  +  C^q  +  K^q  =  (2) 


where 

, 

and  u  =  Oq  such  that  the  dimension  of  the  transformation  matrix  O  is  nxn^. 

In  linear  structural  dynamics  the  modal  analysis  for  systems  with 
proportional  damping  or  complex  modal  analysis  for  those  with  non¬ 
proportional  damping  is  applied  to  obtain  the  transformation  matrix.  However, 
for  large  scale  and  highly  nonlinear  structures  such  an  approach  is  very  costly 
because  the  transformation  matrix  has  to  be  updated  at  every  time  step.  Thus, 
the  theory  of  symmetry  group  has  recently  been  applied  to  the  computation  of 
responses  of  discretized  structural  systems  with  large  geometrical  nonlinearities 
by  the  authors  [6,  7].  However,  the  case  of  systems  with  non-proportional 
damping  has  not  been  addressed  in  references  [6,  7]  and  therefore  the  present 
report  is  concerned  with  such  an  investigation. 


3.  THEORY  OF  SYMMETRY  GROUP  REPRESENTATION 

For  simplicity,  eqn  (1)  can  be  written  in  a  more  general  form  as 

f(u,u,u,X)  “  /i(«)  +  8i(u,u)  +  g^iu)  -  XF  -  0  (3) 

where  f:  ]R"xE— >1R"  is  a  smooth  function,  h(u)  is  the  inertia  force,  and  gi(u,u) 
and  g2(u)  are  the  damping  and  restoring  forces,  respectively. 

Suppose  that  eqn  (3)  models  a  system  with  symmetry  which  is 
characterized  mathematically  by  an  strain-free  isometric  transformation  of  the 
undeformed  system  into  a  completely  equivalent  configuration.  More  precisely, 
let  Q  c  denotes  the  region  in  3-space  that  is  occupied  by  the  system  in  the 
undeformed  or  initial  state.  In  the  present  investigation  Q  is  the  reference 
configuration.  Recall  that  a  3x3  matrix  Q  is  orthogonal  if  Q^=Q  *.  Let  0(3) 
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denotes  the  set  of  all  3x3  orthogonal  matrices. 

DEFINITION  I.  Let  c  be  a  bounded  set.  The  complete  symmetry  group 
of  Q.,  G(£l),  is  a  subset  of  0(3),  each  element  of  which  maps  Q  into  itself,  viz., 
G(i2)  =  {QGO(3);Q(a)=Q}.  A  subgroup  G^fO)  c  G(Q)  is  called  a  symmetry 
group  of  O. 

REMARK  I.  If  the  region  Q  c  RMs  unbounded,  then  translations  and 
orthogonal  transformation  should  be  included  in  Definition  1  above. 

By  Definition  1,  the  complete  symmetry  group  of  the  structural  configuration 
is  the  set  of  all  orthogonal  transformations  that  map  the  system  into  an 
equivalent  configuration.  Note  that  in  addition  to  the  symmetry  of  the  initial 
configuration  Q,,  the  constitutive  laws,  the  boundary  conditions,  and  the 
excitation  acting  on  the  system  must  all  agree,  in  some  sense,  with  a  symmetry 
group  GjCtl).  Naturally,  one  expects  eqn  (3)  to  have  special  properties  related 
to  G/il)  that  are  not  shared  by  all  general  equations  of  that  form.  The 
dimension  of  the  state  space  E"  is  not  usually  the  same  as  the  dimension  of  the 
space  in  which  the  model  exists.  Thus,  it  is  necesary  to  consider  an  "action” 
of  the  symmetry  group  G^CQ)  on  E". 

DEFINITION  2.  An  orthogonal  representation  (rep)  of  a  symmetry  group 
Gs(f2)  on  E"  is  an  nxn  matrix-valued  function  T;  G^CD)  c  0(3)-40(n)  that 
satisfies  the  following  properties: 

(i)  T(Q,)T(Q2)  =  TCQ.Qa)  for  all  QpQjeGX^i),  where  T(Q,)T{Q2) 
designates  matrix  multiplication. 

(ii)  T  ■  '(Q)=T(Q  ■ ')  for  all  Qe  G^fQ),  T  ‘  ‘(Q)  denotes  the  inverse  of  matrix 
T(Q). 

(iii)  T'^(Q)  =  T(Q'^)  for  all  Qe  G^CQ),  where  T'^(Q)  denotes  the  transpose  of 
T(Q). 

(iv)  T(I)  =  I,  where  I  is  the  nxn  identity  matrix. 

Suppose  that  eqn  (3)  models  a  symmetric  problem  characterized  by  symmetry 
group  G/Q)  on  E”.  Equation  (3)  is  said  to  be  equivariant  under  the  action  of 
T  if 

f{Tu,Tu,Tu,X)-Tfiu,u,u,k)  VQeG/Q)  (4) 

where  Tu  or  T(Q)u  denotes  the  matrix  product  of  an  nxn  matrix  with  column 
vector  u,  and  V  designates  "for  all".  Equation  (4)  has  been  proved  in  Theorem 
4.1  by  Healey  [2]. 


104 


REMARK  2.  The  equivalence  relation  (4)  follows  from  the  fact  that  the 
loading,  material  properties,  and  boundary  conditions  agree  with  the  geometric 
symmetry  of  the  structure.  If  any  of  these  has  less  symmetry  than  the  purely 
geometric  symmetry,  then  an  appropriate  subgroup  must  be  employed. 

REMARK  3.  In  the  present  investigation,  equilibrium  eqn  (3)  is  derived  using 
the  finite  element  method.  For  nonlinear  systems,  in  general,  this  equation  is 
not  explicitly  available.  Thus,  eqn  (3)  and  its  derivatives  can  only  be  evaluated 
numerically  at  solution  points. 


4.  GROUP  SYMMETRY  AND  REDUCTION  OF  PROBLEM 


For  completeness,  the  procedure  of  explicit  construction  of  a  reduced  problem 
through  the  application  of  the  theory  symmetry  group  representation  introduced 
in  reference  [6]  is  outlined  in  this  section.  The  ultimate  goal  is  to  provide  a 
computational  strategy  for  the  response  analysis  of  discretized  linear  and 
nonlinear  structures  with  symmetries  or  partial  symmetries.  However,  during 
the  current  phase  of  the  investigation,  the  main  goal  is  confined  to  structures 
with  symmetries. 

Consider  once  again  equilibrium  matrix  eqn  (3)  and  assume  that  eqn  (4) 
holds.  If  (Uo,  u„,  Uo,?io)  is  a  solution  point  of  eqn  (3),  viz.,  f(Uo,Uo,u„,X.o)  =  0  then 
by  eqn  (4), 


f{Tu„,Tu^,Tu^,X„)  =  =  0  V<?eG,(Q) . 


(5) 


Thus,  either  T(Q)u„=u„,  T(Q)u„  and  T(QK=u„  for  all  QeG/Q),  that  is,  ii,,,  u„ 
and  Uq  are  invariant  under  T,  or  (TUo,TUo,Tu„,X,o)9t(Uj,,u„,Uo,A,<,)  is  another 
solution  point  for  one  or  more  QeGjfQ). 

It  should  be  noted  that  equivariance  can  be  exploited  to  deliver 
considerably  more  than  the  foregoing.  Let  G/Q)  be  any  subgroup  of  G,(Q), 
including  the  possibility  of  Gj(f2)^s(t2). 


DEFINITION  3.  A  subspace 

<^f,^\q,q,qeR''\Tq-q,Tq  =  q,Tq’-q  VQeG/Q)},  (6) 


that  is  called  the  GXQ)-symmetric  subspace  of  K". 

By  eqn  (4),  one  has 

Tf{q,q,q,)^)  =f{Tq,Tq,Tq,X)  6  G,(Q) 

-fiq,q,q,^)  V(4f,g,g,A,)6(PgxR. 


That  is,  f;  (p^xM-^tPc,  by  virtue  of  eqn  (5).  This  leads  to  the  following  important 
theorem. 
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THEOREM  1.  Let  fo  denote  the  restriction  of  f  to  (pcXR.  Then  (qo,qo,q„,>,o) 
e  is  a  solution  point  of  eqn  (3)  if  and  only  if  it  is  a  solution  point  of  the 

GX£i)‘‘reduced  problem 

/g(9.9.9.^)  =  0  .  (8) 


It  should  be  noted  that  not  all  solutions  of  eqn  (3)  are  necessarily  solutions 
of  eqn  (8).  Instead,  the  reduced  problem  captures  only  the  GXfi)-symmetric 
solution  points  of  eqn  (3).  The  most  important  feature  of  the  above  theorem 
is  that  exact  solutions  of  eqn  (3)  can  be  obtained  by  solving  the  lower¬ 
dimensional  problem  described  by  eqn  (8).  Furthermore,  Theorem  1  is  valid 
for  any  subgroup  GrEG^IQ).  Thus,  it  provides  an  elegant  methodology  for 
finding  solutions  of  eqn  (3)  with  various  symmetries. 

In  order  to  realize  the  inherent  reduction  it  is  necessary  to  express  eqn  (8) 
relative  to  a  basis  for  (Pc-  To  this  end,  let 


be  an  orthogonal  normal  basis.  It  can  be  obtained  as  follows.  Assume  G/Q)  is 
finite  with  N  elements,  viz.,  G^il)  =  {Q„Q2,  -.Qn)-  ^  has  been  shown  by 
Healey  [1]  that  the  dimension  of  %  is  given  by  the  non-negative  integer. 


(10) 


where  Xj  denotes  the  trace  of  matrix  T. 

DEFINITION  4.  Let  P  be  a  linear  operator  on  the  finite  dimensional  inner 
product  space  V.  If  PP  =  P  then  P  is  a  projection  operator. 


The  latter  has  been  shown  by  Healey  [1]  to  be 


where  Tj  denotes  T(Qi),  and  P"^  =  P  is  an  orthogonal  projection.  Equations  (10) 
and  (1 1)  follow  from  the  fact  that  c  E"  is  the  invariant  subspace  under  T 
that  is  associated  with  the  irreducible  identity  rep  of  G,(tl).  If  G^i^)  is 
continuous,  then  the  summations  in  eqn  (10)  and  (11)  have  to  be  replaced  with 
integrations. 

Applying  eqn  (6)  and  (11),  one  has 

N 

J_  VT4,  .(K  V«I»G<Pg.  (12) 
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Therefore,  the  basis  in  eqn  (9)  can  be  evaluated  by  determining  the  non-trivial 
solutions  of  the  homogeneous  system 

(P  -  /)$  =  0, 

where  I  is  the  unity  matrix. 

The  basis  can  always  be  treated  as  an  orthogonal  normal  set  since  P  is 
symmetric.  Vectors  (j)i,  i  =  l,2,...,m,  are  known  as  symmetry  co-ordinates  or 
symmetry  modes. 

The  symmetry  modes  can  be  calculated  with  the  following  algorithm: 

(i)  Let  Pi  =  P. 

(ii)  Let  <|)o  be  the  initial  trial  vector  which  contains  components  of  the 
desired  eigenvector. 

(iii)  Project  (t)o  onto  subspace  so  that  =  Pj  (j),,. 

(iv)  Normalize  to  a  unit  vector:  (j);  =  /  II  $i  11- 

(v)  Deflate  (j);  from  the  projection: 

(vi)  Repeat  steps  (ii)  to  (v)  until  m  eigenvectors  are  found. 

Now,  the  nxm  transformation  matrix  with  columns  being  the  symmetry 
modes  can  be  written  as 

*  - 1*,.*, . *.]  ■ 

Substituting  eqn  (14)  into  (2),  the  response  of  the  reduced  system  can  be 
obtained  at  every  time  step.  It  is  noted  that  by  applying  the  transformation 
matrix  defined  in  eqn  (14),  eqn  (2)  gives  an  exact  symmetric  solution  of  eqn 
(1).  The  transformation  matrix  obtained  in  this  manner  is  entirely  different 
from  that  by  applying  the  modal  or  complex  modal  analysis. 

It  may  be  noted  that  in  the  present  investigation  the  central  difference 
direct  integration  scheme  is  employed  for  the  computation  of  eqn  (2). 

5.  APPLICATIONS  OF  THE  GROUP  THEORETIC  APPROACH 

Three  cases  are  considered  in  this  section  as  an  illustration  of  the  application 
of  the  GTA  outlined  in  the  foregoing  sections.  These  are:  the  clamped-clamped 
uniform  beam  subjected  to  a  central  transversal  step  force,  the  twenty-four  bar 
space  dome  whose  central  node,  node  4  is  subjected  to  a  vertical  step  load,  and 
a  pinned-pinned  uniform  slender  pipe  containing  flowing  water  and  under  a 
vertical  step  point  load  at  the  central  node.  The  latter  case  is  one  with  a  non¬ 
proportional  damping  matrix  in  the  governing  equation  of  motion.  It  may  be 
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appropriate  to  note  that  results  of  large  geometrically  nonlinear  static  and 
dynamic  analysis  of  the  above  twenty-four  bar  space  dome  was  presented  in 
reference  [6]  and  whose  symmetry  modes  are  applied  here.  Furthermore,  for 
illustration  purpose,  lumped  element  mass  matrix  is  applied  in  this  case  while 
every  bar  is  represented  by  one  single  bar  finite  element. 

5.1  Clamped-Clamped  Beam  Structure 

As  shown  in  Figure  1 ,  the  clamped-clamped  beam  is  represented  by  six  2- 
node  beam  elements.  Every  node  has  two  dof,  namely,  transverse  displacement 
and  rotation  about  z-axis.  The  consistent  element  mass  and  stiffness  matrices 
can  be  found  in  reference  [8],  for  example.  The  geometrical  and  material 
properties  of  the  beam  structure  are:  length  of  each  element,  L  =  0.127m  (5 
in),  cross-section  area;  A  =  6.45  x  10“'  m^  (1  in^);  second  moment  of  cross- 
section,  I  =  3.46  X  10'*  m"*  (0.0833  in'*);  Young’s  modulus,  E  =  2.1  x  10  ” 
N/m^  (3  X  10’  psi);  and  density,  p  =  7800  kg/m^  (0.00073  Ib.s’/in'*). 

In  this  case,  comparison  is  made  for  responses  obtained  by  the  modal 
analysis  to  those  computed  by  the  and  the  GTA.  Proportional  dampings  with 
the  first  two  modal  damping  ratios  are  chosen:  =  0.05,  ^2  =  0.10,  and  the 
two  independent  coefficient  of  the  proportional  damping  matrix  are:  =  46.22 
and  X^  =  4.69  x  10  ^  The  equations  for  the  reduced  problem  applying  the 
modal  analysis  and  GTA  are  numerically  integrated  with  the  central  difference 
method.  Note  that  in  this  particular  problem  the  finite  element  problem  has  10 
dof.  The  natural  frequencies  and  mode  shapes  are  included  in  Tables  1  and  2, 
respectively.  The  symmetry  modes  for  the  GTA  are  obtained  by  the  procedure 
presented  in  section  4  above.  For  brevity,  the  details  are  not  included  here. 
However,  the  symmetry  modes  for  the  GTA  adopted  in  the  computation  are 
presented  in  Table  3.  The  magnitude  of  the  vertical  step  load  applied  at  the 
centre  of  the  beam  is  F  =  22.24  kN.  The  time  step  for  the  numerical 
integration  is  At  =  1  x  10'^  s.  The  computed  results  are  presented  in  Figure 
2.  Excellent  agreement  between  the  results  applying  the  modal  analysis  and 
GTA  is  observed.  Note  that  even  for  results  applying  the  modal  analysis  with 
the  first  5  modes  being  included  in  the  computation,  the  computational  time 
is  approximately  5  times  that  of  those  employing  the  GTA.  This  is  due  to  the 
fact  that  the  mass  and  stiffness  matrices  of  the  discretized  system  must  be 
assembled  and  the  eigenvalue  problem  must  be  solved  before  the  mode  shapes 
are  formed  in  the  modal  analysis,  while  the  equivalent  configurations  of  the 
system  are  considered  to  form  the  symmetry  modes  in  the  GTA. 

5.2  Twenty-Four  Bar  Space  Dome  Structure 

This  relatively  more  complex  structure  is  made  of  24  bars  and  the  6 
vertices  are  fixed  so  that  there  are  7  nodes  free  to  move.  Each  node  has  3 
translational  dof.  There  are  21  dof  in  this  structure.  The  sketch  is  shown  in 
Figure  3.  The  geometrical  and  material  properties  are:  cross-sectional  area  of 
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each  uniform  bar,  A  =  0.1  Young’s  modulus,  E  =  2.1  x  10  “  N/m^  and 
density,  p  =  7800  kg/m^ 

This  structure  has  6  equivalent  configurations  corresponding  to  rotating  the 
structure  through  angles  of  rtt/S,  where  r  =  0,1, 2,. ..,5,  and  6.  These  equivalent 
configurations  correspond  to  reflections  of  the  structure  across  the  plane 
through  the  Z-axis  and  the  line  through  the  origin  in  the  XY-plane  that  makes 
a  clockwise  angle  of  r7i/6  with  X-axis.  Applying  the  procedure  in  Section  4, 
the  12  equivalent  configurations  can  be  obtained  and  they  have  been  presented 
in  reference  [9].  For  brevity,  they  are  not  included  in  this  paper.  However,  the 
obtained  transformation  matrix  of  equation  (2)  applying  the  GTA  is  included 
in  Table  4(a).  Note  that  the  transformation  matrix  is 

=  [<l)i  ^2  ^3]  • 

For  comparison  purpose,  the  natural  frequencies  of  this  24-bar  space  dome 
were  obtained  and  are  included  in  Table  4(b),  but  the  21  mode  shapes  are  not 
presented  here  for  brevity.  Again,  proportional  damping  is  assumed  and  only 
the  first  two  modal  damping  ratios  are  applied:  =  0.005,  and  ^2  =  0.010. 
The  two  independent  coefficient  of  the  proportional  damping  matrix  for  this 
problem  are:  =  -  3.435  and  A-j  =  1.75  x  10 

Computed  responses  applying  the  GTA  with  a  central  transversal  step  load 
of  22.48  kN  and  the  modal  analysis  are  presented  in  Figure  4.  For  results 
applying  the  modal  analysis  method  cases  with  3  modes  and  5  modes  were 
also  considered  in  addition  to  the  10  and  20  modes  cases.  The  3  modes  and  5 
modes  cases  have  large  error  compared  with  the  GTA  results  and  therefore 
they  have  not  been  included  in  Figure  4.  Results  for  the  full  space  case,  that 
is  without  reduction  by  the  GTA,  are  also  included  for  comparison.  It  should 
be  noted  that  results  obtained  by  the  modal  analysis  method  are  approximated 
whereas  those  by  the  GTA  are  exact,  insofar  as  the  transformation  is 
concerned. 

5.3  Uniform  Pinned-Pinned  Pipe  Containing  Moving  Fiuid 

The  use  of  the  GTA  is  effective  for  systems  with  symmetry  and  symmetric 
damping  matrices.  However,  its  use  in  the  computation  of  responses  where  the 
damping  is  non-proportional  and  the  damping  matrices  are  not  symmetric  has 
not  been  investigated  in  details.  It  is  nevertheless  appropriate  to  note  that  an 
important  contribution  to  this  area  is  provided  by  Whalen  [4].  In  Chapter  3  and 
Appendix  A  of  reference  [4],  it  has  been  shown  that  a  system  with  a 
gyroscopic  matrix  has  the  pure  rotation  symmetry  group  C„  instead  of  the 
structural  symmetry  group  Note  that  is  isomorphic  to  C„  x  Cj.  Thus,  the 
present  study  makes  use  of  the  above  observation.  For  brevity,  the  detailed 
procedure  of  symmetry  mode  computation  are  not  included  here. 
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In  the  present  study,  a  flexible  pipe  containing  a  steady  moving  fluid  is 
studied.  A  schematic  diagram  of  this  system  is  shown  in  Figure  5.  The 
governing  matrix  equation  of  motion  can  be  written  as  eqn  (1).  For  this 
problem  the  consistent  element  mass  matrix  is  [10] 

156  . 

Trip  +  22L  4L^ 

420  54  13L  156 

-  13L  -  31^  -  221 


where  L  is  the  element  length  while  mp  and  m,  are  mass  per  unit  length  of  the 
empty  pipe  and  enclosing  fluid,  respectively.  Note  that  this  element  matrix  is 
symmetric  and  therefore  only  elements  (entries)  of  the  lower  half  of  the  matrix 
are  given.  The  consistent  element  stiffness  matrix  can  be  shown  to  be  [10] 

[fc]  =  , 


where  [kj  is  the  consistent  element  stiffness  matrix  for  a  uniform  beam 
whereas  [kf]  is  the  component  due  to  the  flowing  fluid  and  is  symmetric.  It  is 
given  as 


30L 


36  .  .  . 

3L  AL^  . 

-36  -31  36 

3L  -L^  -31  AL^ 


where  V,  is  the  fluid  velocity. 

The  consistent  element  damping  matrix  is  skew-symmetric  and  is  also 
called  the  gyroscopic  matrix.  It  is  given  as  [10] 


!  0 

6L 

30 

-61 

^f) 

-6L 

0 

6L 

-L^ 

30 

-30 

-61 

0 

61 

6L 

-6L 

0 

Once  the  assembled  matrices  are  obtained  the  eigenvalue  problem  of  eqn  (1) 
is  solved  with  the  method  developed  by  Meirovitch  [11]. 
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The  length  of  the  uniform  pipe  considered  in  the  present  investigation  is  3.2m 
[12].  Its  diameter  is  2.54  cm  and  thickness  of  the  its  wall  is  1.65  mm.  It  is 
pinned-pinned  at  both  ends.  Other  pertinent  data  are;  nip  =  0.342  kg/m,  mj  = 
0.384  kg/m,  Young’s  modulus  of  elasticity  of  the  pipe  E  =  68.9  x  10’  N/m\ 
area  moment  of  the  cross-section  of  the  pipe  I  =  8.64  x  10  ’  m'^,  and  the 
critical  velocity  for  instability  is  Vf,  =  39.4  m/s.  For  illustration  purpose,  the 
pipe  is  approximated  by  4  elements.  Its  natural  frequencies  and  mode-shapes 
are  included  in  Table  5.  The  symmetry  modes  by  the  GTA  are  presented  in 
Table  6. 

A  step  load  of  lOON  is  vertically  applied  at  the  center  node  of  the  pipe. 
Representative  responses  in  full  space  and  in  reduced  sub-space  by  the  GTA 
for  Vf  =  20  m/s  and  Vj  =  35  m/s  are  presented  in  Figure  6.  Two  points  should 
be  noted.  First,  the  case  for  Vf  =  40  m/s  was  also  considered  but  its  results  are 
not  included  in  Figure  6  because  responses  of  this  case  grow  rapidly.  This  is 
what  one  would  expect  since  =  39.4  m/s.  Second,  the  discrepancy  between 
the  full  space  and  reduced  space  solutions  increases  as  Vf  approaches  Vj^..  This 
has  to  do  with  the  fact  that  in  the  reduced  space  solution  only  the  original 
spatial  symmetry  modes  are  applied  directly  without  considering  the  procedure 
proposed  by  Whalen  [4]  for  systems  with  gyroscopic  matrices. 


6.  CONCLUSION 

The  reduction  method  based  on  symmetry  group  or  the  so-called  group 
theoretic  approach  (GTA)  is  applied  to  the  computation  of  responses  of  non- 
proportionally  damped  systems  that  are  approximated  by  the  finite  element 
method  and  excited  by  transient  disturbances.  An  associated  digital  computer 
program  written  in  Fortran  language  has  also  been  developed. 

The  GTA  is  mathematically  very  elegant  and  rigorous.  Computationally, 
it  gives  exact  solutions  insofar  as  spatial  transformation  from  full  space  to 
reduced  space  is  concerned.  It  is  very  efficient  in  that  identification  of  greater 
number  of  equivalent  configurations  provides  a  larger  dof  to  be  reduced  in  the 
computation.  With  standard  finite  element  meshes  that  possess  symmetries, 
such  an  identification  of  equivalent  configurations  and  construction  of 
associated  orthogonal  matrices  can  be  automated  in  the  computer  program. 
This,  in  turn,  leads  to  even  better  computational  efficiency.  For  instance,  in  the 
foregoing  space  dome  stracture  the  computional  time  for  the  reduced  dynamic 
problem  is  only  about  15%  of  that  for  the  full  space  stracture. 


ACKNOWLEDGMENTS 

The  second  author  gratefully  acknowledged  support  from  the  Natural  Sciences 
and  Engineering  Research  Council  of  Canada  through  the  Collaborative  Project 
Grant,  CPG0181649. 


Ill 


REFERENCES 


1.  Healey,  T.J.,  A  group-theoretic  approach  to  computational  bifurcation 
problems  with  symmetry.  Comput.  Meth.  Appl.  Mech.  Engng.,  1988, 
67,  257-295. 

2.  Healey,  T.J.,  Symmetry  and  equivariance  in  nonlinear  elastostatics.  Part 
I.  Arch.  Rat.  Mech.  Anal,  1988,  110,  205-227. 

3.  Chang,  P.  and  Healey,  T.,  Computation  of  symmetry  modes  and  exact 
reduction  in  nonlinear  structural  analysis.  Comput.  Struct.,  1988, 28(2), 
135-142. 

4.  Whalen,  T.M.,  On  the  Existence  of  Periodic  Solutions  to  Nonlinear 
Elastodynamic  Systems  with  Symmetry.  Ph.D.  Thesis,  Cornell 
University,  1993. 

5.  Wohlever,  J.C.  and  Healey,  T.J.,  A  group  theoretic  approach  to  the 
global  bifurcation  analysis  of  an  axially  compressed  cylindrical  shell. 
Comput.  Meth.  Appl  Mech.  Engng.,  1995,  122,  315-349. 

6.  To,  C.W.S.  and  Li,  L.,  Exact  reduction  by  group  theoretic  approach  in 
computational  nonlinear  stmctural  dynamics.  Proc.  of  ASME  Design 
Engineering  Technical  Conferences  and  Computers  in  Engineering 
Conference,  September  14-17,  1997,  Sacramento,  California. 

7.  To,  C.W.S.  and  Li,  L.,  Geometrically  nonlinear  response  of  beam  and 
membrane  structures  by  exact  reduction  technique.  Proc.  of  ASME 
Design  Engineering  Technical  Conferences  and  Computers  and 
Information  Engineering  Conference,  September  13-16,  1998,  Atlanta, 
Georgia. 

8.  Cook,  R.D.,  Finite  Element  Modeling  for  Stress  Analysis.  John  Wiley 
and  Sons,  New  York,  1995. 

9.  Li,  L.,  Geometrically  Nonlinear  Analysis  of  Discretized  Structures  by 
The  Group  Theoretic  Approach.  Ph.D.  Thesis,  University  of  Western 
Ontario,  Canada,  1999,  Chapter  4. 

10.  To,  C.W.S.  and  Healy,  W.J.,  Further  comment  on  "Vibration  analysis 
of  straight  and  curved  tubes  conveying  fluid  by  means  of  straight  beam 
finite  elements.  J.  Sound  and  Vibr.,  1986,  105(3),  513-514. 

11.  Meirovitch,  L.,  A  new  method  of  solution  of  the  eigenvalue  problem 
for  gyroscopic  systems.  A.I.A.A.  J.,  1974,  12(10),  1337-1341. 

12.  Blevins,  R.D.,  Flow-induced  Vibration.  Van  Nostrand  Reinhold,  New 
York,  1977. 

Table  1.  Natural  Frequencies  of  Clamped-Clamped  Beam  Structure 

(in  rad/s) 
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Table  2.  Mode-shapes  of  Clamped-Clamped  Beam  Structure 


Table  3.  Basis  Vectors  of  Clamped-Clamped  Beam  Structure 


113 


Table  5(a).  Natural  Frequencies  of  the  Pipe  (rad/s) 
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Table  5(b).  Mode-shapes  of  the  Pipe 
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Table  6.  Symmetry  Modes  of  The  Pipe 
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Figure  3.  Twenty-four  bar  space  dome. 
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Figure  4.  Response  of  space  truss  under  a  step  load. 
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Figure  5.  A  fluid  conveying  pipe  with  pinned  ends. 
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Figure  6(a).  Transversal  response  of  pipe  at  central  node. 
(V,  =  20  m/s) 
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Figure  6(b).  Transversal  response  of  pipe  at  central  node. 
(V,  =  35  m/s) 
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ABATRACT 

This  paper  presents  a  dynamic  analytical  model  of  torsional  vibration  induced 
by  extension-twisting  coupling  of  anisotropic  composite  laminates  with 
piezoelectric  actuators  by  use  of  a  non-conventional  method  (a  reduced  bending 
stiflSiess  matrix).  The  aims  of  the  method  are  not  to  require  to  find  in-plane 
displacements  in  deriving  equations  of  motion,  and  only  to  require  to  find  an 
out-of-plane  displacement  of  the  laminate.  Thus,  the  method  changes  a  three- 
dimension  problem  into  an  one-dimension  problem  and  none  of  structure 
complexities  is  lost.  Finally,  the  model  allows  the  analysis  of  anisotropic  plate  to 
be  directly  utilized.  In  addition,  the  Hamilton  principle  and  the  classical  plate 
theory  are  used  for  the  derivation  of  the  model.  The  analytical  solution  of  the 
model  in  the  case  of  harmonic  excitation  is  given.  Some  comparisons  are 
presented  with  a  finite  element  analysis  (FEA)  model.  The  analytical  model  is 
verified  by  FEA. 


INTRODUCTION 

Due  to  the  demand  for  advanced  performance  in  modem  engineering  systems, 
smart  materials  and  structures  have  been  one  of  the  hottest  research  and 
development  areas  for  a  decade.  One  of  the  major  characteristics  of  smart 
materials  and  stmctures  is  of  their  adaptability.  In  order  to  achieve  this  feature, 
the  smart  materials  and  structures  must  possess  simultaneous  sensing  and 
actuation  capabilities.  Therefore,  the  integration  of  sensing/actuation  and  load- 
bearing  capacity  is  a  main  subject  for  the  research  on  smart  materials  and 
stmctures.  Piezoelectric  materials  have  relatively  good  performances  in  both  of 
these  fimctions.  Their  fest  response,  high  energy  density  and  the  fact  that  these 
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materials  generate  no  magnetic  field  make  them  widely  utilized  in  actuation 
devices  and  vibration  control.  Sunar  and  Rao  [1]  provided  a  detailed  a  detailed 
review  on  the  recent  advances  in  sensing  and  control  of  flexible  structures  via 
piezoelectric  materials  technology. 

Surfece-bonded  piezoelectric  sensors  and  actuators  and  embedded 
piezoelectric  sensors  and  actuators  in  composite  laminates  are  commonly  used 
smart  structures.  A  considerable  number  of  laminate  theories,  analytical 
approaches,  numerical  solutions  and  computational  models  have  been  reported 
for  the  analysis  of  laminates  and  structures  with  piezoelectric  actuators  or 
sensors  for  recent  decades.  In  addition,  the  finite  element  method  (FEM)  is 
established  as  a  powerful  numerical  technique  which  provides  solutions  to 
engineering  problems  and  is  widely  used  in  modem  engineering  designs  and 
analyses.  Saravanos  and  Heyliger  [2]  and  Tam  et.  al.  [3]  provided  a  detailed 
reviews  of  published  work  in  the  areas.  Their  reviews  are  pretty  detailed  and 
complete.  In  this  paper,  we  are  not  ready  again  to  review  them  and  we  are 
mainly  concerned  with  the  modeling  of  coupling  vibration  of  laminated 
composite  stmctures  with  piezoelectric  actuators. 

Mathematical  models  of  coupling  vibration  of  laminated  composite  stmctures 
with  piezoelectric  actuators  are  available  in  the  literature.  For  example, 
Aldraihem  and  Wetherhold  [4]  proposed  a  shear-deformation  beam  theory  to 
model  the  bending  and  twisting  coupling  vibration  in  laminated  beams  with  a 
PZT/Epoxy  actuator.  Mass  coupling  and  stiflfiiess  coupling  are  considered  in 
their  model.  Shen  [5]  studied  a  mathematical  model  of  intelligent  constrained- 
layer  (ICL)  composite  beams  by  integrating  existing  ICL  plate  models.  The 
proposed  ICL  composite  beam  model  is  capable  of  explaining  the  coupling 
between  bending,  axial,  and  torsional  vibrations  of  the  beams.  Park  et  al.  [6] 
presented  a  static  elastic  model  for  isotropic  beams  of  bending  and  torsion  WTth 
induced-strain  actuators.  Lee  and  Chan  [7]  studied  the  actuation  mechanism  of  a 
torsional  motion  induced  by  extension-twisting  coupling  for  laminated  composite 
beams  with  embedded  piezoelectric  materials.  Following  this,  Lee  and  Sim  [8] 
presented  a  static  analysis  of  bending,  twdsting,  and  shearing  of  a  beam  wnth 
piezoelectric  film.  A  one-dimensional  beam  theory  was  developed  to  model  the 
piezoelectric  composite  beam.  More  recently,  Lee  and  Li  [9],  employing  the 
actuation  mechanism  investigated  in  [7],  designed  a  rotary  motor  driven  by  an 
anisotropic  composite  lamina  with  piezo-ceramics  as  the  actuator,  studied  the 
vibration  control  and  computational  modeling  by  use  of  FEA  method.  The 
structure  of  the  driving  element  was  a  three-layer  laminated  plate.  Due  to  the 
material  anisotropy  and  anti-symmetric  configuration,  torsional  vibration  can  be 
induced  from  in-plane  strain  actuation  in  the  structure,  and  a  rotary  motor  can  be 
implemented.  However,  fi-om  the  perspective  of  dynamic  modeling  for  torsional 
vibration  of  the  laminated  plates,  the  above  studies  were  limited  to  either  a  static 
analysis  or  finite  element  analyses.  Therefore,  an  investigation  by  an  analytical 
modeling  for  torsional  vibration  induced  by  extension-twisting  coupling  is  in 
demand. 
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This  paper  will  present  a  dynamic  analytical  model  of  torsional  vibration 
induced  by  extension-twisting  coupling  of  anisotropic  composite  laminates  with 
piezoelectric  actuators  by  use  of  a  non-conventional  method. 

ANALYTICAL  MODEL 

In  this  section,  consider  a  thin  laminate  as  shown  in  Figure  1  composed  of  a 
PZT  layer  and  two-layers  of  composite  laminae  with  arbitrary  in-plane 
orientation.  The  laminae  are  made  of  graphite/epoxy  composite  laminae  that  are 
anisotropy  and  anti-symmetric  configuration  with  the  center  layer,  while  the 
center  layer  is  a  piezoelectric  material,  serving  as  an  actuator.  The  composite 
laminate  has  a  length  of  a  (along  the  x-axis)  and  a  width  of  h  (along  the  y-axis). 
The  thickness  and  density  of  the  graphite/epoxy  layer  is  K  and  pc.  The 
piezoelectric  layer  is  polarized  in  the  thickness  direction  and  has  a  thickness  of  hp 
and  a  density  of  pp.  Due  to  the  material  anisotropy  and  the  anti-symmetric 
configuration,  torsional  vibration  can  be  induced  through  the  in-plane  strain 
actuated  by  the  piezoelectric  layer. 

Due  to  the  material  anisotropy  and  structural  extension-twisting  coupling,  it 
may  be  rather  difficult  to  achieve  close-form  analytical  solutions  of  extension¬ 
twisting  coupling  for  the  aforementioned  composite  laminate.  In  the  present 
study,  we  adopt  a  non-conventional  method  to  present  an  analytic  model  of  the 
laminate. 

GeneraUy  speaking,  a  conventional  method  to  derive  vibration  equation 
requires  assumed  harmonic  solutions  of  the  mid-plane  displacements.  The 
assumed  harmonic  solutions  take  the  form 

Uf,{x,y,t)  =  e‘“‘U{x,y) 

Vo(x,y,0  =  e"“F(x,y)  (1) 

w^{x,y,t)  =  e'“*W(x,y) 

where 

A/1  m 

U{x,y)  =  YLE„„U„„{,x,y) 

m=l  «=1 

A/2  N2 

V{x,y)  =  YLF„„V^{x,y)  (2) 

m=l  n=l 

A/3  m 

W{x,y)  =  YtH„„W„„{^,y) 

Wl=l 

in  which  Fmn  and  Hmn  are  undetermined  coefiBcients,  and  the  functions 
Umn{Xyy\  Vmr,(Xyy)  and  Wj„„(x,y)  are  known  shape  fimctions  that  satisfy  boundary 
conditions.  The  key  to  the  method  is  to  find  the  functions  of  Utnnix,y\  Vmn(x,y) 
and  1Vm„{x,y)  that  satisfy  the  boundary  conditions.  However,  in  the  cantilever 
plate  we  are  studying,  extension-twisting  coupling  may  cause  considerable 
difficulty  in  making  assumptions  about  the  in-plane  solutions  to  boundary  value 
problems. 
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Now  we  consider  a  non-conventional  method.  This  method  neglects  the  in¬ 
plane  inertia  and  uses  the  reduced  bending  stifhiess  matrix.  This  matrix  was 
mentioned  in  [10]  and  was  first  discussed  by  Reissner  and  Stavsky  in  [1 1].  Here 
our  aims  of  Ae  method  are  not  to  require  to  find  in-plane  displacements  in 
deriving  equations  of  motion,  and  only  to  required  to  find  an  out-of-plane 
displacement  of  the  laminate. 

Theoretical  Foundation 

For  an  isothermal  process,  the  generalized  Hamilton  principle  to  include 
electroelasticity  is  written  as  by  the  Parton  and  Kudryavtsev  [12] 

J '■  {SH  -  5K)dvdt  =  J '■  [  \Gdudv  -t-  {fSu  +  q,S<l>)ds]dt  (3) 

where  to  and  ti  are  the  two  arbitrary  instants,  d  is  the  variation  operator,  H  is  the 
electric  enthalpy,  K  is  the  kinetic  energy,  G  is  the  body  force,  /  is  the  traction 
along  the  boundary  surface,  qt  is  the  electric  charge  per  unit  area  on  the 
botmdary  surface,  u  is  the  displacement  vector,  ^  is  the  electric  potential,  V  is 
the  entire  domain  of  the  volume,  S  is  the  boundary  of  the  domain. 

The  electric  enthalpy  H  is  defined  by  the  equation  as 

{E})  =  ^[{ay{S}  -  {£»}"{£}]  (4) 

where  H  is  the  function  of  the  strain  and  the  electric  field,  (o)  is  the  stress 
vector,  {5}  is  the  mechanical  strain  vector,  {Z)}is  the  electric  displacement 
vector,  {E}  is  the  electric  field  vector. 

The  kinetic  energy  is  defined  as 

K  =  «} 

where  is  the  velocity  vector  of  the  laminate,  and  is  the 

displacement  vector,  and  /?  is  the  density  of  the  lamina. 

Constitutive  Equation 

The  constitutive  equations  in  the  principal  material  coordinates  for 
piezoelectric  material  under  plane  stress  are 
{cT)  =  {Q,-\{S}-[e^E, 

D,  =  [e]{S}  +  s^E, 

where  {a}={oi  05,  is  the  elastic  constant  matrix  of  the  piezoelectric 

material,  {S}={^  ^  [e]  is  the  piezoelectric  constant  matrix,  Sp  is  the 

dielectric  constant.  Since  the  structure  under  consideration  is  a  thin  laminated 
plate,  the  polarization  of  the  piezoelectric  material  is  in  the  2  direction,  and  an 
external  voltage  is  only  applied  in  the  polarized  direction.  Therefore,  the  electric 
field  {E}  and  the  electric  displacement  {£)}  in  Equation  (4)  are  assumed  to  be 
non-zero  in  the  z-direction  only.  As  a  results,  {E}~E3^  {D}  =  Ds^  the 
piezoelectric  constant  matrix  is  [e]  -[esi  en  0]. 
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The  relationship  between  the  electric  field  and  the  electric  potential  ^  is 

F  - 

The  relationship  between  the  applied  voltage  Vs(t)  and  the  electric  potential  ^  on 
the  electrodes  is  defined  (0- 

The  constitutive  equations  for  the  graphite/epoxy  composite  material  are 

M=[a][5]  (8) 

where  is  the  transformed  reduced  stiffiiess  matrix  of  the  graphite/epoxy 
lamina.  In  term  of  the  reduced  stiffiiess  matrix  [Q  ]  and  the  layer  angle  a 
between  the  positive  direction,  x,  of  the  laminate  and  the  fiber  direction  of  the 
lamina,  the  transformed  reduced  stiffiiess  matrix  can  be  expressed  as 


m=mQMv 


where 


[Q]=  Qn 
Qi6 


Qn  Qn  Q\6 
Qn  Q72  Q26 
016  026  066 . 


cos^  a 


sin^  a 


sin^  a 


Icosasma 

-2cosasina 


-cosasina  cosasina  cos^a-sin^a 


in  which 


2=1,  2,  6;  7  =1,  2 , 6; 


where  is  the  elastic  constant  of  material. 

In  particular,  the  constitutive  equations  for  a  piezoelectric  anisotropic 
composite  laminate  with  anti-symmetric  configuration  are 


^12 

0 

0 

0 

5.6' 

^12 

^22 

0 

0 

0 

^26 

0 

0 

5.6 

^26 

0 

0 

0 

5.6 

A. 

A2 

0 

0 

0 

^26 

A2 

^22 

0 

^26 

0 

0 

0 

t _ 

Equation  (13)  shows  that,  when  the  con^osite  laminate  was  the  aforementioned 
configuration,  the  coupling  between  the  bending  and  twisting  does  not  exist  in 
the  laminate  because  the  D16  and  D26  are  zero.  However,  the  extension-twisting 
coupling  does  exist,  because  the  Bie  and  B26  are  non-zero.  For  simplicity  of 
analysis.  Equation  (13)  is  written  in  the  matrix  form  as 
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where 


'N' 

'A  B‘ 

1 

o 

1 _ 

1 

_ 1 

_M_ 

II 

B  D 

1 - 

o 

1 _ _ 

_M\ 

N  =  {N,,-N^,t^^f  =  ,cr^^fd2 

N” -{N,^,N^,N^V  =  ll'je]E,ct 

M  ”  =  {M;  ,M^,M^y  =  [e]  E,  zdz 

0  /o  0  o)T  {du„ix,y,t)  dVg{x,y,t)  du„ix,y,t)  ,  dVo(x,y,t) 
e  [  dx  '  dy  '  dy  dx 

in  0  0  )T  [  d^Woix,y,t)  d^w^(x,y,t)  ^d^w„(x,y,t) 

v=K,S.'J  =1 - - S^Sy 

(A,,B„D,j)~  e,(l,z,2’)* 

in  which  the  superscript  (A:)  denotes  the  kth  layer,  u^{x,y,t),  v^{x,y,t)  and 
w„(x,>',/)  are  mid-plane  displacements,  and 


(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 
(21) 


=e^+  zkI 
=f"+z/r® 

£xy  ~~  ^xy  ^^xy 


(22) 


Integration  of  Electric  Enthalpy 

Substituting  Equations  (6)  and  (8)  into  Equation  (4),  and  letting 
{<Jm}=[^p]{S}  or  the  electric  enthalpy  for  the  laminate  becomes 

-(K}^{S}  -  2E,[e\{S}-£,El),  for  thePZTlayer, 


H  = 


for  the  graphite/epoxy  layer. 


(23) 


where,  for  the  PZT  layer,  the  first  term  on  the  right-hand  side  is  the  elastic  strain 
energy  of  the  laminate,  the  second  term  is  the  electromechanical  coupling  energy 
and  the  third  term  is  the  electric  energy. 

Integrating  with  the  respect  of  z  in  Equation  (23)  results  in 

//rfv  =  -  { [(AT-t-  +  (M  +  +  2 


(24) 
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where  S  =  ab  is  the  area  of  laminate.  Substituting  the  constitutive  Equation  (14) 
into  (24)  results  in 

Hdv  =  )<*  +  2  ^ds} 

(25) 

It  is  obvious  to  know  that  Equation  (25)  is  not  only  the  function  of  the  out-of¬ 
plane  displacement,  wo(x,y,tX  and  the  appled  voltage,  V3,  but  also  the  ftmction  of 
the  in-plane  displacements  uo(x,y,f)  and  vo(x,yjy  Thus,  as  explained  earlier,  it  is 
not  feasible  to  solve  such  a  problem  with  close-form  analytical  solutions, 
because,  in  the  cantilever  plate  we  are  studying,  extension-twisting  coupling  may 
cause  considerable  difficidty  in  making  assumptions  about  the  in-plane  solutions 
to  boundary  value  problems.  In  order  to  solve  problem,  we  use  a  method 
mentioned  in  the  book  (Whitney,  1987)  and  proposed  by  Reissner  and  Stavky 
[1961]  to  rewrite  Equation  (14)  in  the  following  way: 

By  expanding  Equation  (14), 

(26) 

Multiplying  the  first  equation  in  Equation  (26)  by  yields 

=A-\N-^N^)-A^^Bfc^  (27) 

Substituting  Equation  (27)  into  the  second  term  of  Equation  (26)  results  in 

=-BA-\N  +  N^)^iD- BA-^B)k^  (28) 

Letting  A*  =  A~\  B*  =  -  A  ‘B  and  D*  =  D  -  BA'^B,  where,  in  the  general  case, 
A*  and  D*  are  symmetric  while  B*  is  not.  Equation  (14)  can  be  written  in  the 
semi-inverted  form  as 


Since  D*=D-BA‘*B,  D*  represents  a  reduction  in  the  bending  stifl&iess  of  the 
laminate  and  D*  is  refer  to  as  a  reduced  bending  stiflftiess  matrix.  Note  that  none 
of  the  structure  conqjlexity  is  lost  in  reduced  bending  stifl&iess  matrix  since  all 
elements  of  the  original  stifl&iess  matrices  contribute. 

Now  we  will  use  the  reduced  bending  stifl&iess  matrix  to  derive  the 
integration  of  electric  enthalpy  of  the  laminate.  Substituting  Equation  (29)  into 
(24),  Equation  (24)  becomes 

Hdv  =  -{\^(N  +  N^yA\N  +  N'’)  +  K''''D'K’')ds 

+  2\v,[e][A\N  +  N'’)  +  B\’^]ds-l€^-^ds} 

It  can  be  known  that  Equation  (30)  only  contains  the  out-of-plane  displacement 
of  the  laminate,  Mfo{x,y,t),  and  the  applied  voltage,  V^it),  because  the  term  {N 
+A^  is  only  a  fimction  of  applied  voltage.  The  reason  is  following: 

According  to  the  plate  theory,  if  the  in-plane  inertia  can  be  neglected,  the 
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equations  of  motion  of  the  in-plane  are 


dNr 


xy 


dx 

dN,, 


dy 


dN 


xy 


=  0 


=  0. 


dy  dx 
Expanding  in  Equation  (13)  results  in 


*  xy 


(31) 


(32) 


Although  there  exist  shearing  strains  in  the  graphite/epoxy  composite  laminae, 
=  0,  because  the  PZT  is  isotropic  in  the  in-plane  and  there  is  no  shearing 
load  in  the  mid-plane  of  the  PZT.  Because  the  laminate  only  twists,  there  is  no 
bending  and  k°  =0  and  =0.  As  a  result,  based  on  Equation  (32),  we  know 


that  =  0 .  Fiuthermore,  based  on  =  0  and  Equations  (31),  it  is  derived 

that  Njc  and  Ny  are  respectively  constants.  Furthermore,  due  to  no  external  forces 
and  moments  acted  on  the  laminate,  taking  a  free  body  of  the  laminate  results  in 
N^=0,N^=0.  (33) 

The  piezoelectric  loading  based  on  Equation  (16)  is 

N'’=-V,[ey  (34) 

Finally,  substituting  Equations  (33)  and  (34)  into  (30),  the  integration  of  electric 
enthalpy  is 

I  Hdv  =  -\  -  V^[e]A'\ef  +  IV.le^B’^  -  ^)ds  (35) 


It  is  obvious  that  the  integration  of  the  electric  enthalpy  is  only  the  function  of 
the  out-of-plane  displacement  of  the  laminate,  and  the  applied  voltage, 

Vsit),  and  not  again  the  fimction  of  the  in-plane  displacements  of  the  laminate, 
uo(x,y,f)  and  Voix^yJ). 


Equations  of  Motion 

In  order  to  obtain  the  equations  of  the  motion  of  the  laminate,  it  is  usually 
advantage  to  write  the  out-of-plane  displacement  on  the  mid-plane  into  the 
following  fimction. 

Wo  (X,  y,t)  =  Y.  (36) 

/ 

where  jg  the  out-of-plane  displacement  on  the  mid-plane  of  the 

laminate,  Ow  (x,  y)  is  the  vibrational  shape  function  that  satisfies  the  boundary 
condition  of  the  laminate,  pJJ)  is  the  generalized  out-of-plane  displacement 
variable  that  is  a  function  of  time,  the  superscript  i  denotes  the  ith  order 
vibration  mode  (omitting  the  letter  /  in  O’w  and  p'w  in  the  following). 

For  the  laminate,  the  mass  force  G  and  the  traction  /  in  Equation  (3)  are 
zero.  If  the  in-plane  inertial  terms  can  be  neglected,  substituting  Equations  (5) 
and  (35)  into  Equation  (3),  considering  Equation  (36)  and  carrying  out  the 
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variation  of  the  generalized  out-of  plane  displacement  p^t)  and  the  applied 
volt^e  Vs  (/)  results  in  the  equations  of  the  motion  of  the  laminate.  For  the  ith 
order  vibration  mode,  the  governing  equations  of  motion  of  the  laminate  are 

+  =  &Mt)  (37) 

+  +  (38) 

where 

f^lds 
C,  =2M,6>„^, 


J*  U  T 


dx^  dy 


dy^ 


dxdy 


©.  =  1,2^3, (5,; +5;)^^. 

Qe  =  (IsdS 

Ce  =  j^[^3l(Al  +2^2  +^22)  +  ^]'^'^ 


in  which 


(39) 

(40) 

(41) 


where  M,  K.i  and  Q  represent  the  mode  mass,  the  mode  stififiiess  and  the 
coeflBcient  of  mode  damping  of  the  laminate,  respectively.  Note  M,  t^i  and  Q 
are  relative  to  boundary  conditions.  $  is  the  damping  factor.  Also  note  that  the 
damping  term  is  artificially  added,  co^  is  the  natural  fi-equency  of  the  laminate. 
The  term  0^,  represents  the  electromechanical  coupling  and  describe  the 

conversion  of  the  applied  voltage  to  an  equivalent  force  on  the  laminate.  Qe 
denotes  the  electric  charge  produced  on  the  piezoelectric  layer,  qs  denotes  the 
electric  charge  per  unit  area  produced  on  the  electrode.  Ce  denotes  the  electric 
capacity  of  piezoelectric  layer. 

Solution  of  Equation 

We  solve  Equation  (37)  when  the  applied  voltage  is  expressed  in  the  form  as 

(42) 

where  V^m  and  oi>  is  the  amplitude  and  the  fi’equency  of  the  applied  voltage, 
respectively. 
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Let 


(43) 


0) 

r  =  — , 

p  =  (44) 

where  r  is  the  ratio  of  the  frequency  of  the  appUed  voltage  to  the  natural 
frequency  of  the  laminate,  and  P„  is  the  static  generalized  out-of-plane 
displacement  of  the  laminate.  The  steady-state  solution  p^t)  of  Equation  (37) 
are 

Pw(.t)  =  P„J3sm(cot  -  (p)  (45) 

where  /?is  the  magnification  factor  defined  in  the  case  of  damped  systems  as 

B=  ,  ^  (46) 

whose  physical  meanings  is  the  ratio  of  the  amplitude  of  dynamic  displacement 
to  static  displacement.  <p  is  the  phase  angle  defined  by 

^  =  (47) 

As  a  result,  the  out-of-plane  displacement  of  the  laminate  in  the  steady-state  is 

w{x,y,t)  =  0^{x,y)P^fism{cDt  -  (p)  (48) 


RESULTS  AND  DISCUSSIONS 

In  the  present  study,  a  three-layer  sandwiched  plate  as  shown  in  Fipre  1  is 
used  fijr  demonstration.  The  top  and  bottom  layers  are  the  graphite/epoxy 
composite  with  orientation  +/-  45°.  The  center  layer  is  PZT.  The  material 
properties  of  the  lamina  shown  in  Figure  1  are  listed  in  Table  1 . 

In  order  to  use  the  proposed  analytical  model  to  obtain  numerical  results  of 
the  laminate,  first  we  introduce  a  shape  fimction,  d)«(x,  y),  which  leads  to  an 
approximate  solution  for  the  excited  eigenmode  vibration.  For  the  torsional 
yII)j*3tion,  we  can  find  the  following  shape  function  in  the  separable  form. 

‘1>w(^’T)  =  ^o(^)^o(t)  (49) 

where 

Xo  (x)  =  sin  -  sinh  Tp:  +  Z)(cos  -  cosh  rpc), 

^  _  cosTja  +  cosh  pa 
sin  Tja  -  sinh  pa 
pa  =  \.%15,Y,{,y)^y. 

The  function  has  satisfied  the  boundary  conditions  of  the  fixed  side,  x=0,  and  the 

free  sides,  x=a.  For  the  fixed  edge  at  x=0,  ^(O,;/)  =  0,  =  0  in  terms  of 

the  geometric  boundary  conditions;  for  the  free  edge  at  x  —  a, 
w"(a,j)  =  0,w'"(a,y)  =  0 

in  terms  of  no  external  force  and  moment. 
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A  commercial  code  MATLAB  is  used  to  compile  the  analytical  programs  for 
simulation.  The  torsional  vibration  of  the  plate  was  simulated  and  the 
displacement  of  one  of  the  two  comers  at  the  free  end  was  used  to  represent  the 
responses.  Therefore,  the  twisting  angle  of  the  laminates  can  be  calculated  by 
dividing  this  displacement  by  the  half  width  of  the  laminate.  Further,  in  order  to 
confirm  the  proposed  analytical  model,  comparisons  between  the  numerical 
results  obtained  from  the  proposed  model  and  FEA  were  made.  The  FEA  result 
uses  the  ANSYS  software  and  uses  8-node  brick  element. 

The  numerical  results  of  the  natural  frequency  of  the  laminate  between  the 
proposed  model  and  the  FEM  for  the  torsional  vibration  as  shown  in  Figure  2, 
are  1622  Hz  and  1616  Hz,  respectively.  From  the  result,  we  know  that  the  two 
results  obtained  by  the  developed  model  and  FEA  agree  well.  Figure  3  shows 
the  amplitudes  of  twisting  angle  of  the  laminate  excited  at  different  applied 
voltages  with  two  different  damping  factors,  5%  and  10%.  According  to  the 
vibration  theory,  it  is  known  that  for  co  =  On,  the  magnification  factor  p  is  equal 
to  l/2^i  for  a  danq)ed  system.  From  this  view,  if  is  equal  to  5%,  the  amplitude 
of  the  dynamic  twisting  angle  is  10  times  that  of  the  static  twisting  angle  in  the 
same  input  voltage  condition;  if  is  equal  to  10%,  the  dynamic  twisting  angle  is 
5  times  that  of  the  static  twisting  angle.  It  is  observed  that  the  analytic  results 
and  the  FEA  static  results  also  agree  very  well  in  this  respect,  where  the  FEA 
static  response  data  come  from  (Lee  and  Chan,  [7]),  Moreover,  it  is  also 
obviously  observed  that  the  amplitude  of  tvwsting  angle  is  highly  affected  by  the 
damping.  Therefore,  in  order  to  obtain  large  amplitude  of  twisting  angle,  we 
require  a  small  damping  factor  for  the  laminate. 

It  has  been  known  that  torsional  vibration  is  produced  by  extension-twisting 
coupling.  In  the  case  that  the  orientation  is  equal  to  [0°/PZT/0°]  or  [90°/PZT/- 
90%  because  B*i6  and  B*26  are  equal  to  zero,  there  is  no  extension-twisting 
coupling.  While  the  orientation  is  equal  to  [45®/0%45°],  the  values  of  B*i6  and 
B*26  are  maximized.  As  a  result,  this  orientation  [45°/0®/-45®]  leads  to  the 
maximum  anplitude  of  twisting  angle  of  the  laminates.  Figure  4  shows  the 
relationship  between  the  amplitudes  of  twisting  angle  and  the  fiber  orientation  of 
laminae.  The  results  shown  in  Figure  4  support  the  actuation  principle  of 
torsional  vibration  of  extension-twisting  coupling  and  also  support  the  design  of 
orientation  [45°/PZT/-45°]  for  a  rotary  motor  driven  by  anisotropic  piezoelectric 
composite  laminated  plate  (Lee  and  Li,  [9]). 


CONCLUSIONS 

This  paper  presents  a  dynamic  analytical  model  of  torsional  vibration  induced 
by  extension-twisting  coupling  of  anisotropic  composite  laminates  with 
piezoelectric  actuators  by  use  of  a  non-conventional  method  (a  reduced  bending 
stiB&iess  matrbc).  By  use  of  the  matrix,  the  integration  of  electric  enthalpy  has 
expressed  as  only  the  fimction  of  the  out-of-plane  displacement  of  the  laminate, 
wo(x,y,/),  and  the  applied  voltage,  Vsif),  and  not  again  the  fimction  of  the  in- 
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plane  displacements  of  the  laminate,  uo(x,y,t)  and  vo(x,y,t).  Thus,  the  method 
changes  a  three  dimension  problem  into  a  one  dimension  problem  and  none  of 
the  structure  complexity  is  lost,  because  all  element  of  the  original  stifiBiess 
matrices  contribute.  FinaOy,  the  model  allows  the  analysis  of  anisotropic  plate  to 
be  directly  utilized.  In  addition,  the  Hamilton  principle  and  the  classical  plate 
theory  are  used  for  the  derivation  of  the  model.  The  analytical  solution  of  the 
model  in  the  case  of  harmonic  excitation  has  been  given.  Some  comparisons  are 
presented  with  a  more  accurate  FEA  model.  The  analytical  model  is  verified  by 
finite  element  analysis.  The  analytical  model  has  the  ability  to  predict  the 
dynamic  characteristics  and  to  explain  the  actuation  mechanism  of  twisting 
motion  of  piezoelectric  composite  laminates. 
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Table  1.  Material  properties  of  piezoelectric  and  composite  materials. 


Material  Properties 

Graphite/Epoxy 

Piezoelectric  Material  (PZT-5H) 

EyCGPa) 

138 

61 

£2(GPa) 

8.96 

61 

Gy^CGPa) 

7.1 

23.3 

0.3 

0.31 

/E<kg/m^) 

1560 

7500 

d3.(mA^) 

0 

-171x10-'^ 

fp(F/m) 

0 

1.65x10* 

axb  xhcOr  x/?p(mm) 

25  X  90x  1 

25  X  90x  1 

Figure  1.  Configuration  and  dimensions  of  the  plate  under  investigation 


133 


y(ni)  0  X(m} 


Figure2.  Mode  shape  of  the  torsional  vibration 


Figure  3.  Amplitude  of  twisting  angle  of  the  laminate  excited  at 

different  applied  voltages  with  various  damping  factors 


Figure  4.  Relationship  between  amplitude  of  twisting 
angle  and  fiber  orientation 
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BENCHMARK  STUDY  OF  THREE  APPROACHES 
TO  ELASTIC  WAVES  IN  STOCHASHC  MEDIA 


A.K.  Belyaev 

Department  of  Mechanics  and  Control  Processes,  State  Technical  University 
of  St.  Petersburg,  Polytekhnicheskaya  29, 195251,  St.  Petersburg,  Russia. 


Three  approaches  to  the  problem  of  1-D  wave  propagation  in  media  with 
random  elastic  and  mass  properties  are  studied:  (i)  method  of  integral 
spectral  decomposition,  (ii)  Fokker-Planck-Kobnogorov  equation  and  (iii)  the 
Dyson  integral  equation.  Merits  and  shortcomiags  of  each  approach  are 
discussed. 


1  Introduction 

The  approaches  to  stochastic  wave  propagation,  see  e.g.  [1]  are  usually 
concerned  with  wave  propagation  in  media  with  a  single  random  function. 
Two  random  fields,  namely  random  elastic  modulus  and  random  mass 
density  exist  in  the  problem  of  wave  propagation  in  random  elastic  media. 

The  time-reduced  one-dimensional  wave  equation  written  in  terms  of 
the  displacement  amplitude  u{x)  is  given  by 

[Eu']  =  0  (1.1) 

where  £  is  Young's  modulus,  p  is  mass  density,  co  is  frequency  and  primes 

denote  differentiation  with  respect  to  x.  Random  elastic  modulus  and 
random  mass  density  are  assumed,  i.e. 

E{x)  =  (£)[l  +  ^{x)] ,  pW  =  (p)(l  +  r(x))  (1.2) 

where  (  )  denotes  the  mathematic  expectation  of  the  random  function  and 

non-dimensional  centred  random  functions  £  and  r  describe  the  randomness 
of  the  mass  density  and  the  Yoimg  modulus,  respectively.  As  the  medixim  is 
assumed  to  be  statistically  homogeneous,  (p)  and  (E)  do  not  depend  upon 

X.  Two  boundary  conditions  will  be  discussed:  Dirichlet's  boundary  condition 
which  implies  a  prescribed  displacement  H  at  x=0 

kO)=H  (1.3) 

and  Neumann’s  boundary  condition  with  a  prescribed  axial  stress  Z  at  x=0 

iBM(0)  =  Z  (1.4) 

In  what  foUows,  both  H  and  Z  are  deterministic. 

The  intent  of  the  paper  is  a  benchmark  study  of  the  following 
approaches  to  wave  propagation  in  random  elastic  media:  the  method  of 
integral  spectral  decomposition,  the  Fokker-Plank-Kolmogorov  equation  and 
the  Dyson  integral  equation.  The  merits  and  the  deficiencies  of  each  approach 
are  discussed  and  they  are  briefly  outlined  in  Conclusions. 


135 


2  Method  of  integral  spectral  decomposition 


In  the  framework  of  this  approach  the  medium  parameters  are  represented  in 
the  form  of  the  Fourier-Stiltjes  integrals,  e.g.  [2]  and  [3], 


1  + 


j  R(k)  exp  (ikx)  dk 


(2.1) 


£;(x)  =  (£)|l+J  E{k)expiikx)dk  ,  p(x):=(p) 

where  E{k)  and  R{k)  are  the  random  Fourier  spectra,  {R{k))  -  {E(k))  -  0  . 
Subsequently,  m  can  be  represented  by  its  spectral  representation 

u(x)  =  (m(x))  +  j  U{k)  p(/:,  x)exp  {ikx)  dk  (2.2) 

where  the  deterministic  function  p(/:,  x)  produces  a  frequency-amplitude 

modulation  of  the  homogeneous  stochastic  process  U{k),  (^U{k))  =  0. 

Substituting  Eqs.  (2.1)  and  (2.2)  into  Eq.  (1.1)  and  taking  the  mean  yields 

m 

dx^ 

where  Xq  =  co  /  ^  (£)  /  (p)  is  an  "averaged"  wave  number.  While  deriving  Eq. 
(2.3)  we  use  the  property  of  stochastic  orthogonality  of  random  spectra 

(H(fe)  U\kS}  =  SE,(k)  &{k-ki) ;  {R(k)  U\k0)  =  5p„(fc)  6(k-k,) 
where  S^u  and  5p„  denote  the  spectral  densities  of  the  random  processes. 
Substituting  Eqs.  (2.1)  and  (2.2)  into  Eq.  (1.1),  multiplying  the  result  with 
)  and  S*(/: ) ,  respectively,  and  taking  ensemble  averaging  one  obtains 
another  two  equations 
2., 


+  ^ga)2(H)  +  J  5£„(fe) 


^  +  ik^ 

dx^  dx 


\dk  +  X\ 


I  S,Xk]\ldk: 


(2.3) 


^  +  2ik^  +  )X 

^^+2ikd^+li 


dx^  dx 


dx^ 


dx 


Sj^k)  +  ll{u)SEp{k)  =  0  (2.4) 


where  the  Wiener-Khinchin  condition  of  statistical  orthogonality  of  the 
spectra  has  been  used.  EHiring  the  estimations,  the  third  moments  have  been 
omitted,  i.e.  we  introduce  a  closure  approximation  otherwise  the  moments 
are  governed  by  an  infinite  hierarchy  of  the  coupled  ordinary  differential 
equations.  Therefore,  the  analysis  is  restricted  to  the  mean  field  and  the 
spectral  density  matrix,  which  is  typical  for  the  correlation  theories,  cf.  [4]. 

Since  Eqs.  (2.3)-(2.5)  are  linear  in  (u)  and  p ,  the  solution  is  sought  in 
the  form 

(u)  =  B  exp  (Xjc),  p-M  exp  [Xx]  (2-6) 

where  A.  is  the  eigenvalue.  With  this  substitution  Eqs.  (2.4)  and  (2.5)  may  be 
solved,  to  give 

Substituting  Eqs.  (2.6)  and  (2.7)  into  Eq.  (2.3)  yields  the  characteristic 
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equation  for  X 


X^  +  5io 


DO 

-J 


X^[X  +  ikfSE  +  2  +  ik)SEp  +  X^p 


dk 


+  ikj 


+  ^o 


=  0 


(2.8) 


Consider  some  cases.  First,  assume  the  Young  modulus  and  the  mass 
density  to  be  statistically  independent  random  functions  of  diffuse  type  with 
the  following  spectral  densities 


ct. 


,Sp{k)  =  - 


OCn 


SEp{k)  =  0 


(2.9) 


where  Og.  and  are  the  standard  deviations  while  a“^  and  a7^  are  the 
correlation  radii.  Such  modelling  is  tj^ical  for  complex  engineering  structures, 
cf.  [6].  The  integral  in  Eq.  (2.8)  may  be  evaluated  by  the  method  of  contour 
integration  to  obtain  the  result 


=  0 


(2.10) 


(a.  +  +  A.0  +  CCp  j 

Analysis  of  this  characteristic  equation  which  is  a  polynomial  of  order  6  is 
rather  laborious,  see  for  this  aim  [3]  where  an  asymptotic  analysis  has  been 
briefly  outlined  for  weakly  heterogeneous  media  (^^  «  1,  «  1 ). 

Consider  the  case  in  which  the  randomness  in  the  Young  modulus  E 
and  mass  density  p  is  fully  correlated,  that  is 

£(x)  =  (£)[l+*£^(jr)],  p(x)  =  (p)[l  +  fcp^(x)],  =  e- 


(2.11) 


where  q(x)  is  a  centred  exponentially  correlated  random  function.  Since  this 
case  has  not  yet  been  studied  in  the  literature,  a  detailed  analysis  is 
performed.  The  representation  (2.11)  models  the  materials  with  imperfections 
and  is  rather  flexible.  Choosing  coefficients  and  Z?p  in  a  proper  way  one 
can  study  a  broad  class  of  the  problems,  e.g.  to  study  wave  propagation  in  a 
medium  having  only  random  elastic  properties  one  put  Z?p  =  0  .  By  means  of 
the  representation  (2.11)  we  will  see  the  restrictions,  shortcomings  and  merits 
of  the  approach.  Equations  (2.3)-(2.5)  lead  to  the  characteristic  equation 


P(5i)  =  [X^  +  Xl]  (X  +  a) ^  +  Xgl - c2 +  a) +  b pX, 


=  0 


(2.12) 


This  polynomial  of  4th  order  is  reduced  to  a  quadratic  equation  in  +  a) 
and  has  4  roots 


X 


1 .2,3,4 


/la\2  ^2i-<y^l>Ebp±dA 

V  (2) 


(2.13) 


with  the  discriminant  A  =a^  [^£:  -  -  l)  • 

In  order  to  study  the  limitations  of  the  approach,  one  should  recall 
that  the  imaginary  part  of  X  guarantees  the  wave  character  of  the 
propagating  disturbance.  In  other  words,  if  the  characteristic  equation  (2.12) 
has  only  real  eigenvalues,  the  wave  motion  is  impossible.  Not  complicated, 
but  rather  cumbersome  analysis  of  the  case  >  1  yields  finally  the  set  of 
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conditions  under  which  the  wave  motion  does  not  exist 


C  b  p>  I  i  < 


4  abp  +  l 


(2.14) 


The  case  a  <  1  may  be  analysed  by  analogy  and  results  in  another  set  of 
conditions 

\2 


/  \  «  ?  1  ^  ^  D  'in.') 

obE<l  \  o{bE  +  bp]>2,4Xl- - 

Inequalities  (2.14)  and  (2.15)  may  be  roughly  viewed  as  follows:  if  the 
standard  variation  in  the  Young  modulus  is  larger  than  its  mean  value 
(<ybg>  1 ,  Eq.  (2.14))  or  the  standard  variation  in  the  mass  density  is  larger 
than  its  mean  value  (ob^>l ,  Eq.  (2.15)),  then  the  wave  motion  does  not 

exist  since  these  inherently  positive  parameters  become  "too  often  negative". 
This  means  that  essentially  heterogeneous  media  cannot  be  handled  by  means 
of  this  approach.  The  conditions  (2.14)  and  (2.15)  reduce  to  known 
conditions  for  medium  with  a  single  random  field  (random  mass  density  or 
random  Young’s  modulus)  obtained  in  [2]  and  [3]. 

As  we  consider  the  waves  in  the  positive  x  direction,  i.e.  only  two 
eigenvalues,  say  and  X2 '  satisfy  the  Sommerfeld  radiation  condition,  then 

(fl)  =  i  B„  exp  ii{k,  x)  =  -p-t  B„  exp  (2.16) 

In  order  to  obtain  Bn  we  consider  for  example  Dirichlet's  boundary  condition 
(1.4).  As  follows  from  Eq.  (2.2)  the  boundary  condition  (1.4)  is  fulfilled  and 

the  second  moments  become  trivial  at  x=0  if  {m(0))  =  H,  p(/:,  0)  =  0  which 
yields  the  following  two  equations  for  Bn 

B  +B  =H  n  I  n  - ( 

’  ^  ^  +  +  ^  {X2  +  ikY  +  ^l 

These  equations  can  be  easily  solved  for  Bj  and  B2  that  completes  the 
solution  of  the  problem. 

The  merits  of  the  approach  are  (i)  the  approach  is  valid  for  arbitrary 
spectral  densities  and  (ii)  it  can  be  easily  generalised  to  2-D  and  3-D 
problems.  The  shortcomings  are  (i)  only  mean  field  and  the  second  moments 
are  obtained,  (ii)  difficult  to  apply  to  nonlinear  problems  and  (iii)  applicable 
only  for  weakly  heterogeneous  media. 


1-cs^bl 


(2.15) 


=  0 


(2.17) 


3  The  Fokker-Planck-Kolmogorov  equation 

This  approach  is  based  on  the  theory  of  continuous  Markov  processes.  The 
state  transition  probability  function  for  such  processes  is  governed  by  a  linear 
partial  differential  equation,  knows  as  the  Fokker-Planck-Kolmogorov  (FPK) 
equation,  cf.  [5]  and  [6]. 

To  begin  with,  we  consider  the  case  of  wave  propagation  in  medium 
with  deterministic  Young's  modulus  (e  =  0)  and  random  mass  density. 
Assiune  that  in  Eq.  (1.3)  the  random  function  r=^(x)  is  a  spatial  white 


138 


noise  of  intensity  s.  To  apply  FPK  equation  we  introduce  the  new  variables 
=  w,  V2  =  M  and  recast  Eq.  (1.1)  as  two  first-order  differential  equations 
v'  =V2,V2  =  -X^V,-  (3.1) 


Provided  that  ^  is  a  Gaussian  random  function,  the  state  transition 
probability  function  p  is  governed  by  the  FPK  equation 


In  this  case  N=2  and  the  drift  Xn  diffusion  coefficients  are  given  by 

%1  =  V2.  X2  =  -Avi,  Yii=Yi2  =  Y21  =  0,  Y22  =  f  ^0  (3.3) 

cf.  [5].  Substituting  Eq.  (3.3)  into  the  FPK  equation,  multiplying  it 
consequently  with  Vj  and  V2  and  integrating  over  the  space  of  Vj  and  V2 
yields  the  following  equations  for  the  mean  values  of  the  phase  variables 
(v,)  -  (vz)  =  0 ,  (vj)  +  Xl  (vi)  =  0  (3.4) 

This  system  of  equations  is  solved  by  means  of  the  substitution 
(vjt)  =  =  1 , 2  which  results  in  the  characteristic  equation  =  0 

with  the  roots  A|2  =  ±^^o*  The  eigenvalue  satisfies  the 

Sommerfeld  radiation  condition  since  it  describes  harmonic  waves 
propagating  in  the  positive  x  direction.  The  Dirichlet  boundary  condition,  Eq. 

(1.4),  yields  =  H  exp  {-/Aqx)  i.e.  the  mean  field  in  stochastic  medium 

with  spatial  white  noise  random  mass  density  coincides  with  the 
deterministic  field  in  the  homogeneous  medium. 

Now  we  multiply  the  FPK  equation  consequently  with  and  v\ 

and  integrate  the  result  over  the  space  of  and  V2 ,  to  obtain  the  equations 
for  the  second  moments 

(vf)  -  2  (V1V2)  =  0,  (V1V2)  +  A,2(v2)  -  (vfj  =  0,  (v^)  -  +  2Xl{v^v^  =  0 

To  solve  the  latter  equations  we  substitute  ,  it,  n  =  1, 2 ,  to 

have  the  following  characteristic  equation 


A^  +  4A^- 25^4^0  (3.5) 

which  has  one  real  positive  root  and  two  complex  conjugated  roots.  Qrdy  one 
root  of  Eq.  (3.5)  satisfies  the  Sommerfeld  radiation  condition,  namely 


Boundary  condition  (1.4)  which  is  (v^{o)^  =  leads  to  the  following  results 


(vf)  =  exp  (Ax),  (V1V2)  =  -  ^exp  (Ax),  (v^)  =  ^  A^jexp  (Ax)  (3.7) 

The  latter  equation  indicates  an  exponential  decay  of  the  second  moments 
that  contradicts  the  equation  for  the  mean  field  which  states  that  the  mean 
value  of  the  stochastic  waves  propagates  without  decay,  cf.  [2]. 

For  realistic  modelling  of  the  elastic  and  mass  parameters,  the  spatial 
white  noise  should  be  pre-filtered.  The  further  analysis  is  restricted  to  the 
fully  correlated  randomness  in  the  Yoimg  modtilus  and  the  mass  density,  Eq. 


(2.11),  which  allows  us  to  compare  the  result  with  that  of  the  integral 
spectral  decomposition  and  draw  some  conclusions.  Introducing  the  variables 

Vj  =  u,  V2  =  M  ,  V3  =  ^  leads  to  three  first-order  equations 


,  afe£V2V3->.g(l  +  i7pV3)v,  ^ 

V]  =  M ,  V2  = - ^ ^ - - - ,  ;  ^  ,  V3  =  -  a  V3  +  ^  (3.8) 

where  the  latter  equation  is  the  filter  equation  and  ^  is  the  spatial  white 
noise  of  intensity  s  =  2ao^  .  The  FPK  equation  (3.2)  has  now  a  higher  order 
(N=3)  and  is  given  by 


[  2]  2aa^h 

[x+bgv^f 

The  equation  obtained  is  much  more  complicated  than  the  previous  one,  cf. 
Eqs.  (3.2)  and  (3.3),  since  its  coefficients  are  no  more  the  polynomials  but 
rational  functions.  Multiplying  Eq.  (3.9)  consequently  with  Vi,ViV3, 


'0^ 


a^£V2V3-A,^l  +(?pV3j  Vi 


\+b  £V3 

8^ 


“p  ■ 


V2P 


1  4*  b 


+  aa 


A 

dv^ 


(3.9) 


^2(1  +^£^3)^  V2V3(l  +  b^v^  and  integrating  over  the  space  of  the  phase 
variables  one  obtains  the  following  equations  for  (vi),  (V2),  (V1V3)  and  ^V2V3^ 
(v,)  -(V2)  =  0,  (vjVj)  -(v2V3)  +  a(v,V3)  =  0, 

+  ^£^pO^)(v,)  +  >-0  (^fc+^p)  (V1V3)  +(l  +  (vz)'  + 

3(xbi^^{v2)+2bi;{v2V^)  +a(v2V3)  =  0 

X-o  o2(fc£+^p](vi)  +  A,o(l  +  3/7£ftp02j(viV3)  +2bE  {v^)  + 

+  (1  +  3fc|c^j^V2V3)  +a(l  +  6i'|cr^j(v2V3^  =  0 

The  latter  equations  are  obtained  by  means  of  the  Gaussian  closure.  The  FPK 
equation  delivers  an  infinite  number  of  coupled  partial  differential  equations 
[7],  [8].  Thus,  a  closure  is  necessary  to  obtain  a  solution.  The  simplest  closure 
is  a  Gaussian  closure,  i.e.  one  assumes  that  Vj  and  V2  are  quasi-Gaussian. 
Since  ^  and  V3  are  Gaussian,  it  allows  one  to  use  the  properties  of  the 
Gaussian  distribution  and  to  express  unknown  higher  order  moments  in  terms 
of  lower  order  moments,  e.g.  in  terms  of  moments  up  to  order  2  by  means  of 

expressions  (vjv^  =  etc.  The  vanishing  determinant  of  the  system  with 

closure  at  the  second  order  is  as  follows 


det 


X  0  -1 

0  A,  +  a  0 


Xl  a^(^£+^p)  Xl  +  36ii>p02j  2b +a) 


0 

-1 

Ib^X^a) 

+  3^^^)  +a(l  +  6^10^) 


=  0 
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One  can  see  that  this  equation  does  not  coincide  with  the  characteristic 
equation  of  the  integral  spectral  decomposition  (2.12).  It  can  be  explained  by 
the  fact  that  we  multiplied  the  FPK  equation  with  the  polynomials  of  the 

third  and  forth  order,  namely,  V2(l  ^bgV^Y  and  V2V3(l  +  b^v^Y  .  This  means 

that  the  moments  of  third  and  forth  order  are  always  involved  to  this 
technique  and  a  closure  is  unavoidable.  The  higher  moments  obtained  were 
expressed  via  the  moments  up  to  order  2  which  automatically  means  the 
accuracy  reduction  of  the  approach. 

The  characteristic  equation  of  the  integral  spectral  decomposition 
approach  is  obtained  if  we  introduce  another  variables 

=  w,  V2  =  w  (l  +  V3  =  ^  which  results  in  three  first-order  stochastic 
differential  equations 

v,(l  +  bgVj]  -  V2  =  0,  Vj  +  ^0  (1  +  Vi  =  0,  V3  +  a  V3  =  ^  (3.11) 

Stochastic  averaging  of  the  first  and  the  second  equation  yields 

(vi)  +  bglx  +  a}  (V1V3)  -(vj)  =  0,  (V2)  +  Xl  |(vi)  +^p(v,V3)j  =  0  (3.12) 

Another  two  equations  are  obtained  by  multiplying  the  first  two  equations 
(3.11)  with  V3  and  taking  expectations 

(V1V3)  +  bgp^{v^)'  +  a  (V1V3)  -  (v2V3)=  0, 

(V2V3)  +  [(vjVj) +/?p02(vi)  +a(v2V3)  =  0 

While  deriving  Eqs.  (3.12)  and  (3.13)  two  assumptions  have  been  done:  (i) 
(^Vi)  =  (^V2)  =  0  which  is  a  standard  assumption  of  the  FPK-equation  and 
(ii)  %  and  V3  are  Gaussian  and  Vj  and  V2  are  quasi-Gaussian  which  permits 
a  Gaussian  closure  =  a^(vi) .  Since  Eqs.  (3.12)  and  (3.13)  are  linear  in 

the  moments,  the  substitution  ,Kn=l,2  yields  the 

characteristic  equation  (2.12).  This  means  that  the  new  variables  suit  better 
than  the  previous  ones  due  to  the  fact  that  the  newly  introduced  variable 

V2-UEI  {e)  is  non-dimensional  axial  stress  and  has  clear  physical  sense. 

Let  two  eigenvalues  which  satisfy  the  Sommerfeld  radiation  condition 
be  and  X2  ,  then  the  general  solution  is  =  A^exp  +  A2exp  (A.2x]  . 
The  Dirichlet  boundary  condition,  Eq.  (1.4)  yields  the  following  equations 
^  =  0,  =  (v|V3)  =  0  (3.14) 

which  allows  one  to  determine  the  integration  constants 

-1 

,  A2  =  //~Ai  (3.15) 

Provided  that  the  axial  stress  is  prescribed  at  x=0,  i.e.  J^w'(0)  =  E,  the 
Neumann  boundary  condition  (1.5)  reduces  to 

ac  =  0.(v2)  =  I/(£),(v2V3)  =  0  (3.16) 

which  results  in  the  following  system  of  equations  for  the  integration 
constants 


^0  ^2  ^£^2(^2 
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•  A  _ 

1  ^pXo  +  b£X2[X2  + 

bpkl  +  bE^ii^^i  +  a)  -(^0  +  +  «) 


o'^biPl2 


+  A 


b^Xl  +  bgXi^Xi  +  a) 
bpXl  +  +  ^)]  -(^0  ^2)(^2  +  ^) 


(3.17) 


=  0 


^pX-Q  +  ^£;X2^X2  +  Ccj 

The  moments  ^V2),  (viV3^  and  ^V2V3^  can  be  obtained  from  Eq.  (3.10)  for  each 

of  the  above  boundary  conditions  by  substituting  Eq.  (3.15)  or  (3.17)  and 
solving  the  system  of  linear  algebraic  equations. 

Equations  for  the  other  second  moments,  namely  ^Vj^,  (V1V2)  and 

can  be  derived  by  multiplying  Eq.  (3.11)  with  and  V2  and  averaging. 
The  result  is  three  first-order  inhomogeneous  ordinary  differential  equations 
(vf)  -  2(v,V2)  =  a  (vi)  (viVj)  -  (vi)'  (viVj)  -  (vj)  (viVj) 

(viV2)  +  ^0  (v0-(''2)  = 

-2i>pX,§(vi)(viV3)  -  bg  (vi)  (V2V3)  -  (V2)  (vjVj)  -  a(v2)  (viVj) 

(yl)  +  X.o(viV2)  =  -  2bpXl  (vj)  (V2V3)  +  (V2)  (V1V3)  (3.18) 

which  is  easy  to  solve.  Because  of  lack  of  space,  the  solution  is  not  included. 

The  main  advantage  of  the  FPK  equation  is  that  the  moments  of  any 
order  may  be  obtained.  The  deficiencies  of  the  approach  are  as  follows  (i)  the 
approach  is  applicable  only  for  the  random  processes  with  rational  spectral 
densities  which  are  obtained  by  means  of  the  white  noise  filtering,  (ii)  each 
filter  increases  the  order  of  the  system  of  equation,  (iii)  difficulties  increase 
rapidly  with  the  order  of  the  system,  (iii)  the  approach  is  applicable  only  for 
one-dimensional  waves  and  (iiii)  the  approach  appears  to  be  accurate  only 
for  the  systems  with  the  polynomial  coefficients.  As  the  characteristic 
equation  of  both  approaches  coincide  only  weakly  heterogeneous  random 
media  may  be  analysed  by  means  of  the  FPK  equation. 


4  The  Dyson  integral  equation 

In  contrast  to  the  previous  approaches  which  deal  with  random  mass  density 
and  random  Young's  modulus  an  alternative  modelling  of  1-D  random  media 
is  proposed,  [6].  We  introduce  a  new  independent  variable  y  and  a  new 
dependent  variable  U 

y  =  (a)/^;  U(y)  =  ^u{x,<0)  (4.]) 

where  a  =  ‘jE/ p  is  the  velocity  of  sound  and  z  =  \jE  p  is  the  acoustic 
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impedance.  The  original  problem  is  thus  reduced  to  the  wave  propagation  in 
elastic  medium  in  terms  of  impedance  and  velocity  of  sound  that  seems  to  be 
much  more  suitable  for  the  problems  of  wave  propagation.  In  what  follows  a 
random  elastic  medium  is  modelled  by  a  medium  with  the  following 
statistically  independent  and  statistically  homogeneous  random  parameters: 
the  soxmd  speed  a  and  the  impedance  z.  Substituting  (4.1)  into  (1.1)  yields 

dy^  {af  VZ  dy^ 

Introducing  a  new  centred  random  function  ffy)  =  e(y)  -  (e)  which  will  be 
referred  to  as  heterogeneity  enables  Eq.  (4.2)  to  be  written  as  follows 

^-^  +  [K2  +  £(y)]f/  =  0;  K^  =  -^  +  (e)  (4.3) 

dy^  ^  ^  {af 

Provided  that  the  medium  is  subjected  to  the  Neumann  botindary  condition 
y  =  yo»  dU !  dy-\  then  the  boundary  value  problem  is  equivalent  to  the 

single  differential  equation 
2 

^-^  +  [A^  +  f(y)]l/=5(y-)'o)  (4-4) 

dy 

provided  that  its  solution  satisfies  the  Sommerfeld  radiation  condition. 

U(y)  is  the  solution  of  Eq.  (4.4)  containing  a  delta-function  in  the  right 
hand  side.  Hence,  U(y)  =  G  (y,  yQ)  is  the  Green's  function  of  Eq.  (4.4)  and 
{U(y))  =  (G(y,  yo)^  is  the  averaged  Green’s  function.  The  latter  is  known  to  be 
the  solution  of  the  Dyson  integral  equation,  cf.  [1, 9] 

(GCy,>'o))  =  <3o()'-}'o)  + JJ  Go(y-r{)M(r^,r2)(G(r2,yo))dridr2  ■  (4.5) 

Here  Green's  function  for  the  virtual  homogeneous  background  material  is 


-.k|  y-)-o| 


-dk,  K  >  0 


(^o(y-yo)= - k>o  (4.6) 

and  M  denotes  the  kernel  of  an  integral  operator  which  is  caUed  the  mass 
operator  in  quantum  field  theory  and  contains  an  infinite  number  of  terms 

M  =  l^eKos)  -  (eKoeKoe)  +  (eKoeKoeKoe'j  -  (^eKoe)Ko{eKoe)  (4.7) 

where  Kq  is  an  integral  operator  with  the  kernel  Gq  ,  cf.  [1,12].  Even  a  single 
term  in  expansion  (4.7)  corresponds  to  the  summation  of  an  infinite 
subsequence  of  the  series  in  perturbation  theory.  In  what  follows,  we  truncate 
M  at  its  first  term  (so-called  Bourett’s  approximation) 

''2)  =  {eKos)  =  r2)  Gofr,  -  r2)  (4.8) 

where  r2)  is  the  correlation  function  of  the  random  field  £ . 

As  £  is  statistically  homogeneous,  its  correlation  function  depends 
only  on  the  difference  of  the  arguments,  i.e.  “^2)  •  Th^  Dyson 

equation  takes  the  form  of  an  integral  equation  with  a  difference  kernel 

{G(y  -  yo))  =  Go(y  -  yo)  +  JJ  G^iy  -  rj)  JS/rj  -  Go(ri  -  r2)(G(r2  -  y^Yrxdr2 
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which  is  solved  by  means  of  the  spatial  Fourier  transform,  [8].  The  result  is 

1-1 

{G(k))=  Gl\k)- 47:^  Go{k)B^(.k)  (4.9) 

The  Fourier  transform,  is  inverted  to  recover  the  averaged  Green's  function 

+  O0  ikr 

(G(r))  =  ^/  - ^ - dk  (4.10) 

K^-J  Blp)Ga{p)e-^Pdp-k^ 

where  r=y  -  jq  is  substituted  for  brevity.  As  before,  we  study  an  exponential 

correlation  function  for  the  heterogeneity  (r)  =  exp  (-  ct  |  r  |  j .  Substituting 
it  into  Eq.  (4.10)  and  evaluating  the  integral  in  the  denominator  yields 


IK  +  a 
.  .  ,2  ■ 


Two  poles  of  the  integrand,  namely  kj  and  k2,  which  satisfy  Sommerfeld’s 
radiation  condition,  lay  in  the  upper  half -plane 

2=  ^\/ \J  ^  ^ ’  Im/ci  2>^ 

Of  special  interest  is  the  problem  of  the  long  waves  in  a  medium  with  a 
small-scale  heterogeneity  (a»K).  Under  the  additional  assumption  of 
a  *fWC »  G  latter  expression  for  the  poles  kj  and  k2r  reduce  to 


,  k2=--K  +  ia  (4.12) 

The  contribution  of  the  pole  k2  becomes  small  even  within  the  correlation 
radius  =  a"  ^ ,  i.e.  k2  models  the  near  field  which  can  be  neglected  in  case  of 
the  long  travelling  distances.  Hence,  the  influence  of  heterogeneity  is  taken 
into  account  by  which  may  be  transformed  to 

Inspection  of  this  equation  indicates  that  the  imaginary  part  of  kl  can  be 
considerable  even  for  waves  in  weakly  heterogeneous  media  (o  «  a  JKa  ) 
with  short  range  perturbations  (a»K).  Considerable  attenuation  is 
explained  by  the  accumulation  of  the  dispersion  effects.  Application  of  the 
residue  calculus  in  Eq.  (4.11)  renders  an  averaged  Green's  function 

Equation  (4.14)  for  the  mean  field  may  be  obtained  in  a  simpler  way 
by  setting  k=0  in  the  integral  over  p  in  the  denominator  in  Eq.  (4.10),  i.e. 


,  IinA:j>0 


(G(r))  =  iJ 


+.» 

K^-J  BJip)Goip)dp- 


Evaluation  of  the  integral  in  the  denominator  yields 
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(4.16) 


Provided  that  the  random  medium  with  short  range  heterogeneity  (a  »  k  )  is 
considered,  the  only  pole  in  the  upper  half-plane  is  kj,  Eq.  (4.12).  In  this  case 
the  residue  calculus  delivers  Eq.  (4.14).  In  other  words,  the  second  pole  which 
represents  a  near  field  does  not  appear  if  one  sets  k=0  in  the  integral  over  p 
in  Eq.  (4.10).  The  substantiation  is  that  the  correlation  radius  R  is  small  and 
it  allows  one  to  take  into  account  orvly  the  leading  term  in  the  expansion  of 
in  terms  of  kp ,  i.e.  to  set  1  . 

Another  correlation  functions  are  discussed  in  [8].  Despite  the  broad 
variety  of  the  correlation  functions’  properties  the  mean  field  equation  turns 
out  to  take  the  form  of  Eq.  (4.14).  It  allows  one  to  study  the  general  case  of 
random  medium  with  an  arbitrary  short  range  heterogeneity.  To  this  end,  we 
model  the  correlation  function  of  the  medium  as  follows 


W  =  IS  J  ‘  ^  ■  2170)/ 


2  8x(0) 


(4.17) 


where  5jj(r)  is  a  window-function  which  has  support  only  for  small  r,  |  r  |<f? . 
The  analysis  shows  that  when  studying  a  random  medium  with  the  short 
range  heterogeneity  (a  »  k  )  one  must  rather  take  into  account  the  shift  of  the 
pole  fej  (at  fej  =  -  K  if  heterogeneity  were  supposed  to  vanish)  to  the  upper 
half-plane  caused  by  the  heterogeneity,  than  the  appearance  of  new  poles. 
Substituting  the  correlation  function,  Eq.  (4.17)  into  Eq.  (4.10)  yields 

(G«>-sJ  - y - <lk  (4-18) 

The  case  of  the  heterogeneity  of  small  extend  is  considered,  i.e.  k/?  «  1 ,  that 
allows  one  to  take  only  the  leading  term  in  the  expansion  of  exp|iK|  p  |j  in  a 
series  in  terms  of  k|  p  | ,  i.e. 


(G(r))=if  - - j - -dk  (4.19) 

The  residue  calculus  yields  Eq.  (4.14)  for  an  arbitrary  heterogeneous  elastic 
medium  with  short  range  fluctuations.  Since  the  velocity  of  sound  a  is 

random,  (G(r))  is  still  a  random  field  which  should  be  averaged  over  a .  For  a 
given  probability  density  function  for  the  velocity  of  sound,  the  mean  field 
can  be  estimated.  Averaged  decay  in  statistically  homogeneous  medium  { J) 
allows  for  a  closed  form  expression 

=  V  ^  ^  K^y  1  -  i 


>0 


Assuming  that  the  decay  is  small  leads  to  the  following  simple  equation  for 
the  averaged  decay 
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(4.20) 


(^)  =  («){^)  0=4““'  ^'' 

--00 

One  of  the  main  merits  of  the  Dyson  equation  is  that  the  solution 
method  does  not  require  the  random  fields  to  be  Gaussian.  This  allows  one  to 
overcome  the  known  shortcoming  of  the  normal  distribution,  such  as  the 
impedance  or  the  sound  velocity  may  be  negative.  Any  probability 
distribution  function  which  satisfies  these  physical  constraints  with 
probability  1  can  be  taken  in  the  framework  of  the  present  approach. 
Another  merits  are  (i)  the  approach  is  applicable  to  essentially  heterogeneous 
media  and  (ii)  a  closed  form  expression  for  the  average  attenuation  is 
obtained.  The  approach  shortcomings  are  (i)  it  is  difficult  to  satisfy  the 
boundary  conditions  and  (ii)  in  order  to  find  the  standard  deviation  of  the 
random  fields,  one  should  apply  the  Bethe-Salpeter  equation,  e.g.  [1,9], 
however  its  solution  is  extremely  laborious. 


5  Concluding  remarks 

A  benchmark  study  of  the  one-dimensional  stochastic  elastic  wave  shows  the 
merits  and  the  shortcomings  of  each  approach  which  allows  one  to  choose  an 
appropriate  based  on  the  above  conclusions.  As  shown  above  only  weakly 
heterogeneous  elastic  media  can  be  analysed  in  the  framework  of  the  method 
of  integral  spectral  decomposition  and  the  FPK  equation.  While  dealing  with 
essentially  heterogeneous  media,  one  is  recommended  to  apply  the  Dyson 
integral  equation.  The  approaches  discussed  cover  all  problems  of  the 
harmonic  wave  propagation  in  heterogeneous  or  stochastic  media,  thus,  by 
means  of  a  preliminary  analysis  one  can  find  a  suitable  approach. 
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ABSTRACT 

This  paper  presents  a  geometrically  nonlinear  dynamic  analysis  for  both  two 
and  three-dimensional  frames,  which  may  be  subjected  to  finite  rotations.  The 
finite  element  displacement  method  based  on  the  beam-column  approach  is 
employed  to  derive  the  non-linear  equations  governing  the  behavior  of  spatial 
frames.  A  co-rotational  formulation  combined  with  small  deflection  beam 
theory  with  the  inclusion  of  the  effect  of  axial  force  is  adopted.  The  governing 
dynamic  equilibrium  equations  are  obtained  from  the  static  equations  by  adding 
the  inertia  and  damping  terms.  The  implicit  Newmark  time  integration  with  the 
Newton-Raphson  (NR)  iteration  method  is  employed.  Dynamic  critical  loads 
are  defined  by  the  Budiansky-Roth  criterion.  Several  numerical  examples  are 
illustrated  to  demonstrate  the  effectiveness  of  the  present  method. 

INTRODUCTION 

The  stability  of  plane  and  spatial  frames  imder  static  loading  has  been  the 
subject  of  considerable  research  during  the  past  35  years  [1,  2].  However,  the 
problem  of  non-linear  response  and  stability  of  these  structures  under  dynamic 
loads  has  received  limited  attention.  A  dynamic  load  may  cause  the  instability 
of  a  structure  even  if  the  structure  remains  stable  imder  a  static  load  of  the  same 
magnitude  as  the  dynamic  one.  When  such  a  type  of  dynamic  instability 
problem  is  being  solved,  geometrical  non-linearity  must  also  be  considered  in 
the  same  manner  as  in  the  static  instability  analysis. 

The  co-rotational  formulation  [3,  4]  is  employed  in  the  present  study 
accounting  for  arbitrary  large  joint  displacements.  The  non-vectoral  deformed 
rotation  quantities  in  spatial  frames  have  been  successfully  considered  by  the 


147 


use  of  Oran's  joint  orientation  matrix  [5],  consisting  of  a  triad  of  orthogonal  unit 
vectors,  to  accommodate  the  arbitrary  large  rotations. 

The  implicit  Newmark  time  integration  with  the  NR  iteration  method  is 
employed.  The  time-integration  strategy  with  average  acceleration  (with 


1/ 

74 


is  adopted  together  with  a  small  time  step  for  a  non-linear 


problem. 

A  large  class  of  structural  problems  that  have  received  attention  recently 
and  do  qualify  as  a  category  of  dynamic  stability  is  that  of  impulsively-loaded 
configurations  and  configurations  that  are  suddenly  loaded  with  loads  of 
constant  magnitude  and  infinite  duration.  Solutions  to  such  problems  started 
appearing  in  the  literature  in  the  early  1950s.  Hoff  and  Bruce  [6]  considered  the 
dynamic  stability  of  a  pinned  half-sine  arch  under  a  half-sine  distributed  load. 
Budiansky  and  Roth  [7],  in  studying  the  axisymmetric  behavior  of  a  shallow 
spherical  cap  under  suddenly  applied  loads,  defined  the  load  to  be  critical  when 
transient  response  increase  suddenly  with  very  little  increase  in  the  magnitude 
of  the  load.  This  concept  was  adopted  by  numerous  investigators  [8,  9]  in  the 
subsequent  years  because  it  is  tractable  to  computer  solutions.  Hsu  and  his 
collaborators  [10],  defined  sufficiency  conditions  for  stability  and  instability, 
thus  finding  upper  and  lower  bounds  for  the  critical  impulse  or  critical  sudden 
load.  The  idea  of  the  Liapunov's  direct  method  [11],  which  attempts  to  provide  a 
stability  criterion  for  the  equilibrium  has  also  attracted  the  attention  of  many 
researchers  [12,  13].  From  all  previous  studies,  it  appears  that  the  dynamic 
buckling  load  would  be  sometimes  higher  and  sometimes  lower  than  the  static 
buckling  load,  depending  on  the  loading  history. 

In  this  study,  dynamic  instability  analysis  is  carried  out  based  on  the 
Budiansky-Roth  criterion  and  the  structure  is  subjected  of  step  loading  and 
assumed  free  of  pre-loading. 


FORMULATION  STRATEGY 


The  formulation  in  the  present  study  is  briefly  reviewed  herein.  Detailed 
derivation  can  be  found  in  Ref  [14].  The  members  are  uniform  and  have  doubly 
symmetric  cross-sections.  Thus  coupling  of  the  torsional  stiffness  to  the 
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bending  stiffness  and  axial  stiffness  is  excluded,  and  the  warping  effect  is 
neglected  for  spatial  frames.  The  external  loads  are  applied  at  the  nodes  and 
only  conservative  loading  is  considered.  The  Euler-Bemoulli  hypothesis  is 
assumed  to  be  valid  and  the  material  is  assumed  to  be  linearly  elastic. 

In  the  derivation  of  the  non-linear  equations,  two  types  of  coordinate 
systems  are  employed;  a  fixed  global  set  of  coordinates  and  local  body  attached 
coordinates,  which  rotate  and  translate  with  the  member  (Table  1).  The  basic 
member  force-deformation  relations  are  derived  in  the  local  coordinates  with 
member  deformations  assumed  to  be  small  relative  to  them.  Linear 
interpolation  for  the  axial  displacement  and  cubic  interpolation  for  the  lateral 
displacements  are  assumed  for  the  members  in  each  of  their  two  principal 
directions.  The  non-linear  effect  of  the  bending  distortions  on  the  axial  action  is 
considered  to  manifest  itself  as  an  axial  change  in  length  due  to  the  bowing  of 
the  beam. 


Incremental  Stiffness  Matrix 

Details  of  the  member  incremental  stifBiess  matrix  are  given  in  Ref  [3].  The 
element  member  forces  and  tangent  stiffiiess  matrix  with  respect  to  the  global 
coordinates  can  be  obtained  by  the  transformation  from  the  member  basic 
force/displacement  to  member  intermediate  (local)  force/displacement,  and 
from  this  to  global  nodal  force/displacement  (Table  1).  The  tangent  stiffness 
matrix  of  the  structure  is  then  obtained  by  standard  assembly. 

Mass  Matrix  and  Damping  Matrix 

It  is  clear  that  lumped  mass  matrices  are  simpler  to  form,  occupy  less  storage 
space  and  require  less  computational  effort  than  the  consistent  mass  matrices. 
The  structure  damping  may  be  expressed  by  the  Rayleigh  quotient  [15]. 

C-=aM^/3K  (1) 

where  a  and  p  are  constants  to  be  determined  from  two  given  damping  ratios 
that  correspond  to  two  unequal  frequencies  of  vibration.  Details  can  be  referred 
to  in  Ref.  [14]. 
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COMPUTATIONAL  ALGORITHM 


The  equations  of  motion  for  the  non-linear  dynamic  analysis  may  be  expressed 
by 

<^{r)  =  P-Mr-Cr-F  =  Q  (2) 

where  O  is  the  unbalanced  force  resulting  from  the  inertia  force  Mr  ^  the 
damping  force  Cr ,  the  internal  force  due  to  deformation  F  and  the  external 
force  P.  The  terms  r  and  r  are  the  acceleration  and  the  velocity  vectors, 
respectively.  The  non-linear  dynamic  response  of  the  structure  is  generated  by 
the  step-by-step  numerical  integration  procedure;  the  Newmark  procedure  of 

average  accelerations  ( and  7  with  a  Newton-Raphson  type  of 

iteration  performed  within  each  time  step  to  satisfy  the  equation  of  motion.  A 
weighted  Euclidean  norm  between  the  unbalanced  force  O  and  the  external 
force  P  is  employed  as  the  error  measure  during  the  equilibrium  iteration. 
Detailed  formulation  and  procedure  of  this  method  for  non-linear  use  are 
described  in  Ref.  [14]. 

Special  attention  must  be  given  to  spatial  frames  to  take  into  account  the 
non-vectoral  rotation  quantities.  Use  is  made  of  the  Oran's  joint  orientation 
matrix  [5]  in  the  non-linear  dynamic  analysis  in  the  same  way  as  its  use  in  the 
static  analysis.  All  translational  displacements  and  the  joint  orientation  matrix 
in  spatial  frame  analysis  must  be  updated  properly  so  as  to  evaluate  the  updated 
tangent  stiffoess  matrix  correctly  during  NR  iteration  and  updating  the  final 
displacement  vector. 

Critical  or  buckling  loads  for  structures  are  determined  by  the  Budiansky- 
Roth  criterion  [7]:  The  equations  of  motion  are  solved  (numerically)  for  various 
values  of  the  load  parameter,  thus  obtaining  the  system  response.  The  load 
parameter,  at  which  there  exists  a  large  (finite)  change  in  the  response,  is  called 
critical.  According  to  this,  the  dynamic  response  of  a  structure  is  monitored 
under  increasing  load  levels,  and  a  sudden  increase  in  response  due  to  a  very 
small  increase  in  the  magnitude  of  the  load  is  considered  as  an  indication  of 
dynamic  instability.  The  dynamic  buckling  load  is  compared  with  the  static 
critical  load,  which  is  determined  by  the  incremental  work  criterion  [3]  using 
the  arc-length  method  [16]. 
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NUMERICAL  EXAMPLE 


A  Shallow  Arch 

As  the  first  step  of  examination,  an  implane  dynamic  instability  of  a  shallow 
arch  illustrated  in  Fig.  1  is  analyzed  and  the  results  are  compared  with  that  given 
by  Gregory  and  Plaut  [17]  and  Masuda  et  al  [18]  as  presented  in  Table  2.  The 
arch  has  two  hinges  and  sinusoidal  configuration.  It  is  subjected  to  a  centrally 
applied  concentrated  step  loading  (Fig.  1). 

Response  analysis  of  various  magnitudes  of  the  step  load  in  the  time 
domain  is  conducted.  A  non-dimensional  average  displacement  5  used  in  the 
plotting  is  defined  as  the  ratio  of  summation  of  the  nodal  deflection  to  that  of  the 
nodal  height  at  the  initial  state.  The  mass  density  is  7.85  x  10^  kgf/cm^  and  a 
time  step  of  0.001  seconds  is  adopted. 

Static  and  dynamic  buckling  loads  in  the  present  analysis  are  obtained  by 
using  both  4  elements  and  8  elements  to  model  the  structure.  The  maximum 
values  of  6  versus  the  magnitude  of  the  step  load  are  presented  in  Fig.  2. 
Dynamic  buckling  load  is  found  to  be  about  78%  of  the  static  buckling  load  for 
both  models.  Comparisons  shown  in  Table  2  indicated  that  the  present  results 
are  in  good  agreement  with  that  in  the  references  as  the  number  of  elements  is 
increased. 


A  Star  Shaped  Shallow  Dome 

The  dynamic  instability  of  the  three-dimensional  star  shaped  shallow  dome 
(Fig.  3)  previously  analyzed  under  static  load  in  Ref.  [3]  is  studied.  The 
structure  is  herein  modeled  with  1  element  per  member  and  subjected  to  a 
vertical  concentrated  load  at  the  central  node.  Only  step  loading  as  shown  in 
Fig.l  is  considered.  A  mass  density  of  2400  kg/rn^  and  a  time  step  of  0.001 
seconds  are  adopted.  The  curve  of  magnitude  of  step  load  versus  the  maximum 
displacement  at  the  central  node  is  depicted  in  Fig.  4.  The  dynamic  critical  load 
is  found  to  be  457N,  which  is  about  81%  of  the  static  buckling  load  (Fig.  5).  The 
same  structure  has  also  been  analyzed  by  Coan  [8]  and  Kassimali  and  Bidhendi 
[9]  as  a  space  truss.  For  the  same  load  condition,  the  dynamic  buckling  loads 
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were  about  79%  and  76%  of  the  static  buckling  load  for  step  loading  in  those 
two  references. 


CONCLUSION 

A  non-linear  dynamic  analysis  of  spatial  frames  with  arbitrary  finite  rotations 
has  been  successfully  implemented.  It  has  been  demonstrated  by  the  examples 
that  the  present  procedure  is  capable  of  handling  the  large  rotations  experienced 
in  the  three-  dimensional  frame  analysis  by  using  small  linear  increments  in  the 
co-rotational  approach.  Non-linear  behavior  of  frames  under  dynamic  loading 
can  be  easily  obtained  by  the  proposed  integration  and  iteration  method  in 
time-history  analysis.  Dynamic  critical  load  can  be  predicted  accordingly  with 
multiple  processing  of  the  program  under  different  load  levels.  Without  pre- 
loading,  the  dynamic  buckling  loads  of  the  frames  in  this  study  under  step 
loading  are  found  somewhat  lower  than  the  static  buckling  loads. 
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E=2.1  X  10®Kgf/cm^  L=100cm 

Fig.l:  Geometry,  material  properties  and  load  condition  of  the  arch 
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Fig.  2:  Load  verses  maximum  displacement  factor  5  of  the  arch 
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Area  =  31 7  mm^ 
ly- 2.377  XlO'^mm^ 
E  -  3.03  X  103  N/mm^ 


lx- 0.918  XlO^mm^ 
lz-0295X10^mm^ 

G  =  1.096X103N/mm2 


Fig.  3:  Geometry,  material  properties  and  load  condition  of  the  dome 


Fig.  4:  Load-deflection  curve  for  the  step  loading  of  the  star  shaped  dome 
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Fig.  5:  Load-deflection  curve  under  static  load  of  the  star  shaped 


Table  2:  Comparison  of  the  static  and  dynamic  buckling  loads  of  the  arch 


Source 

Static  buckling  load 

(Kgf) 

Dynamic  buckling  load 

(KgQ _ 

163.7 

126.8 

Masuda  et  al.  (4  ele.) 

NA 

120.0-120.5 

NA 

125.0-125.5 

Present  Analysis  (4  ele.) 

146.3 

114.2 

Present  Analysis  (8  ele.) 

159.03 

123.9 
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Abstract 

An  inverse-filtering  technique  for  the  in-service  recovery  of 
mechanism  motion  from  casing  response  measurements  is  presented. 
Different  processing  options  are  discussed  based  on  experimental 
results.  In  particular,  the  capability  of  some  FRF  estimators  and 
cepstral  smoothing  is  pointed  out.  The  results  are  satisfactory. 


1.  INTRODUCTION 

Vibration  analysis  is  widely  used  in  the  field  of  condition 
monitoring  and  fault  diagnostics  of  machinery,  with  applications  in 
predictive  maintenance,  quality  control  and  automation.  This  paper 
deals  with  diagnostics  in  automatic  packaging  machines  of  high 
performances.  These  machines  are  composed  of  sub-assemblies,  each 
embodying  one  or  more  mechanisms  for  reciprocal  or  intermittent 
motion,  designed  to  achieve  the  proper  motion  of  the  output  link, 
acting  on  the  product.  Unfortunately,  due  to  mechanism  vibrations,  the 
actual  motion  may  be  quite  different  from  the  theoretical  one.  These 
vibrations  are  excited  by  variable  forces,  such  as  inertia  forces,  and 
internal  shocks  which  occur  in  the  kinematic  pairs  with  backlash  when 
contact  forces  reverse  [1-3].  Joint  wear  causes  backlashes  to  increase 
and  more  intense  shocks  to  take  place.  These  effects  may  produce 
stronger  deviations  of  the  actual  motion  from  the  theoretical  one  and, 
consequently,  unacceptable  product  quality  and  poor  production;  in 
addition,  higher  accelerations  and  dynamic  overloads  may  arise.  In  this 
kind  of  mechanism,  mechanical  breakage  is  very  infrequent,  so  the 
predominant  aim  of  condition  monitoring  is  preventing  the  mechanism 
from  the  above  improper  conditions. 

In  this  context,  the  best  strategy  would  be  to  measure  the  output 
motion,  which  can  be  directly  related  to  the  mechanism  functional 
limits  and  to  the  actual  inertia  forces.  Moreover,  mathematical  models 
of  the  mechanism  can  be  easily  used  as  a  diagnostic  tool  [3]. 

However,  in  automatic  machines,  as  well  as  in  many  other 
engineering  applications,  it  is  practically  impossible  to  motmt 
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transducers  on  the  mechanism  links  during  machine  operation;  as  a 
matter  of  fact,  monitoring  and  diagnostics  are  generally  performed  by 
analysing  the  machine  casing  vibrations  [4, 5]. 

It  is  noteworthy  that  casing  vibrations  are  excited  by  the  forces 
transmitted  by  the  mechanisms,  whose  dynamic  behaviour  is  the  result 
of  numerous  factors,  including  the  kinematic  and  dynamic  properties 
of  the  mechanism  itself,  external  forces,  parametric  excitations,  friction, 
backlash  effects  in  joints  and  faults.  However,  the  casing  response  is 
generally  distorted  with  respect  to  mechanism  forces  because  machine 
structures  have  complicated  transfer  functions,  due  to  dispersion, 
multi-path  transmission  and  reverberation  phenomena.  The  effect  of 
the  transfer  fimction  (TF)  between  mechanism  components  and  casing 
can  be  so  important  that  information  about  faults  might  be  partially  or 
completely  hidden  in  the  casing  vibration  [6,  7],  i.e.  low  sensitivity  to 
faults  and  poor  diagnostic  capability  might  be  the  result.  Besides,  to 
correlate  the  casing  vibration  parameters  to  machine  condition  may  be 
difficult,  because  of  the  result  scattering  between  nominally  identical 
machines  in  analogous  health  conditions  [8, 9]. 

For  the  mentioned  reasons,  it  is  desirable  to  recover  the  actual 
quantities  of  interest  -  i.e.  mechanism  forces  or  motion  -  from  the 
casing  response.  This  can  be  carried  out  by  means  of  an  inverse¬ 
filtering  technique  [10],  that  consists  of  the  experimental  estimation  of 
the  TF  between  these  quantities  and  the  casing  vibration.  The  TF 
estimate  can  be  used  in  production  to  recover  the  desired  functional 
quantities  from  the  measurement  of  the  casing  vibration.  Different 
approaches  and  implementations  can  be  found  in  literature,  including 
applications  to  reciprocating  machinery  [7,  9,  10],  gear  systems  [11-13] 
and  cam  mechanisms  [3-5, 14]. 

In  the  specific  case  of  automatic  machines,  previous  works  [3-5] 
have  shown  that  the  actual  motion  of  one  of  the  mechanisms  embodied 
in  a  sub-assembly  can  be  satisfactorily  recovered,  but  in  some  cases 
poor  results  may  be  produced  by  errors  affecting  the  TF  estimation.  In 
particular,  difficulties  were  foimd  for  sub-assemblies  containing  two 
mechanisms  [14].  This  work  is  a  contribution  to  overcome  the  above 
mentioned  problems  and  to  assess  an  effective  inverse-filtering 
technique.  To  this  end,  some  estimators  of  the  inverse  filter  have  been 
considered  and  developed  for  the  application  to  the  specific  case.  The 
results  are  compared  on  the  basis  of  experimental  tests  carried  out  on  a 
subassembly  containing  two  mechanisms,  both  in  soimd  and  faulted 
conditions.  The  capability  of  the  TF  estimators  is  firstly  compared;  the 
application  of  cepstral-smoothing  [7,  9,  10]  is  then  discussed  for 
assessing  the  effectiveness  of  these  techniques  in  order  to  increase  the 
robustness  of  the  inverse-filtering  process. 
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2.  INVERSE-FILTERING  PROCESS 
2.1.  General  outline.  The  various  sources  of  excitation  in  the 
machinery  produce  both  output  link  motion  and  casing  vibrations. 
With  reference  to  a  specific  sub-assembly  embodying  only  one  cam 
mechanism,  the  actual  motion  of  the  output  link  can  be  considered  as 
the  response  of  the  mechanism  to  the  input  motion  imposed  by  the 
curve  manufactured  on  the  cam  working  surface.  On  the  other  hand, 
the  casing  vibration  can  be  considered  as  the  response  of  the  machine 
structure  to  the  same  excitation,  though  the  path  is  now  more 
complicated.  Therefore,  two  transfer  functions  exist  between  the  cam 
curve  and,  respectively,  the  output  motion  and  the  casing  vibration: 
H'(f)  =  YJf)  /  X,(/),  and  H"(f)  =  Y/f)  /  X,(/),  where  X,(f),  YJf)  and  Y/f) 
are  the  Fourier  transforms  of  the  cam  curve,  the  output  link 
acceleration  and  the  casing  acceleration  at  a  specific  location, 
respectively.  Consequently,  fhe  TF  between  the  acceleration  of  the 
output  link  and  the  casing,  H(f),  can  be  defined  as  the  ratio  between 
H"(f)  and  H'(f): 


H(f)  =  y/fi  I  yjfi = H"(fi /mf) .  (i) 

The  complex  inverse  of  this  TF,  is  the  filter  fimction  (or 

inverse  filter)  [10]  needed  in  order  to  recover  the  output  acceleration 
by  filtering  the  casing  acceleration:  YJf)  -  H.Jfl  Yff), 

Since  the  exact  filter  function  H.Jf)  is  not  known  and  its 
estimation  is  required,  the  following  recovering  technique  was 
proposed  [3,  14].  Preliminarily,  the  inverse  filter  is  estimated  for  each 
individual  machine,  for  example  at  the  installation  stage  [Fig.  1(a)]: 
both  the  output  link  acceleration,  yjt),  and  the  casing  acceleration  at  a 
properly  selected  location,  yft),  are  experimentally  achieved;  as  an 
estimate  of  H(fl,  the  Frequency  Response  Function  (FRF), H(  f ),  is  then 
evaluated  considering  the  output  link  acceleration  as  the  input;  finally, 
the  filter  function  estimate, /)/  is  obtained  by  complex  inversion 
of  the  FRF.  During  machine  working  life  this  filter  function  is  used  for 
recovering  the  output  acceleration  [Fig.  1(b)]:  only  the  acceleration  of 
the  selected  point  on  the  casing  is  periodically  or  continually  picked 
up;  the  output  link  acceleration  spectrum,y^(/ j,  is  then  computed 
based  on  the  casing  acceleration  spectrum,  /  ),  and  the  inverse  filter 
estimate;  finally,  the  time  pattern  of  the  output  acceleration, ym(t),  can 
be  recovered  and  analysed  for  monitoring  and  diagnostic  purposes. 
This  recovering  operation  is  possible  in  any  health  condition  on  the 
reasonable  hypothesis  that  the  filter  function  is  practically  independent 
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of  the  faults  that  may  take  place. 
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Fig.  1  -  Inverse-filtering  process,  (a)  Inverse  filter  estimation  in  the 
preliminary  stage;  (b)  use  of  the  inverse  filter  for  the  mechanism 
motion  estimation  in  production. 


It  was  noted  in  [3]  that  the  above  described  technique  is  unable 
to  properly  restore  the  first  cam  revolution  harmonics  due  to  the  fact 
that  the  casing  response  is  generally  very  low  in  that  frequency  range 
and  consequently  the  FRF  estimation  is  poor.  However,  it  was  found 
that  the  first  harmonics  are  almost  insensitive  to  mechanism 
conditions;  in  fact,  they  essentially  describe  the  theoretical  pattern  of 
output  acceleration,  while  the  superposed  vibrations  are  due  to  higher- 
frequency  components.  Thus,  the  output  acceleration  spectrum  can  be 
recovered  by  copying  lower  components  from  an  output  acceleration 
spectrum  measured  and  stored  in  the  preliminary  stage,  and  by 
recovering  only  higher  components  by  the  above  described  process  of 
Fig.  1(b),  see  [3].  In  the  case  considered  in  this  paper,  this  copying 
operation  concerns  the  range  0  to  40  Hz,  containing  the  first  four 
revolution  harmonics. 


2.2.  Transfer  function  estimation.  FRF  measurements  are  the  base  of 
several  techniques  for  the  frequency  domain  identification  of  the 
dynamic  characteristics  of  structural  systems.  They  are  employed  to 
such  technologies  as  experimental  modal  analysis,  structural  systems 
identification,  and  force  determination  to  name  a  few.  In  the  strict 
sense  of  the  term,  the  FRF  can  be  defined  only  for  a  linear,  time 
invariant  system,  so  it  cannot  be  defined  for  the  system  under 
consideration.  However,  since  the  purpose  is  not  the  accurate  system 
identification  but  the  approximate  signal  recovery,  the  use  of  the  FRF 
can  be  admissible.  An  additional  cause  of  errors  is  that  the  casing 
response  is  generally  affected  by  vibrations  due  to  other  mechanisms. 
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as  occurs  in  particular  when  two  or  more  mechanisms  are  embodied  in 
the  same  sub-assembly  [14].  Also,  measurement  and  computational 
errors  are  present. 

For  a  generic  linear  time  invariant  system,  in  the  case  of  single 
input  and  single  output  (SISO),  the  true  FRF  is  defined  as 
Hj[f)=Y(f)/X(f),  where  X(f)  and  Y(f)  are  respectively  the  Fourier 
transforms  of  the  input  and  output  signals  [15],  Several  FRF  estimation 
techniques  have  been  proposed  in  literature  in  order  to  minimize  the 
error  effects:  estimates  obtained  with  Least  Square  techniques  (i.e. 
and  H2),  with  Total  Least  Square  Techniques  (i.e.  Hy)  and  by  means  of 
Average  Methods  (i.e.  and  [16-18].  The  most  popular  estimation 
methods  for  xmcorrelated  input  and  output  noise  are  [16] 


SM)' 


H2(f)  = 


Sy,(f) 

SyAf)' 


(2) 


where  SJf)  and  SJf)  are  the  autopower  spectra  of  the  input  and 
output,  respectively,  S^(fi=E[X(fiY(fi]  is  the  crosspower  spectrum  (the 
symbol  E[-]  denotes  the  expectation  operator)  and  S^(f)  the  complex 
conjugate  of  S^(f).  The  estimator  is  the  least  square  solution  for  the 
true  FRF  which  mmimises  the  bias  effects  of  output  noise;  conversely, 
the  estimator  minimises  the  effects  of  input  noise  [16].  It  should  be 
noted  that  the  estimator  is  more  accurate  at  the  resonances  because 
the  output  signal  to  noise  ratio  (SNR)  is  high,  so  that  the  noise  to  be 
minimised  is  that  which  affects  the  excitation.  On  the  contrary,  at  the 
anti-resonances  the  better  estimator  is  and  H2  overestimates  the  true 
FRF  substantially. 

As  the  assumption  that  errors  are  confined  to  the  input  or  the 
output  signal  is  usually  unrealistic,  other  techniques  have  been 
proposed.  Among  them,  the  Hy  technique  [17]  aims  to  rnirdmize  the 
total  squared  error  on  both  input  and  output  and  proved  to  be  effective 
in  many  circumstances.  Besides,  according  to  the  observation  that 
and  H2  are  respectively  a  lower  and  upper  boimd  estimators  of  H^,  new 
estimators  defined  as  their  arithmetic  mean,  Hy  and  geometric  mean, 
Hy  were  proposed  [16, 18]: 

=  +  (/)•//,(/).  (3) 

It  is  worth  noting  that  the  phase  of  estimators  Hj  and  H2  is  the  same 
and,  consequently,  this  phase  is  also  the  one  of  estimators  H^  and  H^ 

Since  the  Hy  estimator  reduces  to  H^  for  SISO  systems  [17],  and 
the  application  of  other  estimators  proposed  in  literature  does  not 
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seem  suitable  in  the  present  case,  only  the  results  obtained  by  using 
estimators  Hj,  and  were  compared  in  this  work. 

2.3.  Cepstral  smoothing.  The  cepstral  smoothing  [9,  10]  of  a  signal  is 
performed  by  applying  a  window  to  the  signal  complex  cepstrum,  c(t) 
-  i.e.  the  inverse  Fourier  transform  of  the  logarithm  of  the  signal 
spectrum  -  in  order  to  extract  from  the  signal  only  the  low-quefrency 
information.  In  details,  the  smoothed  complex  cepstrum,  c^Jr),  is 
obtained  as:  c^Jt)=c(t)^w(t),  where  c(t)  is  the  complex  cepstrum 
computed  on  the  signal  spectrum  X(f),  after  phase  unwrapping,  and 
w(t)  is  the  cepstral  window  which  eliminates  the  high-quefrency 
components.  By  coming  back  to  the  frequency  domain,  a  smoothed 
version  of  the  spectrum,  X^(f),  is  obtained,  as  windowing  the  cepstrum 
is  equivalent  to  a  smoothing  operation  in  the  frequency  domain.  The 
use  of  a  window  function  other  than  the  rectangular  one  is  needed  in 
order  to  avoid  discontinuity  in  the  cepstrum  and  related  spectrum 
errors  at  high  frequencies  [9].  If  only  smoothed  magnitude  is  required, 
the  original  phase  must  be  used. 

Cepstral  smoothing  was  applied  in  literature  both  to  the  TF  and 
the  casing  response  [7,  9, 10, 13]  in  order  to  improve  the  robustness  of 
the  inverse  filter.  In  the  case  of  automatic  machines,  it  was  found  [14] 
that  the  complex  inversion  of  the  FRF  may  produce  poor  results  at 
those  frequencies  where  the  amplitude  is  very  low;  in  this  case,  cepstral 
smoothing  could  make  it  possible  to  overcome  the  problem. 

3.  EXPERIMENTAL  RESULTS  AND  DISCUSSION 

Tests  were  carried  out  on  a  sub-assembly  mounted  on  a 
complete  machine,  set-up  for  normal  operation.  This  sub-assembly 
contains  two  cam  mechanisms  acting  on  the  same  output  link,  in  order 
to  give  it  two  motions:  a  reciprocal  translating  motion  and  a  reciprocal 
rotational  motion  aroimd  the  link  axis.  Thus  the  motions  of  both 
mechanisms  contribute  to  the  case  vibration,  possibly  causing 
difficulties  in  recovering  one  of  the  motions,  as  indicated  by  the  results 
presented  in  [14].  This  paper  only  concerns  the  recovery  of  the 
translating  motion.  Such  a  motion  is  obtained  by  means  of  the 
mechanism  of  Fig.  2,  made  up  of  a  cylindrical  cam  and  a  follower 
system  composed  of  a  lever  with  two  rollers  which  engage  the  cam  rib, 
a  small  connecting  rod  and  the  output  link  acting  on  the  product. 

The  results  deal  with  two  health  conditions:  sound  condition 
and  artificially  increased  backlash  between  the  cam  and  rollers  of  the 
mechanism  for  the  translating  motion.  The  backlash  in  the  latter 
condition  -  simulating  the  typical  fault  of  this  type  of  machines,  i.e. 
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wear  in  joints  -  was  about  twelve  times  greater  than  in  the  first:  it  was 
judged  to  be  a  limit  condition  for  production,  so  that  maintenance  is 
required  as  soon  as  possible. 


Fig.  2  -  Schematic  of  the  mechanism  for  reciprocal  translating  motion. 


0  1000  2000  3000  4000  5000 

Frequency  [Hz] 

Fig.  3  -  Measured  output  link  acceleration  in  soimd  conditions,  (a)  Time 
pattern;  (b)  amplitude  spectrum. 

The  output  link  acceleration  was  measured  using  an 
accelerometer,  mounted  at  the  extremity  of  the  output  link  with  its 
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sensitivity  axis  coincident  with  the  link  axis,  while  the  casing 
acceleration  was  picked  up  next  to  the  lever  bearings  by  means  of  a 
second  accelerometer;  moreover  a  one-per-cam  revolution  tachometer 
signal  was  collected  by  an  inductive  proximity  probe. 


Time  [s] 


Time  [s] 


Fig.  4  -  Output  link  acceleration  in  sound  conditions  recovered  by  means  of 
inverse  filters  estimated  through  various  algorithms:  (a)  H,,  (b) 
(c)H3,(d)H,. 

Figure  3(a)  shows  the  time  pattern  of  the  measured  output  link 
acceleration,  corresponding  exactly  to  one  machine  cycle  (one  cam 
revolution)  and  beginning  at  the  bottom  of  the  output  link  stroke.  It  is 
worth  noting  the  presence  of  oscillations  superimposed  to  the 
theoretical  acceleration,  produced  by  the  internal  shocks  occurring 
when  the  roller  hits  the  cam  surface;  this  happens  at  the  beginning  of 
the  motion  and,  during  the  motion,  when  the  inertia  force  direction 
reverses  (at  about  50  and  95  ms),  the  backlash  is  traversed  and  the 
contact  side  between  rollers  and  cam  rib  changes.  Figure  3(b)  shows 
the  amplitude  spectrum  of  the  same  signal,  computed  over  a  time 
pattern  corresponding  exactly  to  five  cam  revolutions  with  rectangular 
window  (as  well  as  the  other  spectra  presented  in  this  paper).  The  low- 
frequency  components  exceed  the  diagram  amplitude  range,  as  the 
scale  is  set  with  the  aim  of  showing  the  high-frequency  components 
more  clearly. 
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The  recovery  procedure  described  in  Sect.  2.1  was  applied.  The 
FRF  between  the  output  link  acceleration  and  the  casing  acceleration 
was  estimated  for  the  mechanism  in  sound  condition  by  means  of  the 
autopower  and  crosspower  spectra  evaluated  over  20  averages,  in  the 
range  0-5  kHz,  using  Hanning  window  and  frequency  resolution  of  1.5 
Hz  (blocksize  of  8192  points).  Since  only  data  acquired  at  the  maximum 
cam  speed  of  500  rpm  were  employed,  the  inverse-filtering  process 
may  give  bad  results  at  different  speeds.  However,  properly 
recovering  the  output  link  motion  only  at  one  particular  speed,  taken 
as  reference,  may  be  enough  for  diagnostics.  In  other  tests  [3],  on  the 
contrary,  these  spectra  were  evaluated  by  averaging  data  relative  to 
several  cam  speeds,  in  order  to  obtain  an  inverse  filter  useful  for 
different  speeds,  with  the  drawback  of  longer  test  time. 
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Frequency  [Hz] 


Fig.  5-  Amplitude  spectrum  of  the  output  link  acceleration  in  sound 
conditions,  recovered  by  means  of  inverse  filters  estimated  through 
various  algorithms:  (a)  (b)  (c)  (d)  H^. 

The  capability  of  the  FRF  estimators  mentioned  in  Sect.  2.2  is 
assessed  by  comparing  the  output  link  acceleration  recovered  by 
means  of  the  related  inverse  filters  (Figs.  4  and  5)  to  the  acceleration 
directly  measured  in  sound  conditions  (Fig.  3).  Estimator  produces 
completely  unsatisfactory  recovery  [Fig.  4(a)]  because  the  FRF  is 
underestimated  and  consequently  causes  the  inverse  filter  and  the 
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recovered  spectrum  to  assume  incorrectly  high  amplitude  over  wide 
frequency  ranges  [Fig.  5(a)].  The  other  estimators  give  better  results. 
The  recovered  acceleration  waveforms  [Figs.  4(b)-(d)]  are  quite  good; 
deviations  from  the  measured  waveform  are  observable  mainly  at  35  to 
50  ms,  where  the  recovered  waveforms  exhibit  oscillations  of  higher 
amplitude.  Moreover,  the  amplitude  relationships  between  the 
oscillations  at  0  to  25  ms  and  95  to  120  ms  are  altered  by  using  H^,  while 
a  satisfactory  recovery  is  obtained  through  in  spite  of  a  slight 
disagreements  in  the  oscillation  amplitude.  In  addition,  the  high- 
frequency  vibrations  superimposed  to  the  time  pattern  are  rather  well 
recovered  only  by  means  of  in  fact,  the  amplitude  spectra  recovered 
by  and  H,  are  globally  underestimated,  while  the  spectrum  obtained 
through  is  rather  good  [Figs.  5(b)-(d)].  As  general  results,  the 
application  of  gives  the  most  satisfactory  recovery  in  soimd 
conditions,  while  the  use  of  produces  results  of  intermediate  quality 
between  and  H^. 
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Fig.  6  -  Output  link  acceleration  in  the  case  of  increased  backlash,  (a) 
Measured  pattern.  Recovered  patterns  using  algorithm  H;.  (b) 
without  smoothing;  (c)  with  1/2-blocksize  cepstral  smoothing;  (d) 
with  1/4-blocksize  cepstral  smoothing. 

Similar  results  about  the  applications  of  the  estimators  were 
found  in  the  case  of  increased  backlash;  however  the  recovery  is  not  so 
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Fig.  7  -  Amplitude  spectrum  of  the  output  link  acceleration  in  the  case  of 
increased  backlash,  (a)  Measured  pattern.  Recovered  patterns  using 
algorithm  (b)  without  smoothing;  (c)  with  1 /2-blocksize  cepstral 
smoothing;  (d)  with  1/4-blocksize  cepstral  smoothing. 

The  cepstral  smoothing  was  applied  in  [9]  with  the  aim  of 
evaluating  a  robust  inverse  filter,  able  to  recover  waveforms  of  rather 
simple  shapes,  and  scarcely  affected  by  the  TF  variability  among 
nominally  identical  machines,  as  well  as  errors  in  transducer  locations. 
In  that  work,  not  only  the  TF  is  smoothed,  but  also  the  casing  response 
spectrum  employed  for  the  source  waveform  recovery;  in  addition,  a 
quite  narrow  cepstral  window  seems  to  be  used.  On  the  other  hand, 
the  application  considered  in  the  present  paper  has  different  needs,  as 
the  objective  is  to  accurately  recover  a  link  motion  pattern  of 
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complicated  shape;  so  the  evaluation  of  the  inverse  filter  for  each 
individual  machine  is  required  and  the  use  of  the  measured  casing 
response  -  without  smoothing  -  is  suitable.  Thus,  according  to  the 
procedure  described  in  Sect.  2.3,  the  cepstral  smoothing  of  the 
magnitude  of  the  FRF  estimated  in  sound  condition  through  algorithm 
has  been  carried  out,  in  order  to  eliminate  only  the  narrow  peaks 
and  dips,  which  may  be  affected  by  localized  but  important  estimation 
errors. 
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Fig.  8  -  FRF  estimated  by  means  of  algorithm  in  sound  conditions,  (a) 
Without  smoothing  (thin  line)  and  using  1/2-blocksize  cepstral 
smoothing  (thick  line);  (b)  without  smoothing  (thin  line)  and  using 
1  /4-blocksize  cepstral  smoothing  (thick  line). 


The  length  of  the  cepstral  window  must  be  properly  set,  taking 
into  account  that  too  narrow  windows  would  cause  the  loss  of 
meaningful  information  and,  consequently,  imacceptable  alterations  of 
the  recovered  waveform.  Figure  8  compares  the  original  FRF  with  the 
smoothed  versions  obtained  applying  Hanning  cepstral  windows  of 
length  equal  to  1/2  and  1/4  of  the  blocksize  (4096  and  2048  points, 
respectively).  The  two  smoothed  FRF's  exhibit  meaningful  differences 
only  in  the  low  frequency  range  0-160  Hz,  where  quite  wide  peaks  and 
dips  are  present;  the  use  of  1/2-blocksize  window  appears  to  be 
suitable,  while  the  1  /4-blocksize  window  seems  to  introduce  excessive 
simplifications  in  the  low-frequency  range.  This  is  verified  by 
considering  the  effects  of  the  cepstral  smoothing  on  the  recovered 
signals.  In  the  case  of  increased  backlash,  the  1/2-blocksize  smoothing 
produces  significant  improvement  in  the  time  waveform  [Fig.  6(c)], 
reducing  the  overestimation  of  the  oscillation  amplitude  at  about  18  ms 
and  in  the  zones  30  to  50  ms  and  80  to  90  ms;  this  is  the  consequence  of 
the  improvement  of  the  spectrum  recovery  [Fig.  7(c)]  chiefly  in  the 
range  150  to  270  Hz.  On  the  other  hand,  the  1 /4-blocksize  smoothing 
does  not  introduce  further  improvements,  but  it  conversely  gives 
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errors  in  the  40  to  80  Hz  range  of  the  recovered  spectrum  [Fig.  7(d)], 
where  the  relationships  between  component  amplitude  are  strongly 
altered  with  respect  to  the  measured  spectrum;  the  reason  is  that  the 
FRF  is  excessively  smoothed  in  that  range.  In  soimd  conditions  it  has 
been  shown  that  the  recovery  without  smoothing  is  satisfactory;  the 
cepstral  smoothing  does  not  introduce  meaningful  changes,  but  orrly  a 
slight  improvement  at  25  to  50  ms.  Besides,  the  phase  smoothing  does 
not  give  significant  advantages  in  the  considered  tests. 

4.  CONCLUSIONS 

This  paper  presents  an  inverse-filtering  technique  for  the  in- 
service  recovery  of  the  motion  of  the  output  link  in  mechanisms  for 
reciprocal  or  intermittent  motion,  used  in  high  performance  packaging 
automatic  machines.  In  this  case,  waveforms  of  complicated  shape 
have  to  be  accurately  recovered  -  taking  into  account  TF  differences 
between  nominally  identical  machines  -  in  order  to  directly  assess 
health  condition  and  obtain  diagnostic  information. 

On  the  basis  of  experimental  results  concerning  a  sub-assembly 
embodying  two  cam  mechanisms,  the  effectiveness  of  different 
processing  options  is  discussed  with  the  aim  of  improving  the 
robustness  of  inverse  filter  and  reducing  estimation  errors.  In 
particular,  the  capability  of  some  FRF  estimators  is  firstly  compared 
and  the  application  of  cepstral  smoothing  is  then  discussed. 
Satisfactory  recovery  both  in  sound  and  in  faulted  conditions  is 
obtained  by  means  of  algorithm  while  the  cepstral  smoothing  of  the 
FRF  magnitude  produces  significant  improvement,  particularly  in 
faulted  conditions,  on  condition  that  the  length  of  the  cepstral  window 
is  properly  set.  In  fact,  too  narrow  windows  may  cause  the  loss  of 
meaningful  information  and  consequent  alterations  of  the  recovered 
waveform. 

As  a  final  remark,  the  proper  selection  of  the  FRF  estimation 
technique  appears  to  be  essential  for  correct  waveform  recovery,  while 
cepstral  smoothing  may  give  significant  improvement,  but  it  may  not 
compensate  relevant  errors  due  to  FRF  estimation. 

The  application  of  the  proposed  technique  to  other  mechanisms 
presenting  faults  of  different  severity  is  needed  in  order  to  establish  its 
general  effectiveness. 
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abstract 

A  material  model  to  describe  the  dynamic  tensile  behaviour  of  quasi 
brittle  materials,  as  concrete,  Avas  developed  within  the  framework  of 
damage  mechanics.  The  constitutive  equations  contain  some  material 
parameters.  The  presented  contribution  deals  with  the  determination  of 
these  parameters.  An  automatic  procedure  has  been  worked  out.  By 
means  of  a  combined  experimental-numerical  technique  the  start-values 
of  the  parameters  are  optimized.  The  experimental  results,  needed  for 
the  determination  of  the  material  constants,  are  obtained  by  split 
Hopkinson  bar  tests.  For  the  numerical  simulations  the  constitutive 
equations  describing  the  dynamic  material  behaviour  have  been 
implemented  in  a  finite  element  program. 

1.  Introduction 

For  the  development  of  the  material  models  or  the  determination  of  material 
constants  experimental  results  are  needed.  In  medium  to  high  strain  rate  (strain 
rates  from  1  to  5000  s"^)  material  testing  [1]  split  Hopkinson  bar  setups  [2]  (or 
Kolsky  apparatus[3][4])  are  often  used.  This  is  because  practical  test  execution 
is  relatively  simple  and  because  Hopkinson  tests  give  rise  to  straightforward 
interpretation  of  the  test  results  [5]  [6].  The  test  method  was  originally 
designed  for  metallic  materials;  materials  showing  large  deformations  upon 
rupture.  Under  some  conditions  the  stress  and  the  deformation  in  metallic 
specimens  during  an  experiment  are  assumed  to  be  uniaxial  and  homogenous. 
As  can  be  proved,  in  that  case  the  history  of  stress,  strain  and  strain  rate  in  the 
specimen  during  an  experiment  can  be  obtained  very  easily. 

However,  for  non-metallic  materials  the  test  technique  has  some  limitations. 
When  used  for  (quasi-)brittle  materials  the  experimental  setup  and  the 
extraction  of  the  signals  have  to  be  adapted.  One  reason  for  this  is  the  low 
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accuracy  of  the  test  method  in  the  region  of  small  strains  [7].  Another  reason  is 
a  consequence  of  the  softening  behaviour  exhibited  by  quasi-brittle  materials; 
the  deformation  will  be  highly  localised  in  a  small  zone  of  the  specimen. 
Consequently  test  conditions  deviate  from  ideal  Hopkinson  bar  test  conditions. 
In  such  case  the  classical  test  setup  and  treatment  of  the  signals  do  not  provide 
information  concerning  the  actual  distribution  of  stress  and  deformation  along 
the  specimen.  The  classical  treatment  of  the  signals  does  not  allow  verification 
of  the  assumptions  made  on  behalf  of  the  stress  and  deformation  in  the 
specimen.  Verification  of  the  assumptions  is  only  possible  by  measuring  on  the 
specimen  itself  to  obtain  the  deformation  over  the  length  of  the  specimen  or  by 
performing  a  wave  analysis  in  the  specimen  by  means  of  numerical 
simulations.  We  chose  the  latter  method.  By  means  of  the  finite  element 
method  we  simulated  the  deformations  and  stresses  in  the  specimen.  Time 
histories  of  stresses  and  strains  at  different  places  in  a  specimen  were  obtained 
by  means  of  dynamic  simulations  with  an  appropriate  material  model  and 
well-determined  material  constants. 

After  a  short  review  of  the  split  Hopkinson  bar  test  technique  and  the 
constitutive  equations  used  to  describe  the  dynamic  tensile  behaviour  of  quasi- 
brittle  materials,  attention  is  focussed  on  the  extraction  of  the  material 
constants. 


2.  Test  method 

2.1.  The  split  Hopkinson  bar  setup 

Figure  1  provides  a  schematic  representation  of  a  typical  split  Hopkinson  bar 
setup  for  tensile  testing.  The  experimental  setup  of  a  split  Hopkinson  bar  test 
consists  of  two  long  bars,  an  input  bar  and  an  output  bar,  between  which  a 
specimen  is  sandwiched.  In  the  setup  used  for  our  experiments,  the  input  bar 
has  a  length  of  2.25  m,  the  output  bar  is  1.45  m  long.  Both  Hopkinson  bars  are 
aluminium  bars  with  a  diameter  of  25  mm.  The  choice  of  the  Hopkinson  bar 
material  and  dimensions  is  based  on  numerical  simulations  [8]. 

The  anvil  at  the  outer  end  of  the  input  bar  is  hit  by  an  impactor,  which  is 
generally  pneumatically  accelerated.  A  tensile  strain  wave  the  so-called 
incident  wave,  is  thus  generated  and  propagates  along  the  input  bar  towards 
the  specimen.  Upon  reaching  the  specimen  the  wave  is  partly  reflected  back  to 
form  the  reflected  wave  s^,  and  is  partly  transmitted  to  form  the  transmitted 
wave  The  strains  associated  with  the  waves  e,,  and  are  most  often 
measured  by  means  of  strain  gauges.  These  strain  gauges  are  located  at  well 
chosen  points  on  the  bars,  away  from  the  specimen. 
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Figure  1 

Experimental  setup  of  a  typical  split  Hopkinson  pressure  bar 
device.  It  consists  of  an  input  bar,  the  specimen  and  an  output 
bar.  Strain  gages  are  used  to  measure  the  incident,  reflected  and 
transmitted  waves. 


2.2.  Treatment  of  the  signals 

The  strain  signals  have  to  be  shifted,  forward  or  backward,  towards  the 
interface  planes  with  the  specimen,  in  order  to  obtain  forces  and  displacements 
at  both  ends  of  the  specimen.  It  is  very  common  to  assume  that  the  stresses  and 
deformations  are  uniaxial  and  homogenous  in  the  specimen  [3][4].  In  that  case 
the  history  of  the  stress  a,  the  strain  z  and  the  strain  rate  t  in  the  specimen  can 
be  obtained  by : 
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with  As  (Ap)  the  area  of  a  section  of  the  Hopkinson  bars  (specimen). 

Eg  the  modulus  of  elasticity  of  the  Hopkinson  bars, 

Cs  the  longitudinal  wave  propagation  velocity  in  the  Hopkinson  bars, 

Lp  the  specimen  length. 


The  validity  of  formulas  (1)  to  (3)  limits  the  choice  of  test  conditions,  such  as 
the  specimen  geometry  and  the  length  of  the  incident  wave.  In  some  cases  the 
assumptions  of  homogenous  stress  and  deformation  in  the  specimen  are  never 
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fulfilled.  Such  is  often  the  case  when  testing  heterogenous  materials  as 
concrete  or  fibre  reinforced  materials;  the  specimen  dimensions  have  to  be 
large  compared  to  the  granulate  or  fibre  size. 


3.  Numerical  modelling 

It  is  not  the  purpose  of  this  paper  to  give  a  full  description  of  the  material 
model  used  to  describe  the  dynamic  behaviour  of  quasi  brittle  materials,  only 
an  overview  of  the  implemented  constitutive  equations  is  given.  More  details 
concerning  the  material  model  can  be  found  in  [7]. 


The  material  model  to  describe  the  dynamic  tensile  behaviour  of  materials  as 
concrete  is  developed  within  the  framework  of  damage  mechanics 
[9] [10] [11].  A  damage  parameter  D  is  introduced;  D  describes  the  gradual 
degradation  of  the  stiffness  the  material  : 

E  =  E,{\-D),  D  =  \-^  (4) 

^0 


with  Eq  the  stiffness  of  the  undamaged  material  and  E  the  stiffness  reduced  by 
damage  of  the  material.  The  value  of  D  varies  from  0  for  the  undamaged 
material  to  1  when  the  stiffness  of  the  material  is  completely  lost.  The  stress 
can  be  calculated  from  : 

da  =  E^{\-D)dz-E^&d{D)  (5) 


where  de  is  the  strain  increment  and  d(d)  the  increase  of  the  damage. 

The  evolution  of  the  damage  parameter  is  described  by  a  damage  law.  When 
examining  the  damage  mechanisms  in  quasi-brittle  materials  it  seems  a  proper 
approach  to  split  the  damage  evolution  into  two  parts  :  a  part  describing  the 
nucleation  of  damage  and  a  part  describing  the  growth  of  existing  damage.  For 
the  nucleation  of  the  damage  as  a  function  of  the  stress  o  the  following 
function  is  proposed  : 
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Cl  is  a  material  constant.  05,3;  is  the  value  of  the  so-called  static  curve.  The 
static  curve  gives  the  relation  between  the  stress  and  damage  during  a  static 
tensile  test.  0^3^  is  the  maximum  value  of  the  stress  reached  in  a  static 
experiment.  During  a  dynamic  experiment  the  value  of  the  stress  o  accorded 
with  a  certain  damage  can  be  greater  than  the  value  of  of  the  static  curve; 
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the  point  (D,  a)  is  above  the  static  curve.  The  damage  development  can’t 
follow  the  stress;  in  that  case  the  damage  will  grow.  The  higher  the  strain  rate, 
the  higher  the  difference  between  and  a,  so  the  higher  will  be  the  damage 
growth.  Thus,  although  the  strain  rate  does  not  appear  explicitly  in  the 
constitutive  equations  the  proposed  material  model  is  strain  rate  dependent. 

The  propagation  term  is  quite  similar  to  the  nucleation  term  : 


D. 
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(  \ 

a 
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^stat 

2 

dt 
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a 

\  max  ^ 

^  max  ^ 
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(7) 


C7  is  a  dynamic  material  parameter. 

The  total  damage  growth  consists  of  the  sum  of  the  nucleation  (formula  (6)) 
and  propagation  (formula  (7))  term  : 


nucleatie  propagatie 


(8) 


The  constitutive  equations  (5)  and  (8)  describing  the  dynamic  material 
behaviour  have  been  implemented  in  a  finite  element  program  called 
‘TMPACT”.  IMPACT  is  a  one  dimensional  program  using  an  unconditionally 
stable  algorithm  for  the  time  integration  [7].  The  program  allows  simulation  of 
one-dimensional  wave  propagation  problems  as  arise  in  the  Hopkinson 
experiment  :  the  two  Hopkinson  bars  and  the  specimen  are  modelled  and  the 
incident  wave  6i(t)  is  applied  to  the  beginning  of  the  input  bar. 


4.  Combined  numerical-experimental  technique 

With  numerical  simulations  knowledge  of  the  dynamic  characteristics  of  the 
specimen  can  only  be  obtained  in  an  indirect  way.  Indeed,  to  simulate  the  wave 
propagation  in  the  specimen  during  a  Hopkinson  test,  knowledge  of  the 
constitutive  equations  is  necessary.  But,  in  most  cases  the  experiments  are 
performed  to  derive  these  constitutive  equations. 


This  problem  can  be  solved  by  a  so-called  “numerical-experimental”  method 
[12][1 3]  [14].  This  alternative  procedure  for  the  interpretation  of  the  test  results 
consists  generally  of  the  following  steps  : 

1.  suitable  constitutive  equations  are  assumed  with  well-chosen  start- 
values  of  the  constants, 

2.  during  the  experiment  as  much  information  as  possible  is  gathered; 
velocities  at  the  surface,  histories  of  strain,  ....  Also  the  boundary 
conditions  have  to  be  precisely  known. 
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3.  with  the  assumed  constitutive  equations  and  constants  a  numerical 
simulation  of  the  experiment  is  performed, 

4.  the  numerical  results  are  compared  with  the  experimental 
observations.  When  the  agreement  is  insufficient,  step  3  and  4 
have  to  be  repeated  with  improved  values  of  the  constants  used  in 
the  constitutive  equations, 

5.  to  verily  the  obtained  constants  and  constitutive  equations,  other 
experimental  configurations  or  other  experimental  observations 
can  be  simulated  with  the  same  material  law. 

The  constitutive  equations  presented  in  section  3  contain  two  unknown 
constants  :  Cl  and  Cl.  With  guess-values  of  those  constants  a  numerical 
simulation  of  a  Hopkinson  experiment  is  performed.  In  the  simulation  the 
measured  incident  wave  is  applied  on  the  beginning  of  the  1 .45  m-long  input 
bar  with  diameter  25  mm.  These  dimensions  correspond  with  the  real 
dimensions  of  the  bar.  With  the  considered  length  the  extraction  of  the 
reflected  wave  is  straightforward.  In  line  of  the  first  bar  a  specimen  (with  a 
length  of  10  mm  and  diameter  of  25  mm)  and  the  output  Hopkinson  bar  is 
modelled.  The  length  of  the  output  bar  in  the  simulation  is  Im,  this  is 
sufficiently  long  :  during  the  time  the  incident  tensile  wave  interacts  with  the 
specimen  no  other  waves  reach  the  specimen.  A  length  of  1  m  also  allows  the 
transmitted  wave  to  be  extracted  from  the  simulation  results  in  a  direct  way, 
without  interference  with  other  waves. 

The  incident  wave,  the  wave  reflected  by  and  the  wave  transmitted  through  the 
specimen  are  measured  during  a  Hopkinson  experiment.  All  information  (the 
strain  rate,  the  strain  and  the  stress  in  the  specimen)  derived  directly  from  these 
signals  using  formulas  (1)  to  (3)  is  based  on  assumptions  concerning  the 
homogeneity  of  stresses  and  deformations  in  the  specimen  and  thus  subject  to 
errors.  Therefor  it  is  recommended  not  to  use  the  stress,  the  strain  or  strain  rate 
obtained  by  these  formulas  to  implement  the  combined  numerical- 
experimental  method,  but  use  directly  the  transmitted  or  reflected  wave. 

The  information  in  the  reflected  wave  is  directly  connected  with  the 
deformation  of  the  specimen  (see  formula  (3)).  Together  with  the  incident 
wave,  the  reflected  wave  allows  the  extraction  of  the  stress  history  in  the 
specimen.  After  all  when  the  stress  is  homogeneous  in  the  specimen,  the 
following  equation  gives  the  same  results  as  equation  (1) : 

a(/)  =  ^  (£_(,) +  S/0)  (9) 
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Since  the  reflected  wave  is  connected  with  the  deformation  and  stress  in  the 
specimen,  we  used  the  reflected  wave  to  optimize  the  values  of  the  material 
model  parameters.  The  use  of  the  reflected  wave  has  another  important 
advantage,  explained  in  the  next  paragraph. 

When  testing  plain  microconcrete  the  process  of  the  degradation  of  the 
specimen  until  fracture  consumes  very  little  time  (±  50  psec).  After  the 
specimen  is  broken  the  incident  wave  (which  has  a  duration  of  -  200  psec)  is 
completely  reflected  on  the  fracture  surface.  Only  the  part  of  the  reflected 
wave  corresponding  to  the  time  during  which  the  specimen  is  not  completely 
broken  was  used  to  optimise  the  parameters.  The  part  of  the  wave  after  fracture 
of  the  specimen  can  be  used  to  synchronise  the  simulated  and  experimentally 
measured  waves.  Figure  2  shows  those  two  waves;  when  t>0.52  ms  the 
specimen  is  broken,  between  t=0.47  ms  and  t=0.52  ms  the  specimen  is 
degrading.  The  simulation  is  performed  v^th  start-values  of  the  material 
parameters.  This  explains  the  bad  correspondence  between  the  simulated  and 
experimental  wave  in  the  beginning. 


Figure  2 

Measured  and  simulated  history  of  the  wave  reflected  by 
the  specimen  during  a  split  Hopkinson  bar  experiment. 


Figure  3  gives  the  part  of  reflected  wave  used  for  optimisation  of  the  material 
constants.  The  experimental  wave,  the  wave  simulated  with  start  values  of  the 
parameters,  and  the  result  after  optimisation  of  the  parameters  is  presented  in 
this  figure. 
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Figure  3 

Part  of  the  measured  reflected  wave  taken  into  account  for 
the  extraction  of the  material  parameters.  Also  simulations 
of  that  part  of  the  reflected  wave  are  presented;  one  is 
performedwith  start  values  of the  parameter,  the  other  with 
the  values  of  the  parameters  after  optimisation. 


The  optimisation  of  the  constants  is  performed  automatically;  initial  values  of 
the  constants  are  optimised  without  intervention  of  the  operator.  Therefore  the 
program  IMPACT  for  the  simulation  of  the  Hopkinson  tests  is  incorporated  in 
ODRPACK  [15].  ODRPACK  is  a  package  of  routines  written  for  the  iterative 
optimisation  of  constants  and  is  based  on  the  least  squares  method.  Figure  4 
gives  the  procedure  schematically.  After  a  first  simulation  with  guess-values  of 
the  material  constants  a  so-called  goal  function  is  calculated.  This  goal  function 
is  here  the  quadratic  deviation  between  the  simulated  and  the  experimentally 
measured  reflected  wave.  Subsequent  simulations  with  adapted  values  of  the 
constants  are  performed,  every  time  the  goal  function  is  calculated,  new  values 
for  the  constants  are  proposed,  ...  that  until  the  goal  function  reaches  an 
acceptable  minimum  and  thus  the  agreement  between  the  experiment  and  the 
simulation  is  as  good  as  possible.  Afterwards,  with  the  finally  obtained  values 
of  the  constants,  the  simulated  transmitted  wave  is  compared  with  the 
transmitted  wave  measured  during  the  experiment. 
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Figure  4 

Schematic  representation  of  the 
optimisation  method  of  the  material 
constants. 


5.  Results 
5.1.  Material 

There  are  indications  that  the  material  model  presented  in  section  3  can  be  used 
for  quite  a  lot  of  quasi-brittle  materials.  It  is  sufficient  to  use  the  static  curve  for 
the  considered  material  in  equation  (6)  and  (7).  Also  the  combined  numerical- 
experimental  technique  presented  in  section  4  is  not  bounded  with  a  specific 
material.  The  material  considered  for  the  results  of  the  technique  presented  in 
this  contribution  is  microconcrete.  Microconcrete  is  a  concrete  on  scale  :  the 
size  of  the  granulates  is  limited  (in  our  case  <  3  mm). 

5.2.  Parameters 

Table  1  gives  the  values  of  the  constants  Cl  and  Cl  extracted  from  four 
experiments  with  the  above  described  automatic  procedure.  The  experiments  1 
to  4  were  executed  with  different  histories  of  the  strain  rates  during  the 
experiment.  As  can  be  seen  the  value  for  Cl  and  C7  does  not  vary  much  from 
experiment  to  experiment.  The  final  simulations  to  obtain  the  stresses,  strains, 
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strain  rates,  damage,  ...  in  the  specimen  were  performed  with  mean  values  of 
Cl  and  Cl, 


experiment 

Cl 

C7 

expl 

11777 

45358 

exp2 

10676 

48321 

exp3 

13727 

37461 

exp4 

14727 

53823 

mean  value 

12726 

46240 

Table  1 

Values  for  Cl  and  Cl  obtained  with  the  automatic  extraction 
procedure  for  four  experiments. 

Figure  5  gives  the  stress  as  a  function  of  strain  obtained  with  the  equations  (1) 
and  (2)  and  the  simulated  curve.  As  can  be  seen,  the  agreement  between  the 
numerical  simulation  and  the  experimental  result  is  very  good.  More 
simulations  and  more  details  of  these  simulations  are  presented  in  [7]. 


Figure  5 

Simulated  and  experimental  history  of the  stress  as  a  function  of 
the  deformation  in  a  specimen  during  a  split  Hopkinson  bar 
tensile  experiment. 
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6.  Conclusions 

In  this  contribution  a  combined  numerical-experimental  method  is  presented.  It 
has  been  foimd  that  the  combination  of  experiments  and  numerical  simulations 
is  an  adequate  and  essential  tool  for  material  modelling.  The  technique  allows 
an  optimal  use  of  experimental  data. 

The  necessary  experimental  results  are  here  provided  by  split  Hopkinson  bar 
tests.  After  a  short  description  of  the  test  method,  the  constitutive  equations 
needed  to  model  the  dynamic  behaviour  of  some  quasi-brittle  materials  are 
given. 

The  connection  between  experiments  and  simulations  allows  determination  of 
material  model  parameters.  An  algorithm  was  worked  out  to  optimise  the 
parameters  automatically.  The  results  of  this  algorithm  are  given  for  a 
microconcrete.  With  the  so-determined  values  of  the  parameters  an  excellent 
agreement  between  experiments  and  simulations  is  obtained.  So,  it  can  be 
concluded  that  the  presented  constitutive  equations  with  the  material 
parameters  give  a  valid  description  of  the  material  behaviour  for  the  considered 
range  of  strain  rates. 

Once  the  parameters  are  determined  the  numerical  simulations  provide  a 
valuable  source  of  information;  information  of  the  material  behaviour  can  be 
obtained  in  other  circumstances  than  the  experiment. 
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STRUCTURAL  DYNAMICS  OF  VIBRO-IMPACT 
SYSTEMS 
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The  systematic  impact  interactions  within  mechanical  structures  can  excite  their 
complex  nonlinear  resonant  responses.  An  introduction  of  special  functions,  called 
periodic  Green ’s  functions,  allows  the  regular  analysis  of  these  phenomena  based  on 
structural  presentations  without  reference  to  differential  equations.  The  paper  reviews 
some  results  on  the  application  of  periodic  Green's  functions  for  analysis  of 
resonances  in  vibro-impact  structures.  The  results  of  analysis  are  supported  by 
physical  experiments. 

INTRODUCTION 

Multiple  impact  interactions  of  components  of  mechanical  structures  have  a 
severe  influence  on  their  vibration  and  noise  activity  and  load  capacity.  The 
collisions  arise  under  variable  load  as  a  result  of  intermittent  unilateral  contact 
in  connections,  due  to  the  backlashes  in  joints  and  kinematic  pairs,  during 
opening  and  closing  of  cracks  etc.  In  some  systems,  an  introduction  of  special 
impact  structures:  stops,  bumpers,  impact  dampers  is  an  effective  method  of 
vibration  control. 

Embedding  of  impact  pairs  into  mechanical  structures  transforms  the  latter 
into  strongly  nonlinear  systems.  The  systematic  impact  interactions  of  solids 
can  excite  complex  nonlinear  resonant  responses  of  structures.  The  specific 
features  of  these  resonances  are  concentration  of  high  harmonics  in  their 
waveforms,  dependence  of  the  behaviour  on  parameters  and  initial  conditions, 
and  generation  of  essential  forces  of  interaction. 

An  effective  approach  to  analysis  of  these  phenomena  was  developed  with  the 
use  of  special  functions  called  periodic  Green's  functions  (PGF)  [1-3].  These 
are  steady-state  responses  of  interacting  linear  structures  on  periodic  impulse 
excitation.  The  application  of  PGF  makes  it  possible  to  obtain  an  exact 
solution  for  the  problem  of  periodic  impact  interaction  of  linear  substructures, 
to  reveal  the  main  features  of  their  specific  resonant  behaviour  and  to  develop 
efficient  approximations  for  more  complex  substructures. 

The  stitching  method  used  traditionally  for  the  analysis  of  systems  with  impact 
interactions  necessitates  the  knowledge  of  the  general  solutions  for 
appropriate  differential  equations  describing  the  motion  between  impacts  [4], 
Contrary  to  this,  the  PGF  method  produces  similar  solutions  without  referring 
to  differential  equations  and  can  be  applied  even  when  the  full  mathematical 
model  of  the  system  is  unknown.  An  exercise  of  the  method  requires  the 
knowledge  of  frequency  characteristics  of  contacting  elements  only,  that  can 
be  obtained  experimentally.  If  the  mentioned  differential  equations  of  the 
system  are  available,  their  particular  solution  is  enough  for  the  total  solution 
of  periodic  nonlinear  problem. 
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FORMULATION  OF  THE  PROBLEM 

Let  us  consider  two  linear  stationary 
structures  1,2  (Figure  1)  loaded  by 
constant  forces  G,.  The  structures 
contact  through  the  rigid  bodies  Mj  and 
M2.  The  bodies  perform  one¬ 
dimensional  r -periodic  movements 
with  collisions  under  external  7]  periodic 
excitation  PX^){T^=^T  !  I  !  o), 

where  <2^  is  an  angular  frequency,  /  is 
multiplicity  of  sub-periodic  regime) 
applied  to  the  arbitrary  point  of  the 
systems.  Let  I^{jco)diX\d  Lj^jco)  be 
receptances  of  bodies  in  contact  points, 
A  is  initial  gap  (the  negative  A 
corresponds  to  interference)  resulted 
under  action  of  static  forces. 

The  force  characteristic  of  vibro-impact 
interaction  is  defined  by  the  function 
0[x(r),x(/)],  where  x(r)  is  the  relative 

movement  of  impact  pair  elements.  For  periodic  vibro-impact  interaction  with 
period  T  ^InU  co  and  the  most  intensive  single  impact  interaction  per  period, 
we  can  present  the  force  of  impact  interaction  as  a  Fourier  series: 

F(0  =  (1) 

nj=-oo  \  ^  / 

where  coefficients  of  Fourier  series  are  as  follows 

The  operator  equations  for  absolute  displacements  of  the  contact  elements  can 
be  written  in  the  form: 

r  n 

=  S=-j(0. 

r 

Here  the  terms  under  the  summation  sign  describe  the  static  deformation  of  the 
elements.  Subtracting  the  second  equation  from  the  first  and  initiating  time 
from  an  impact,  we  obtain 

x(f)  =  3{t\T)-L{s)F{t)  (3) 

where  .9(0  =  E^^W-  “E  ^^(0)^2.  +E^"('^K.(0  ^ 

r  r  n 

Z(^)  =  4o(‘^)  A2o(‘^)  »  ^  shift  of  the  excitation  relative  to  impact. 


Figure  1 
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With  taking  (1)  into  account 

m-~co  \  ^ 

Putting  (2)  into  (4)  and  changing  the  sequence  of  summation  and  integration, 
yields 

x(/)  =  9{t  +  r)  -  £  z{t  -  g'P{x{g),x{g)]dg ,  (5) 

where 

is  periodic  Green 's  function.  This  is  a  steady-state  response  of  linear  system 
on  periodic  excitation 


where  <5(^)  is  Dirac  function. 

For  stationary  linear  system  with  fractional-rational  operator 

^2.  D{s) 

it  is  possible  to  sum  the  series  (6)  and  obtain  a  finite  function 

exp(5,r) 


J-n-2 

J.n 


Lis)  = 


z{t)=Y.- 


t  e(0,r] 


,.;i)'(5,)l-exp(5,r) 

where  5^  are  simple  roots  of  characteristic  equation  ^(5)  =  0  [5]. 


ANALYTICAL  SOLUTION 


Examining  the  integral  on  the  right-hand  side  of  equation  (5),  we  find  using 
mean  value  theorem  and  assuming  continuity  of  periodic  Green’s  functions 

f  x{t  -  f  )’  =  f  x{t  -  x{g)\dg  = 

=  x[t  -  K‘^)]dg =Jx[t-  o<d{t)<\. 

Here  J  is  impulse  of  contact  force,  £  is  small  parameter. 

Noting  that  £0[t)  «T  ,  we  have  for  continuous  periodic  Green’s  functions 

x\t  -  sO[f^  «  x{^)  •  ^  momentary  impact  defined  by  Newton’s  hypothesis, 

the  relation  becomes  an  exact  one  and  we  have  instead  of  (5)  the  finite 
expression 

x{t)  =  d{t  +  T)-Jx{t)  (7) 

Supposing,  for  example,  that  3{t^-T)  =  acos(a)t  +  (p),  we  find  the  unknown 
values  of  phase  ^and  impulse  J  from  the  impact  condition: 
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x(0)  =  A,  {\  +  R)Mx_{0)  =  J,  (8) 

where  A  is  static  gap  (interference),  R  is  restitution  coefficient, 
M  =  M|M2(M|  +  M2)’',  x_(0)is  a  velocity  just  before  an  impact. 

Applying  conditions  (8)  to  (7),  we  find 


acos^!i  =  A  + J;}f(0),  asm(p  =  - 
The  solving  of  these  equations  yields 


J 


ca 


ir-(o)+ 


(1  +  /?)M 


j- 


-Aj(0)±^ 

KAO) -A 

1  ^ 

2 

CO 

{\  +  R)M 

2 

Sin  ^  - 


J 


(oa 


ir-(o)  + 


(1  +  7?)M 


COS^  = 


A  +  ■/^(O) 


Neglecting  the  damping  in  the  system,  we  have  from  (9) 

h±a 

STABILITY  ANALYSIS 


(9) 


(10) 


The  disturbed  motion  can  be  written  as  follows 

x(t)  =  <2cos[fflr  +  ^(/)]  -J{t)x{t),  (11) 

where  ^(r),  J{t)  are  slowly  changing  functions  of  time. 

Using  the  first  expression  (10)  as  the  reduced  condition  for  the  balance  of 
work  between  the  dissipative  and  exciting  forces,  we  will  formulate  the  energy 
condition  for  stability  of  periodic  motion  as  follows  [2] 

Introducing  two  arbitrary  slow  functions  in  place  of  one,  we  will  link  them  by 
an  expression  similar  to  the  second  equation  in  (10).  Differentiating  (12)  and 
using  this  link,  we  obtain,  taking  account  of  (10) 

-A2r(0) _ 


J  ’ 

dj\ 

coa 

J>- 


CO 


1 


(13) 


{\  +  R)M 

Comparing  (9)  with  the  equation  obtained,  we  can  establish  that  the  stability 
condition  is  satisfied  only  with  the  solution,  which  has  the  positive  sign  before 
the  radieal. 
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TWO  COLLIDING  BODIES 


In  the  case  of  two  colliding  bodies  under  periodic  excitation  (Figure  2)  two 
resonant  modes  were  revealed  as  a  result  of  analysis  and  confirmed  by 
physical  experiments  (Figure  3)  [6].  The  motions  of  the  bodies  are  shown  in 
Figure  3  with  thick  line  as  x,(t)  and  thin  line  as  JC2(/) . 


Figure  2 

In  the  first  mode,  termed  as  grazing  resonance  (Figure  3, a),  both  bodies 
follow  the  same  direction  of  movement  with  one  weak  contact  during  the 
period.  The  frequency  of  this  resonance  is  independent  of  excitation 
amplitude  and  disposed  in  the  vicinity  of  the  natural  frequency  of  the  first 
subsystem.  In  the  second  mode,  named  as  clapping  resonance  (Figure  3,b),  the 
bodies  move  in  the  opposite  direction  with  one  strong  impact  per  cycle.  The 
clapping  resonance  is  affected  by  amplitude  of  excitation  and  demonstrates 
typical  non-linear  behaviour  with  pulling  and  jump  phenomena.  Its  frequency 
band  is  in  the  vicinity  of  the  double  frequency  of  the  excited  body. 


SYSTEMS  WITH  MULTIPLE  IMPACT  PAIRS 

The  procedure  described  can  be  generalised  when  searching  for  resonant 
regimes  in  systems  with  multiple  one-dimensional  impact  pairs  [2].  The 
integral  equation  in  this  case  is 
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x(/)  =  ©(^  +  r)  -  £  X{t  -  ?)4^[x(f),  x{g)]dg  (14) 

where  x(0  is  vector  of  the  relative  disposition  of  the  elements  in  pairs,  'l^(x,x) 
is  the  vector  of  force  characteristics  of  the  impacting  pairs,  ©(/)  is  the  vector 
of  relative  vibration  of  elements  of  the  impacting  pairs  when  impact 
interaction  is  neglected,  X(0  is  the  matrix  of  periodic  Green’s  functions  for  the 
linear  part  of  the  system 

1  “ 

^(0  =  ^  XA(y/Mffl)exp(;/wrut), 


where  h{jco)  is  the  receptance  matrix. 

In  systems  of  the  type  examined  it  is  possible  to  observe  impacting  modes  of 
vibration,  characterised  by  simultaneous  impacts  in  almost  all  pairs.  The 
number  of  impact  pairs  sharing  vibration  in  various  modes  can  vary. 

For  the  regimes  described,  called  as  cooperative  modes ^  we  find  from  (14) 

x{t)^-X{t)J,  (15) 

where  J  is  vector  of  impact  impulses.  From  the  impact  conditions  x(0)  =  A  , 

where  A  is  vector  of  gap  (interference)  arrangements,  we  find 

x(r)«X(/)X''(0)A.  (16) 

The  existence  conditions  for  regimes  of  type  (16)  and  unknown  phase  of 
excitation  are  found  from  an  energy  balance  of  the  dissipative  and  excitation 
forces  in  these  solutions 


2{\  +  R)M,' 


(17) 


Here  i  is  the  index  of  the  impact  pair  under  consideration,  R,  is  the  coefficient 
of  restitution  for  the  i-  th  pair,  J,  is  their  impact  impulse,  M,  is  the  reduced 
mass. 


EXPERIMENTAL  VERIFICATION  OF  COOPERATIVE  MODE 

Figure  4  demonstrates  an  experimental  rig  for  the  verification  of  existence  of 
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mode  with  simultaneous  impacts  in  multiple  pairs  [7].  A  rubber  cord  with 
three  fixed  plastic  beads  was  stretched  between  the  pin  of  the  force  transducer 
on  the  left  end  and  the  pushrod  of  an  electrodynamic  shaker  producing 
transverse  excitation  of  the  cord. 

The  beads  had  unilateral  rigid  limitation  of  displacement  with  the  possibility 
to  register  the  instant  of  contact.  The  pictures  of  co-operative  mode  were  taken 
by  using  stroboscope  flashes  synchronised  with  the  voltage  applied  to  the 
exciter. 

Figure  5  demonstrates  the  cooperative  mode  described  when  the  set  of  beads 
impacts  their  limiters  simultaneously. 


Figure  5 


Figure  6  confirms  the  existence  of  cooperative  mode  by  registration  of 
measuring  signals.  Here  1,2,3  are  the  signals  of  the  contact  pick-ups  of  the 
limiters,  4  is  the  force  transducer  signal,  5  is  the  pushrod  vibration  signal. 

The  set  of  beads  involved  in  the  cooperative  mode  of  vibration  behaves  like  an 
impact  oscillator  with  single  degree  of  freedom  [2],  It  demonstrates  frequency 
pulling  ,  i.e.  preservation  of  mode  due  to  variation  of  the  exciting  frequency 
and  amplitude  pulling  as  a  preservation  of  mode  due  to  movement  of  the 
limiter.  Both  type  of  pulling  finish  their  existence  with  a  jump  fi-om 
cooperative  vibro-impact  mode  to  linear  mode  of  vibration  without  touching 
the  limiters.  There  is  opportunity  of  transition  from  cooperative  vibro-impact 
mode  to  linear  mode  of  vibration  without  impacts  and  vice  versa  by  means  of 
hard  excitation  (additional  triggered  impulse).  The  frequency  band  of  the 
cooperative  modes  is  located  in  the  right-hand  vicinity  of  the  natural 
frequencies  of  the  linear  system. 
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Figure  6 


LOCALISED  NONLINEAR  STANDING  WAVES 

During  the  above  experiments  there  were  discovered  localised  vibro-impact 


Figure  7 


modes  of  vibration  (Figure  7)  when  only  one  of  the  beads  vibrates  with 
impacts  against  a  limiter  and  others  beads  keep  a  very  small  amplitude  of 
vibration  [7]. 


Figure  8  indicates  the 
corresponding  readings  of  the 
pick-ups.  The  localised  mode  is 
disposed  behind  the  frequency 
of  the  last  linear  mode  of  the 
system  with  lumped  parameters 
and  can  be  explained  as  a 
nonlinear  transformation  of  this 
mode  at  frequency  pulling.  Such 
type  of  localisation  can  be 
realised  with  any  of  the  beads. 
This  mode  demonstrates  also 
both  frequency  and  amplitude 
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pulling.  The  conditions  of  existence  of  the  localised  mode  can  be  calculated 
similarly  with  the  help  of  the  proper  periodic  Green’s  functions. 

EXCITATION  OF  SPACIAL  VIBRO-IMPACT  MODES  IN  SOLIDS 


The  study  of  vibro- 
impact  processes 
in  the  extended 
one-dimensional 
systems  leads  to 
investigation  of  the 
impact  pair  as  a 
system  with 

distributed 
parameters  [8].  In 
such  systems  a 

significant  variable  length  of  continuous  vibrating  element  may  be  involved 

into  vibro-impact 
interaction  with  the 
neighbouring 
elements  or  a  rigid 
wall. 

The  object  of 
experimental  study 
was  the  axially 
stretched  rubber  cord 
(Figure  9)  located  in 
parallel  with  a  rigid 
wall  that  limited  the 
transverse 
deflections  of  the 
cord. 

As  the  frequency  of 
excitation  exceeded 
the  frequency  of  the 
first  resonance  of 
linear  system  (the 
cord  without  motion 
limiter)  the  nonlinear 
mode  of  cord 
vibration  took  a 
trapezoidal  form 
with  simultaneous 
impact  of  entire 
plane  part  against 


Figure  10 
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the  limiter  (Figure  10), 

The  dynamic  behaviour  of  the  cord  in  such  type  slapping  mode  is  similar  to 
that  of  single  degree  of  freedom  impact  oscillator  [2],  It  demonstrates 
frequency  and  amplitude  pulling  as  well  as  transition  from  slapping  mode  to 
linear  mode  (vibration  without  contact  with  limiter)  and  vice  versa  under 
action  of  additional  impulse. 

ANALYSIS  OF  SLAPPING  MODES 

The  straight  uniform  beam  of  length  L  is  stretched  parallel  to  the  rigid 
limiter  by  axial  force  N  (Figure  1 1).  The  following  definitions  will  be  used  for 
description  of  the  system:  p  is  the  density  of  beam  material,  E,  G  are  elastic 
and  shear  moduli,  S  is  cross  sectional  area  of  the  beam,  I  is  area  moment  of 
inertia,  e  is  small  parameter. 

The  beam  is  exposed  to  the  action  of  distributed  external  force  of  density 
£P(xj),  It  vibrates  in  the  plane  and  can  collide  with  a  straight  obstacle 
displaced  parallel  to  the  beam  with  a  clearance  A  relative  to  the  position  of 
static  equilibrium  of  the  beam. 


Figure  11 


The  subsequent  analysis  follows  to  the  reference  [8].  The  Timoshenko  beam 
equations  are  used: 


pS^-{aSG  +  N)~  +  aSG^  +  ^u)  =  £P{x,t) 


K^-aSG\ 

dx^ 


y- 


du 


S  dt'^ 


(18) 
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with  boundary  conditions: 

^o,,)=Ki,o=^  =  ^  =  o.  (19) 

Here:  u(x,t)  is  the  shape  of  the  beam  transverse  deflections  at  instant  t,  y(x,t) 
is  the  shape  of  the  beam  cross  section  rotation  at  instant  t  relative  to  the  neutral 

line,  K=EI  is  a  bending  stiffness,  a  is  a  form  factor,  6(m)  is  a  density  of 
impact  forces  containing  ^-functions. 

Equations  (18)  permit  solutions  with  non-smooth  shape  of  deflections  and 
discontinuous  distribution  of  velocities  along  the  beam.  Such  modes  can  be 
described  by  means  of  generalised  functions.  An  application  of  such  functions 
causes  an  appearance  of  ^-functions  in  the  left-hand  side  of  the  first  equation 
(18)  that  compensate  impact  force  containing  ^-functions  as  well. 

For  the  T-  periodic  motions  with  single  impact  over  the  one  period  of 
excitation  (slapping  modes),  the  impact  force  density  may  be  presented  in  the 
time  domain  as  follows: 

^{u)  =  J{x)5'^[t-g}{x)],  (20) 

where  J(x)  >  0  and  q)[x)  are  distributions  of  density  of  impact  impulse  and 
the  phase  of  impact  respectively. 

The  beam  vibration  in  a  first  slapping  mode  (as  described  in  experiment)  can 
be  analysed  with  the  following  impact  conditions  (see  Figure  1 1) 

f  A  -  , 

—  X,  X6[0,X,) 


M_(x,0)  =  M,.(x,0)  =  m(x,0)  =  • 


A,  xe[x„L-x,] 

A  A  /  ,  , 

—  X-I-A  + — [L-x),  X  e{L- 


du^{x,Q)  [Fq,  x€[x„i,-x,]  du^{x,0)  ^du_{x,0) 


0,  xg[x,,i-x,]’ 


As  a  result: 


J(x)  =  (1  +  Fq  =  J  =  const,  x  e[x,,  Z-x,] 

^{x)  =  const  =  0,  xg[x,,Z-X|]  ^  ^ 

Analysis  of  slapping  modes  can  be  carried  out  by  means  of  application  of 
energy  balance  to  the  generative  solution  of  conservative  problem.  For  T- 
periodic  free  vibration  (£  =  0,  f?  =  l)  with  single  elastic  impact  over  the 
excitation  period: 

L  T 

u{x,t)  =  -^^x{x,z,t-s'p[u{z,s)]dsdz,  /  e(0,r],  x  e[0,l]  (24) 


where  x{x,z,t)  is  a  r-periodic  Green’s  function  representing  a  steady  state 

response  of  the  section  x  on  periodic  impulses  of  unit  density  applied  to  the 
section  z. 
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The  periodic  Green’s  function  can  be  expressed  by  using  the  transfer 
receptance  of  the  linear  system  I,(x,z,yiu)  between  sections  x  and  z  as 
follows: 

z,  /)  =  -  X  cos(  to/) .  (25) 

^  k^\ 

In  a  number  of  cases  it  is  possible  to  neglect  the  rotary  inertia  of  the  cross 
sections  and  ignore,  therefore,  the  last  term  in  the  second  equation  of  (18). 
Under  such  assumption,  the  expression  for  the  receptance  can  be  presented  in 
the  form  of  the  infinite  series: 

.  nmx  .  mn 
j  CO  sin - sin  — 

i(x,z,to)  =  -  — £ - (26) 

with  the  natural  frequencies  defined  as  follows 


aKSG 


+  aNSG 


pS  K\ 


+  aNSG 


Substituting  (26)  into  the  (25)  and  using  the  finite  expression  for  the  Fourier 
series  on  the  interval  of  periodicity,  we  find 
.  Tmx  .  Timz  ^ 


.  Tunx  .  Tmz  ^  ( 

sin - sin - cosQ„  /- 

/  / 

Q  T 
2 


,xe[0j],tei0,T].  (27) 


After  substituting  (20),  (23)  and  (27)  into  (24)  and  integrating  we  have 

u(x,t)  =  —  y  ,  sin  sin  ~  ~  ^  ^ 

;rpSftQ,„._,(2m-l)  21  I  sinQ,„,_,r/2 

xe[0,/],/e(0,r].  (28) 

In  the  expression  (28)  the  unknown  values  J  and  1^  =  21  -  Xj  are  functions  of 

vibration  period  T .  For  the  first  nonlinear  impact  mode  (as  shown  in  Fig. 

ll,b),  from  the  condition  of  impact  of  the  middle  point  of  the  beam  with 

coordinate  x  =  //2  involved  in  the  impact,  we  have 

/T/^rv\  2J  A  1  .  ;^(2w-l)/o  A 

w(//2,0)  = - y - - rsin— - --2-icot-  ^^-  '  -  =  A  or 

J  =  — - ^ r  .  (29) 

2y _ i - ,sin^(?^cot^ 

^Q,„_,(2m-1)  21  2 


I 


) 
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From  Fig.  ll,b  it  follows  also  that  L  =/-2x,  =/ - .  For  a 

“  '  tanaM(0,0)/ax 

small  vibration  (tanaw(0,0)/  dx  «  aw(0,0)  /  Sx)  we  find  finally  an  equation  for 
defining  4 : 


/„=/!- 


jy  - — - — sm— - ^cot — - 

^  r\  07 


By  substituting  (29)  into  (30),  we  have  the  following  transcendental  equation 
for  the  non-dimensional  variable  X  =  LI  I 


y — 

2 


1 


.  n{2m-\)X  Tin. 
_  Sin  cot  — ^ 

1)  2 


^  ^  .  ;r(2^n-l)A  ^Tn,„,, 

t?2m-l  2 

Here  ^=2tiI  7D,  is  non-dimensional  frequency  of  vibration. 

In  order  to  estimate  the  condition  of  existence  for  the  slapping  mode  (28)  a 
force  of  excitation  distributed  in  accordance  with  the  first  linear  mode 
P(x,/)  =  ^sin(;TO//)cos(<ar  +  ^!i)  was  considered,  where  q  is  intensity,  (p  is 
the  phase  of  excitation  relative  to  impact.  The  generative  solution  (28)  with 
values  of  /l(^)and  J((^)  being  evaluated  numerically  according  to  (29),  (31), 
was  substituted  into  the  first  equation  fi'om  (18).  Then  both  parts  of  the 
equality  obtained  were  multiplied  by  the  function  5M(jc,r)/ St  produced 
analytically  from  (28).  The  equality  prepared  in  such  manner  was  integrated 
along  the  length  of  the  beam  and  over  the  period  of  vibration  T  =  2k  !  a> .  As& 
result  the  equation  of  energy  balance  between  excitation  and  dissipation  was 
estimated: 


du{x,t) 


rjjp(x,0 


du{x,t^ 


Because  a  considerable  part  of  the  beam  is  involved  in  simultaneous  collision, 
the  energy  loss  can  be  calculated  as  the  impact  of  a  rigid  body  with  coefficient 
of  restitution  R  such  as 


\-R 

2l^{\  +  R)pS 


After  substituting  in  the  right  side  of  equation  (25)  the  excitation  and 
integrating,  the  equation  of  energy  balance  was  finally  yielded: 
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7IJA{Q^,-C0^) 
%q(os\n[7uX !  2) 

[sin^l  <1. 


The  condition  of  existence  of  the  slapping  mode  is 


The  PGF  method  provides  also  a  natural  way  for  the  analysis  of  regular  and 

random  perturbations  of  periodical  motion  for  vibro-impact  systems  with  the 

use  of  an  averaging  technique  [3,9], 

CONCLUSIONS 

•  The  synchronisation  of  structure  vibration  by  multiple  impact  interactions 
leads  to  the  temporal  and  spatial  localisation  of  mechanical  energy  due  to 
resonant  excitation  of  vibro-impact  modes. 

•  The  spatial  vibro-impact  modes  demonstrate  the  behaviour  of  impact 
oscillator  with  a  single  degree  of  freedom. 

•  Method  of  periodic  Green’s  functions  provides  effective  procedures  for 
analysis  of  vibro-impact  resonances  in  complex  mechanical  structures. 
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BLIND  RECONSTRUCTION  OF  A  MECHANICAL  IMPACTING 
SOURCE  SIGNAL  USING  HIGHER  ORDER  STATISTICS 

PART  I,  SIGNAL  RESTORATION  BY  CUMUL ANT  MAXIMISATION 
(THEORY  AND  SIMULATIONS) 
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ABSTRACT 

This  paper  addresses  the  problem  of  reconstructing  an  impacting  (non- 
Gaussian)  signal  from  a  measured  signal  where  the  transmission  path 
from  the  impacting  point  is  unknown  and  the  measurement  may 
include  a  Gaussian  'noise'  component  arising  from  other  sources. 
Restoration  of  the  input  signal  is  described  using  Higher  Order 
Statistics  (HOS);  specifically  two  normalised  cumulants  of  third  and 
fourth  order.  The  use  of  cumulants  ensures  that  the  Gaussian 
interference  is  suppressed.  The  method  uses  an  optimisation  procedure 
which  relies  on  the  non-Gaussianity  of  the  impacting  signal.  The 
optimisation  process  is  performed  through  both  constrained  and 
normalised  higher  order  cumulants  based  on  a  generalised  Wiener 
approach.  Different  inverse  systems  are  employed  with  the  emphasis 
on  the  performance  of  a  Finite  Impulse  Response  (FIR)  filter  including 
consideration  of  selection  of  the  length  of  the  inverse  filter.  Examples 
are  presented  for  simulated  data. 

1.  INTRODUCTION 

In  many  situations  in  engineering,  science,  geophysics,  etc,  the  cause  of 
an  observed  phenomenon  is  not  directly  measurable.  The 
determination  of  this  cause  from  output  variables  is  an  inverse 
problem.  These  problems  can  sometimes  be  straightforward  when  the 
system  through  which  the  cause  passes  is  known.  For  certain  physical 
situations,  however,  it  is  impractical  to  assume  the  availability  of  the 
system  characteristics  and  we  require  restoration  of  the  original  input 
signal  solely  from  the  measured  (observed)  signal.  In  this  case,  the 
restoration  is  called  blind  inversion. 

In  Figure  1.1,  a  process  consists  of  an  input  signal  (unobservable)  and 
an  imknown  linear  time  invariant  system  which  produces  a  measured 
signal  which  is  noise  corrupted. 
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Figure  1.1  Linear  Time-Invariant  (LTI)  system  and  signals 

The  aim  here  is  to  determine  the  input  signal  from  the  measured  signal 
alone.  A  practical  example  is  that  of  the  condition  monitoring,  which 
requires  the  identification  of  the  'cause'  of  a  mechanical  imbalance  or 
impacting.  To  retrieve  the  input  signal,  the  higher  order  statistical 
properties  of  the  measured  signal  (greater  than  second  order)  are 
considered  in  this  work. 

Recently,  higher-Order  (>  3)  statistics  (HOS)  [1],  [2]  have  been 
considered  to  find  optimum  linear  inverse  filters  to  restore  the  original 
input  signal.  Cumulants  not  only  display  the  degree  of  higher-order 
correlation  but  also  provide  us  with  a  measure  of  the  "departure"  from 
the  Gaussianity  which  is  inherent  in  impacting  type  systems  [3].  The 
advantages  of  HOS  are  due  to  their  ability  to  carry  the  phase 
information  of  a  signal  or  a  system  and  to  suppress  any  (white  or 
coloured)  Gaussian  additive  noise  [4]. 

For  non-Gaussian,  independent,  identically,  distributed  (i.i.d.) 
signals,  Donoho  [5]  has  shown  that  the  probability  distribution  of  the 
linear  combinations  of  these  signals  tend  to  become  'closer'  to  the 
Gaussian  (this  is  sometimes  referred  to  as  partial  order)  than  that  of  the 
individual  components.  Based  on  this  concept,  the  idea  of  blind 
deconvolution  is  based  on  selecting  the  inverse  system  that  can  simply 
decrease  the  Gaussianity  of  the  output  of  the  inverse  system.  This  is 
achieved  by  maximising  an  appropriately  selected  function  (which 
represents  the  degree  of  the  Gaussianity)  with  respect  to  the 
coefficients  of  the  linear  inverse  system  used  to  achieve  blind 
deconvolution. 


Wiggins[6]  has  proposed  a  normalised  objective  function  which 
consists  of  two  cumulants  (i.e.,  fourth-order  cumulant  divided  by 
squared  second-order  cumulant;  the  kurtosis)  which  can  be  related  to 
the  partial  order  described  by  Donoho.  When  the  kurtosis  of  any  signal 
is  greater  than  3  (or  greater  than  zero,  depending  on  the  definition), 
this  is  referred  to  the  'super-Gaussianity'  or  when  smaller  than  3  it  is 
known  as  'sub-Gaussianity'.  For  both  cases,  maximisation  of  the 
absolute  value  of  the  objective  function  has  been  used  as  an  estimate  of 
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the  input  signal.  Claerbout  [7]  has  suggested  another  objective 
function,  which  is  named  entropy.  Figure  1.2  illustrates  the  various 
objective  functions  in  use.  For  any  of  the  methods  described  above,  by 
driving  the  objective  functions  toward  their  maxima  (by  adjusting  the 
inverse  filter  coefficients)  one  attains  blind  deconvolution 
(equalisation).  The  procedure  of  obtaining  the  coefficients  of  the 
inverse  filter  from  which  we  can  reconstruct  the  unknown  input  signal 
has  been  done  by  (nonlinear)  iterative  calculation  (Nandi)  [8]  and  by 
the  iterative  techniques  based  on  the  stochastic  gradient  of  the 
objective  function  by  Cadzow[9]. 


Figure  1.2  The  objective  functions 


Section  2  provides  a  theoretical  background  to  blind  inversion  via 
Higher  Order  Statistics  (HOS).  In  Section  3,  three  different  inverse  filter 
types  (MA,  AR,  and  ARMA  systems)  are  introduced  and  their 
performances  are  compared.  The  effect  of  the  choice  of  initial  inverse 
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filter  coefficients  and  determining  the  optimal  length  of  the  filter  length 
are  included.  Some  concluding  remarks  are  presented  in  section  4  and 
suggestions  for  further  research  are  presented  at  the  end  of  the 
companion  paper  (part  11). 

2.  SUMMARY  OF  BLIND  DECONVOLUTION  PROBLEM  USING 

HOS 

The  nth  order  moment  of  random  variable  X  is 

£{X")  =  j“xXx)dx  ,  for«  =  l,2,3,...,  (2.1) 

where  the  symbol  E  denotes  the  expected  value  operator  and  p(x)  is  the 
probability  density  function.  The  symbol  -  E{X"}  is  commonly 
used  for  the  n-th  moment. 

The  Fourier  transform  of  the  probability  density  function  of  X  is 


^  p{x)dx 


=  E{e'®} 

which  is  the  moment  generating  function  [2]  of  random  variable  X.  The 
natural  logarithm  of  the  moment  generating  function  is  the  cumulant 
generating  function  and  is 

(ft))  =  (ft))]  -  \n[E{e^^ }]  (2.3) 

Using  a  Taylor  expansion  of  the  moment  generating  function,  the 
cumulants  of  the  random  variables  X  are  related  to  its  moments  by 
C|  =  Cum[X]  =  m, 

c.y=Cum[X,X]  =  m2-mf 

3  (2.4) 

c,  =  Cum[X  ,X  ,X]  =  +2m,‘ 

C4  =  Cum[X,X  ,X  ,X]-m^-Amym^  -hmf  +  \2m2mf  -6inf 
Using  their  relationships,  consider  the  random  variables  u,  composed 
of  the  sum  of  each  random  variables  x.  and  n, 

y=x,. +/!,  ,  /=1,2,  3,...  (2.5) 

The  joint  probability  density  function  of  [x^,X2,x^]  is  non-Gaussian  and 
that  of  jointly  Gaussian  and  independent  from  {xj.Xj.x,}  . 

Assuming  e{x;}  0,  £{«,}  ^ 0  for  i  =  1,2,3 

CMm[  V| ,  v, ,  V3  ]  =  CMw[x| ,  X2 ,  x,  ]  +  CMw[«| ,  ,  n,  ]  (2.6) 

If  the  set  of  random  variables  is  jointly  Gaussian,  then  all  the 

joint  cumulants  of  order  n>2  are  identically  to  zero.  Hence  if  the 
interfering  signals  are  Gaussian  their  cumulants  above  3rd-order  are 
zero  [2].  Then 


202 


cwm[vj ,  V2 ,  V3  ]  =  cwm[x, ,  ,  X3  ] 


(2.7) 


On  the  other  hand, 

Mom\v^,V2,V'^\  -  Mom\x^,X2yX^\  +  Mom\n^,n2,n^\ 
+Mom[xi,n2,X3]  +  Mom[npX2,X3] 


(2.8) 


-\-Mom  [xj ,  «2  j  ^  [«i ,  X2 ,  ^3  ] 

This  demonstrates  the  key  motivations  behind  the  use  of  cumulants  in 
signal  processing  problems;  namely,  [i]  their  ability  to  suppress  noises 
{n)  which  are  additive  and  Gaussian  and  [ii]  nomGaussianity  is 
manifested  in  the  non-zero  lag  cumulants  of  order  >  3 . 


Suppose  a  random  variable  y  can  be  expressed  as  a  linear 
combination  of  p  statistically  independent  random  variables  {x^,  x^, ... ,  x^] 
which  are  independent  identically  distributed  (i.i.d.).  This  linear 
combination  takes  the  form 

y  =  a^x^  +  a^x^  +  •  •  •  +  a^^x^^  (2.9) 

where  ...  ,  are  constants.  Using  the  properties  above  the 

cumulant  generating  function  can  be  expressed  as 

¥y  =  w.x  («i6>)  +  W.2  (^2^)  +  +  (2.10) 

From  this,  the  fcth  order  cumulant  of  random  variable  y  is 

{k)  =  {k)  +  ^2  V^2  (^)  +  ■  •  *  +  (^)  (2*11) 

We  now  apply  this  to  the  response  of  a  linear  system.  The  output 
signal  y  is  related  to  the  input  signal  x  as 

=  ~^<k<oo  (2.12) 

k&K 

where  is  the  impulse  response  sequence  of  linear  operator  and  x  is' 
the  excitation  input  sequence.  If  x{n)  is  an  i.i.d  sequence  then 

<t>y(0})  =n«-  (h,co)  (2.13) 

keK 

The  associated  cumulant  generating  fimction  becomes 

=  (2.14) 

keK 

Using  (2.14),  the  cumulant  of  order  p  can  be  expressed 

C^{p)^c,{p)j^{hj  (2.15) 

k 

i.e.,  the  response  cumulant  of  order  p  is  seen  to  be  the  product  of  the 
excitation  cumulant  of  order  p  with  the  sum  of  the  linear  operator's 
unit-impulse  response  elements  raised  to  the  pth  power  [1]. 
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Blind  deconvolution  is  the  problem  of  restoring  the  input  signal  from 
the  measured  (observed)  signal  alone  (Figure  2.1).  For  our  problem 
assumptions  are;  i)  the  input  signal  to  be  restored  is  non-Gaussian,  ii) 
the  unknown  transmission  path  is  linear,  iii)  the  additive  noise  is 
Gaussian  and  independent  of  the  input  signal. 

Starting  from  those  assumptions,  the  blind  deconvolution  (BD)  process 
is  illustrated  in  the  figure  below: 


r - 1 


Figure  2.1  The  process  of  convolution-deconvolution  in  the  blind 
source  reconstruction  problem.  [NG:  Non-Gaussian;  i.i.d.:  Independent 
Identically  Distributed;  AGN:  Additive  Gaussian  Noise;  UCF: 
Unknown  Covariance  Function.] 

The  partial  order  (Donoho,  1981)  [5]  at  each  signal  stage  can  be 
expressed  as 

X- >  h *x- >  V- >  f  *  V- >  G  (2.16) 

where  G  is  any  Gaussian  signal.  The  notation  •  >  is  called  the  partial 
order  of  a  random  variable.  X->Y  means  T  is  more  Gaussian  than  X. 

From  above  relationship,  the  combined  convolution-deconvolution 
filter  g  may  act  to  increase  the  Gaussianity  of  the  restored  signal  y 
unless  a  certain  condition  is  imposed.  This  condition  is  that  the  inverse 
filter  f  should  make  the  output  of  a  filtered  version  of  v  "less 
Gaussian"  i.e. 

f*v>x>v  (2.17) 

which  leads  to 

f  =  argmaxO(y)  (2.18) 

f 

provided  that  the  O  agrees  with  the  partial  order  •  > .  O  is  called  an 
objective  function.  Normally,  the  necessary  condition  which  gives  a 
local  maximum  is  obtained  by  differentiating  the  objective  function 
with  respect  to  the  filter  coefficients  and  equating  to  zero. 
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In  subsequent  pages  we  construct  the  inverse  filters  by  maximising 
both  constrained  and  normalised  cumulants  of  the  measured  signal. 

In  the  absence  of  constraints  unbounded  filter  coefficients  result.  The 
constraint  can  limit  the  behaviour  of  the  inverse  filter  while  optimising 
the  appropriated  objective  function.  The  constraint  used  ensures  that 
the  Frobenius  norm  of  the  FIR  inverse  filter  coefficient  is  unity. 


if||,=l  (2.19) 

(which  means  the  variance  of  the  input  and  output  of  the  inverse 
system  is  the  same  for  an  i.i.d.  input). 

As  an  example,  the  objective  function  for  the  fourth-order  statistics 
0,,(f)  =  £{y^}-3£{y^}' 

1  r  1  N~i  (2.20) 

i=0  i=0 

where  E[»]  denotes  expectation,  is  the  mean  value  of  y,  N  is  the 
number  of  total  data  samples  observed.  The  constraint  function  is 

1  N-] 

=  - =  0  (2.21) 

—  y(y-m,)" 

N^o 

in  which  is  the  mean  of  the  signal  v.  Combining  above  two 
equations,  the  final  cost  function  for  the  BD  process  takes  the  form 

J(f)  =  O^Xf)  +  Xgif)  (2.22) 

where  X  represents  the  Lagrange  multiplier.  The  optimisation 
proceeds  by  maximising  /  which  satisfying  the  constraint  (refer  to  J.  S. 
Seo  [10]  for  details  of  the  iterative  Wiener  solution). 


An  alternative  to  constraining  the  inverse  filter  coefficients  is  to 
maximise  a  normalised  objective  function  (normalised  response 
cumulant  Oy(r,s;t)),  where  s  is  any  positive  even  integer  less  than  r 


which  can  be  any  constant  when  the  cumulant  of  order  s  of  signal  y 
( cj )  is  nonzero.  For  example,  the  objective  function  for  the  normalised 
fourth-order  statistics  takes  the  form  (kurtosis) 


(c/)- 


1 


1  N-l 

jT^Ziyi-^yr 

i-O 


where  is  the  variance  of  y  (r=4,  s=2  and  refer  to  A.  K.  Nandi  [8]  for 


the  iterative  Wiener  solution). 
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An  example  of  restored  signals  from  both  constrained  and 
normalised  objective  function  maximisation  are  compared:  The  input  is 
impulsive  in  nature  and  highly  non-Gaussian  (2.2  a).  Figure  2.2  b  is  a 
filtered  and  Gaussian  noise  contaminated  signal.  Figure  2.2  c  and  d  are 
restored  signals  following  two  procedures  described  earlier. 


(a) 


(b) 


Figure  2.2  Input,  measured  and  restored  signal  from  the  fourth-order 
method,  (a):  Unknown  input  signal,  (b):  measured  signal,  (c):  restored 
signal  from  4th  order  cumulant  and  unit  norm  filter  coefficient 
constraint,  and  (d):  restored  signal  from  4th  order  normalised 
cumulant. 


Table  2.1  Comparison  of  the  inverse  filter  and  restored  signal  from  two 
different  optimisation  methods 


Constraint 

Normalised 

Remarks 

Frobenius  norm 
of  the  inverse 
filter  coefficient 

B 

||f||,=0.93 

L=21,  FIR  inverse 
filter 

Variance  of  the 
restored  signal 

1.60 

1.38 

Ratio  of  the  variance 
of  measured  signal 

skewness 

0.42  (0.128) 

0.36  (0.128) 

( )  is  the  skewness  of 
measured  signal 

kurtosis 

11.53  (4.82) 

10.66  (4.82) 

(  )  is  the  kurtosis  of 
measured  signal 
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3.  PROPERTIES  OF  THE  OBJECTIVE  FUNCTION  AND 
OPTIMISATION  METHODS 


In  Figure  2.2  only  an  MA  inverse  system  (FIR)  was  used.  However, 
depending  on  filter  h  in  Figure  2.1  the  inverse  system  could  be  AR,  MA  or 
ARMA.  This  section  thus  demonstrates  the  behaviour  of  the  objective  function 
along  with  the  coefficients  of  the  different  inverse  filters.  The  three  different 
inverse  filters  are  MA,  AR  and  ARMA  filters  and  their  performances  are 
compared. 


Figure  3.1  The  Objective  function  of  the  order  statistics,  right  top:  objective 
function  shape  of  MA(2),  middle:  AR(2),  bottom:  ARMA(2,2)  inverse  filter, 
left  column  :  restored  signals  from  'opt'  and  'max'  point  for  each  filters 
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As  a  simple  demonstration,  to  restore  the  signal  shown  in  Figure  2.2, 
each  inverse  filter  MA,  AR  or  ARMA  is  assumed  to  have  order  2  {q=2, 
p=2).  The  objective  function  is  kurtosis  (fourth  order  normalised 
cumulant),  which  is  plotted  for  two  coefficients  of  the  three  inverse 
filter  types  in  Figure  3.1.  From  the  Figures,  we  see  there  can  be  several 
local  maxima  for  both  MA  and  AR  inverse  filters.  Thus,  it  is  evident 
that  the  Wiener  solution  may  end  up  at  a  local  maximum.  Note  the 
intersection  of  the  dotted  line  (denoted  'max')  points  maximum 
Objective  value  and  arrow  mark  (denoted  'opt')  points  calculated  filter 
coefficient  values.  As  can  be  seen  in  the  top  of  the  Figure  3.1,  for  the 
MA  filter  case,  the  inverse  filter  from  the  max  point  can  also  yield  the 
signal  restoration  successfully  (see  the  two  restored  signal  in  right  side 
of  top  row  (i)  and  (ii)  are  identical  except  the  scale,  which  can  happen 
due  to  the  scale  -including  sign  reversal-  and  delay  ambiguity  in  the 
blind  deconvolution  problem).  However,  for  the  AR  and  ARMA 
inverse  filter  case,  the  filter  coefficients  that  give  the  maximum  point  of 
the  objective  function  value  does  not  reveal  correct  restoration  (note 
the  unrealistic  signals  in  (iv)  and  (vi)  of  Figure  3.1)  whereas  the  filter 
coefficients  from  the  'opt'  point  can  give  correct  signal  restoration 
(referring  to  signals  in  (iii)  and  (v)  of  the  Figure  3.1). 


In  the  iterative  solution  of  the  Wiener  type  equation  the  first  stage  of 
maximising  the  objective  function  for  the  blind  deconvolution 
procedure  is  the  selection  of  the  initial  inverse  filter.  This  can  affect  the 
performance  of  input  signal  reconstruction  procedure.  Three  initial 
filter  setting  are  selected  (a)  a  random  set,  (b)  an  impulse,  and  (c)  a 
delayed  impulse  (centred)  are  shown  in  Figure  3.2  below. 


Measured 

signal 


FIR 

Inverse 

filter 


Input 

signal 


1 

fgJnN [random  number  of  filter  coefficient] 
=[0.75  0.2  -0.3  1.1  -0.12  . 0.25] 


f  Jni=[lmpulse  type  initial  filter  coefficient] 
=  [10  0 . 0] 

f  Jni=  [Centered  impulse  initial  filter  type] 
=  [0  0..1..0  0] 


Figure  3.2  Different  types  of  initial  inverse  filter  for  deconvolution 
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According  to  the  relationship  between  the  partial  order  and  linear 
filtering,  the  effect  of  the  selection  of  the  above  initial  inverse  filter  is 
demonstrated.  The  left  of  following  Figure  3.3  illustrates  the  change  of 
the  objective  function  values  with  three  different  initial  inverse  filter 
types  for  up  to  8-14  iterations.  The  dotted  line  implies  the  kurtosis 
value  of  the  measured  signal  itself. 


Random  number  initial  inverse  filter 


Figure  3.3  The  comparison  of  the  objective  function  values  and  the 
restored  signals  from  three  different  initial  inverse  type.  :  Value  of 
the  objective  function  of  output  of  the  inverse  filter  in  each  iteration, 
:  Value  of  the  objective  function  of  measured  signal  (unchangeable). 

As  can  be  seen  in  the  top,  left  of  the  figure,  when  the  random  initial 
inverse  filter  was  selected  the  objective  function  value  of  the  first 
iteration  (first  point  of  the  solid  line)  is  smaller  than  that  of  the 
measured  signal  (dotted  line).  This  means  that  the  randomly  selected 
initial  inverse  filter  could  make  the  output  of  the  inverse  filter  closer  to 
Gaussian,  which  in  return  results  difficulties  for  the  convergence  of  the 
filter  coefficient  to  the  desired  optimal  points,  thus  the  restored  signal 
is  degraded  (top,  right).  On  the  other  hands,  the  initial  unit  impulsive 
initial  filter  (middle)  and  the  centred  unit  impulsive  initial  filter 
(bottom)  give  significantly  better  results.  Gray  (1979)  [3]  was  the  first  to 
report  the  use  of  an  impulsive  initial  condition  so  that  the  first  output 
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of  the  filter  is  the  same  as  the  input  and  makes  the  convergence  better 
as  the  iteration  proceeds. 

The  results  reflect  the  importance  of  selecting  the  initial  inverse  filter 
type  on  the  blind  deconvolution  process. 

Another  key  question  is  the  selection  of  inverse  filter  length  for  a  FIR 
inverse.  Without  the  knowledge  of  the  driving  system  (h  in  Figure  2.1) 
nor  the  variance  of  the  additive  noise,  the  FIR  inverse  filter  may  take 
any  length.  Proper  selection  of  the  inverse  filter  now  to  be  established 
depending  on  certain  criteria.  We  consider  three  major  aspects  that  can 
affect  the  choice  of  the  length  of  the  inverse  filter. 

The  algorithm  employed  here  concentrates  on  a  performance  index 
defined  as  difference  of  the  normalised  higher  order  cumulant  value 
(e.g.,  skewness  or  kurtosis)  of  the  restored  signal  and  the  observed 
signal.  This  is  a  measure  of  the  success  the  deconvolution.  Thus  the 
performance  index 

P  =  |0'-a|  (3-1) 

where  O designates  the  normalised  higher  cumulant  value  of 
restored  signal  y  and  observed  signal  v,  and  i  means  their  values  for  i 
filter  length. 


Another  criteria  for  selecting  the  length  of  the  inverse  filter  possibly 
be  given  by  using  the  Generalised  Gaussian  Distribution  (Miller  and 
Thomas,  1972)  [11]. 

This  Generalised  Gaussian  Distribution  (GGD)  can  generally  represent 
the  probabilistic  shape  of  the  random  signal  x,  which  is  expressed  via 
two  parameters  as. 


f(x,p,a) 


a 


(3.2) 


where 

-oo  <x<oo  is  a  random  signal 
r(-)  is  the  gamma  function 
j3  >  0  is  the  scale  parameter 
a  >  0  is  the  shape  parameter. 

Flence,  by  examining  the  a  value,  we  can  'measure'  the  performance 
of  the  deconvolution  for  a  spiky  signal  reconstruction.  This  may  be 
monitored  against  filter  length. 
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The  observed  signal  is  normally  considered  as  the  signal  which 
contains  an  unknown  system's  smoothing  effect  (i.e.  h  in  Figure  2.1) 
and  is  corrupted  by  Gaussian  noise.  For  the  problem  of  seeking  an 
impacting  signal  from  the  smoothed  and  noise  corrupted  observed 
signal,  the  status  of  deconvolution  process  can  be  monitored  by 
checking  the  probabilistic  characteristics  of  each  signal.  The  impacting 
signal  to  be  restored  is  one  with  several  randomly  located  large  events 
separated  by  many  near-zero  events  which  can  be  interpreted  as  noise. 
Under  the  certain  constraint  that  the  variance  of  the  observed  signal 
and  its  estimated  impacting  signal  (deconvolved  signal)  should  be 
equal,  then  the  deconvolved  signal  will  have  less  entropy  (Gray,  1979) 
[3].  The  entropy  of  the  signal  x  is  calculated  from  its  probability 
function  as, 

E  =  - /  (x)  In  /  (x)dx  (3.3) 

in  which  the  log  is  the  natural  logarithm.  The  shape  of  this  entropy 
curve  of  the  restored  signal  along  with  the  different  inverse  filter 
length  has  a  similar  shape  to  that  of  the  a  curve. 

Considering  above  three  parameters,  the  optimal  length  of  the 
inverse  filter  is  determined  by  balancing  the  performance  index  and 
entropy  curve  whilst  keeping  the  shape  parameter  (a)  as  small  as 
possible.  Figure  3.4  is  the  graphical  illustration  of  optimal  inverse  filter 
selection  scheme. 


Figure  3.4  Graphical  illustration  of  optimal  inverse  filter  length  selection. 
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An  example  of  restored  signals  from  optimal  inverse  filter  selection 
criterion  using  third-and  fourth  order  for  normalised  objective  function 
maximisation  are  compared: 


low  a  high 


low  <r-  a  high 


Figure  3.5  The  shape  of  the  entropy-performance  curve  for  filter  length 
selection  for  3"^,  4"'  order  case. 


1000  i?000  3000  -^OOO 


Figure  3.6  The  shape  of  restored  signals  via  3"*,  4*  order  deconvolution 
methods  with  optimal  length. 


4.  DISCUSSIONS 

Considering  the  changes  of  degree  of  Gaussianity  along  with  the  linear 
filtering  blind  signal  reconstruction  has  been  demonstrated.  The  higher 
order  cumulants  -  i.e.,  constrained  or  normalised  zero  lag  higher  order 
(order  3,  4)  cumulant  of  the  output  signal  of  the  inverse  filter  -  named 
as  an  objective  function  has  been  employed  for  the  restoration  of  the 
impacting  signal  (restoration  of  unknown  source  signal,  see  Figure  2.2). 
The  compactness  of  the  recursive  (AR  or  ARMA)  inverse  system  in 
blind  deconvolution  is  seen  provided  that  instability  (see  Figure  3.1)  of 
the  filter  can  be  suppressed.  For  instance,  confining  the  position  of 
poles  inside  the  unit  circle  at  each  iteration  can  control  the  filter 
instability. 

The  effect  of  the  initial  condition  of  the  inverse  system  (Figure  3.3)  has 
been  explored  on  the  basis  of  the  partial  order. 
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A  criterion  on  the  choosing  the  length  of  the  FIR  inverse  system  has 
been  suggested  (Figure  3.4)  monitoring  the  performance  index,  shape 
parameter,  and  entropy  of  the  restored  signals.  The  maximisation  of 
the  defined  objective  function  from  the  iterative  solution  of  a 
Generalised  Wiener  approach  sometimes  falls  into  one  of  the  local 
maxima.  Hence,  in  conjunction  with  the  work  carried  out  here,  another 
optimisation  methods  are  recommended  to  be  considered  expecting  to 
find  the  global  maximum.  This  provides  the  starting  point  for  the 
companion  paper  Part  11. 
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ABSTRACT 

This  paper  consists  of  two  sections  complementing  Part  I  including  (i) 
extension  of  local  optimisation  to  global  optimisation.  This  global 
maximisation  method  is  known  as  Differential  Evolution  (DE).  And  (ii) 
applying  the  methods  described  in  both  Part  I  and  II  to  experimental 
data. 


1.  INTRODUCTION 

In  section  2,  we  reconsider  the  optimisation  problem  described  in  Part 
I,  this  time  seeking  global  optimisation  schemes.  The  purpose  of  global 
optimisation  is  to  find  a  solution  for  with  the  objective  function  obtains 
its  least  (or  largest)  value.  When  the  objective  function  has  many  local 
maxima,  local  optimisation  techniques  are  likely  to  miss  the  global 
maximum,  so  a  search  tool  is  needed  to  find  the  global  maximum.  The 
approach  we  use  is  known  as  the  Differential  Evolution  (DE) 
algorithm.  Differential  Evolution  is  basically  very  similar  to 
conventional  Genetic  Algorithms  (GA)  [1],  [2].  The  differences  are  in 
the  way  the  mechanisms  of  mutation  and  crossover  are  performed 
using  real  floating  point  numbers  instead  of  long  strings  of  zeros  and 
ones.  In  particular,  the  concept  of  perturbing  a  vector  with  the 
difference  of  two  other  parameter  vectors  is  borrowed  from  the 
reflection,  expansion  and  contraction  processes  of  the  Nelder  and 
Mead's  downhill  simplex  optimisation  algorithm  [3]. 

In  section  3,  simulations  and  experimental  data  are  used  to  illustrate 
the  methodology  of  both  Part  I  and  Part  II. 
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2.  DIFFERENTIAL  EVOLUTION  (DE) 

Suppose  we  have  a  function  of  a  vector  x  of  parameters /(x)  and  need  to 
find  the  extreme  value  of/(x)  as  we  iterate  x.  With  a  given  number  of 
random  guesses  of  x  (named  the  initial  population),  we  attempt  to 
improve  the  value  of  /(x)  retaining  a  number  of  best  guesses  as  the 
process  continues.  The  initial  vector  population  is  chosen  randomly 
and  should  cover  the  entire  parameter  space  (as  a  rule,  a  uniform 
probability  distribution  for  all  random  decisions  will  be  employed 
rmless  otherwise  stated).  The  improvement  (evolution)  is  carried  out 
by  forming  the  next  (child)  population  by  mating  pairs  of  the  initial 
(parents)  population,  based  on  random  search  (mutation  and 
crossover).  In  comparison  with  GA,  the  basic  difference  lies  in  the 
scheme  for  generating  trial  vectors  [4].  Figure  2.1  shows  schematically 
the  basic  operations  of  DE  working  on  optimisation  of  a  hypothetical 
multi-parameter  system.  The  parameter  vectors  considered  here  are 
composed  of  five  parameters  Xp,  (D=l,2,...,5  and  i  is  the  entry  number 
of  population  up  to  p).  Hence,  there  are  two  D  x  p  (in  this  case,  D=5) 
which  represent  the  generations  of  the  parameters.  This  means  the 
algorithm  starts  with  an  initial  pool  of  5  dimensional  parameter  vectors 
with  p  population  (candidates  or  ancestors)  drawn  from  a  certain 
probability  distribution.  Normally  the  uniform  probability  distribution 
ensures  that  the  parameter  vectors  generated  will  span  the  parameter 
space  equally.  The  initial  pool  acts  as  the  first  generation  from  which 
the  whole  evolution  operation  starts.  Thus,  the  top  table  represents  the 
generation  whose  members  will  evolve  according  to  the  mechanisms  of 
the  differential  evolution. 

In  the  bottom  table  each  newly  evolved  member  will  be  placed 
according  to  the  positions  which  its  predecessor  was  holding  in  the  top 
table.  The  bottom  table  is  called  a  new  generation. 

As  can  be  seen  in  the  Figure  2.1,  the  member  [x,,,X2|,...,X5|f  of  the 

first  table  (top)  is  evolved  to  the  descendant  [x,„,X2„,...,X3,J^  that 

holds  the  leftmost  position  in  the  bottom  table.  The  performance  index 
or  cost  value  corresponding  to  each  parameter  vector  is  displayed  in 
the  corresponding  row  of  the  two  tables.  The  detailed  processes 
between  the  top  and  bottom  table  are  featured  and  described  as 
follows; 
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regeneration  (new  iteration) 


Step  1:  Target  vector  selection 

The  first  left  parameter  vector  of  the  top  table  is  selected  and  denoted 
Target  vector  P, .  Note  that  the  steps  of  differential  evolution  in  Figure 
2.1  are  applied  in  parallel  to  all  the  rest  vectors  of  the  top  table  toward 
the  right  hand  side  during  the  differential  evolution  single  run  (one 
iteration).  All  the  (parallel)  applied  target  vectors  form  the  basis  of 
ancestors  to  be  compared  to  the  generated  descendants  and  leave  their 
positions  to  newly  generated  ones  that  can  fill  the  bottom  table.  At  the 
end  of  each  run  the  improved  generation  in  the  bottom  table  is  passed 
to  the  top  table  in  order  to  play  the  role  of  new  ancestors. 

Step  2:  Random  selection  of  two  vectors 

Two  parameter  vectors  denoted  P^,  P^  are  selected  among  the  top  table 
which  should  not  be  the  same  as  the  target  vector  P,. 

Step  3:  Generate  the  scaled  difference  vector 

From  the  randomly  selected  parameter  vectors  P^  and  Pj,  in  the 
previous  step,  the  difference  of  two  parameter  vectors  are  multiplied 
by  a  user  defined  constant  F  (Fe  [0,1])  to  create  the  scaled  difference 
vector. 

Step  4:  Random  selection  of  third  vector 

The  third  parameter  vector  denoted  P^,  is  selected  randomly.  This 
vector  also  should  not  be  either  the  target  vector  P,  or  two  randomly 
selected  parameter  vectors  P^,  Pi^. 

Step  5:  Add  to  scaled  difference  vector  (mutation) 

Differential  evolution  mutates  (perturbs)  by  using  two  randomly 
selected  and  one  separately  selected  vector  (i.e.  the  third  vector).  This 
process  creates  a  new  mutated  parameter  vector  P_„.  While  in  Figure  2.1 
the  perturbation  process  is  portrayed  in  the  top  dashed  box,  the  visual 
interpretation  of  this  process  is  shown  in  the  Figure  2.2. 

Step  6:  Generation  of  the  Trial  vector  (crossover) 

The  next  operation  of  the  differential  evolution  is  crossover.  The 
mutated  parameter  vector  P^  recombines  with  the  target  vector  P,  in 
order  to  generate  a  new  trial  vector  P,^.  The  P,^  consists  of  parameters 
obtained  from  both  P,„  and  P,.  In  the  context  of  Genetic  algorithms,  P„ 
and  P,  are  known  as  the  parents  and  the  newly  generated  parameter 
vector  P^  is  known  as  their  child.  The  actual  parameter  components  of 
every  vector  P  are  known  as  genes.  Differential  evolution  implements 
recombination  by  using  the  chance  of  occurrence  applied  to  the 
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0  :  Mutated  parameter  vector  P  (G+1) 
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Figure  2.2  Perturbation  (mutation)  process  of  differential  evolution  for 
two  dimensional  cost  function  and  the  process  for  generating  mutated 
parameter  [4] 

selection  of  the  genes  from  the  parents  to  the  child.  The  likelihood  that 
governs  the  inheritance  of  the  parameter  vector  is  determined  by  a 
constant  parameter  designated  as  the  crossover  ratio  (CR).  The 
graphical  illustration  is  given  in  the  Figure  2.3  followed  by  the 
explanation  about  the  operation. 


T arget  vector  Mutant  vector  T rial  vector 

containing  the 
parameters 


Figure  2.3  Illustration  of  the  crossover  process  for  D=5  parameters  [4] 
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As  can  be  seen  in  Figure  2.3,  the  process  of  crossover  creates  a  new 
parameter  vector  named  the  trial  vector  (right)  by  exchanging  the 
elements  (gene)  of  the  target  parameter  vector  (left)  and  the  mutant 
vector  (middle).  This  gene  recombination  based  on  the  random  search 
from  which  as  many  explorations  for  the  improved  generation  as 
possible  is  given  by  the  following  rule. 

_|Pm,ij,o.i  if  rand(j)L  < CR  or  j=perm(l,2,...,D)[,, 

Ptwj.o+i  if  rand(j)[^^  >CR  and  j  perm(  1 ,2, . . .  ,D)[_ . 

where  rand(j)|^^ .  is  the  j-th  evaluation  of  a  uniform  random  number 
generator  with  outcome  e  [0,1],  CR  is  the  crossover  constant  e  [0,1], 
and  perm(l,2,...,D)[j,  is  a  randomly  chosen  index  e  [0,1]  which  ensures 

that  P„,i|.G+i  gets  at  least  one  parameter  from  y  o+i  • 

Step  7:  Selection 

By  comparing  the  cost  value  of  the  target  parameter  vector  and  that  of 
the  trial  vector  obtained  from  the  crossover  process,  the  lowest  or 
highest  cost  value  of  parameter  vector  survives  and  passes  in  the  next 
generation  depending  on  the  optimisation  scheme  (e.g.,  minimisation 
or  maximisation).  The  chosen  parameter  vector  and  its  cost  value  is 
then  placed  in  the  same  position  of  the  bottom  table. 

Repeating  the  steps  for  every  target  vector  in  the  top  table  creates  a 
new  generation  which  fills  the  bottom  table  and  takes  the  role  of  the 
previous  generation  for  each  iteration.  Since  the  selection  of  the  target 
vector  is  done  from  the  leftmost  to  the  right  direction,  this  procedure  as 
called  the  parallel  search  method.  The  iteration  halts  when  a  stopping 
criterion  is  satisfied.  Usually  this  criterion  is  set  as  either  a  user  defined 
cost  value  or  a  maximum  number  of  iterations  or  both. 

An  example  of  the  impacting  signal  restoration  from  measured  signal 
using  both  Wiener  Optimisation  (denoted  'WO')  and  Differential 
Evolution  (DE)  method  when  an  MA(2)  inverse  filter  is  applied  is 
compared  in  the  Figure  2.4.  This  rather  'simple'  example  in  using  only 
an  MA(2)  filter  is  used  for  illustration  purposes.  As  can  be  seen  in 
Figure  2.4  (c).  The  optimal  point  of  DE  marked  by  'opt.  (DE)'  coincides 
with  the  'max'  point  whereas  the  optimal  point  of  Wiener  optimisation 
marked  by  'opt.  (WO)'  is  at  a  different  point  on  the  objective  function 
surface,  which  is  identified  as  a  local  maximum.  The  signal  restoration 
results,  however,  are  similar  (only  a  sign  reversal)  for  both  methods  as 
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the  objective  function  has  little  difference  between  the  'opt'  point  of 
Wiener  optimisation  and  'max'  point.  We  can  conclude  that  the  Wiener 
optimisation  may  well  also  be  a  feasible  method  for  blind  signal 
restoration  provided  that  the  previously  considered  inverse  filter's 
requirements  (e.g.  select  an  initial  inverse  type  by  an  impulsive 
coefficients)  are  satisfied.  This  is  reassuring  considering  that  the 
computational  loads  in  employing  DE  become  nontrivial  for  large 
order  filters,  (refer  to  J.  S.  Seo  [5]  for  details  of  the  DE  process). 
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Figure  2.4  Restoration  of  signal  from  fourth-order  Wiener  solution,  and 
DE  method,  (a):  unknown  input  signal,  (b):  measured  signal,  (c):  Global 
maximum  and  local  maxima  for  both  methods,  (d):  restored  signal  by 
using  Wiener  optimisation,  and  (e):  restored  signal  by  using  DE 
optimisation  method. 


3.  EXPERIMENTAL  VERIFICATION  FOR  THE  BLIND 
DECONVOLUTION  OF  IMPACTING  SIGNAL 

This  section  provides  the  practical  application  of  considerations 
developed  in  the  previous  section  and  in  Part  1.  Using  both  Wiener 
optimisation  and  the  Differential  Evolution  method,  we  considered  the 
reconstruction  of  an  impacting  signal  from  an  experimental  test 
assuming  only  a  single  measurement  data  of  accelerometer  is  available. 
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The  experimental  lay  out  is  shown  in  Figure  3.1  in  which  a  cantilever 
beam  is  driven  by  a  broad  band  Gaussian  excitation.  Impacting  is 
induced  by  placing  an  end  stop  restricting  the  motion  of  the  beam  (at 
the  beam  tip).  The  Gaussian  excitation  signal  is  produced  from  a  signal 
analyser  (Ch.l)  and  fed  to  the  exciter.  The  signal  from  the  exciter  (Ch.3) 
is  responsible  for  the  movement  of  the  beam.  The  impacting  signal  (Ch. 
2)  is  generated  by  the  end  stop  incorporating  a  force  transducer  which 
is  placed  1.5  mm  behind  from  the  beam  steady  state  position.  The 
accelerometer  is  attached  at  the  free  end  of  the  cantilever  beam  to 
collect  the  signal  (Ch.  4)  mixed  with  the  vibration  signal  of  the  beam 
and  impacting  signal  caused  by  the  end  stop.  Note  the  impacting 
signal  (Ch.  2)  is  captured  so  as  to  assess  the  performance  of  the 
inversion  process  -  normally  of  course  this  would  be  unavailable. 


IBM  PC 


Figure  3.1  Experimental  set-up  for  blind  signal  reconstruction 


From  the  measured  signal,  the  impacting  signal  has  been 
reconstructed  blindly.  Suppose  we  have  measured  the  motion  of  the 
beam  from  only  the  accelerometer  point.  From  this  measured  data,  the 
impacting  signal  is  to  be  reconstructed  using  the  higher-order 
cumulant  of  the  measured  signals.  The  ARMA(2,7)  inverse  system  has 
been  selected  for  both  Wiener  approach  and  DE  method  in  this  blind 
deconvolution  of  impacting  signal  problem. 
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Figure  3.2  The  result  of  signal  restoration  for  experimental  impacting 
signal;  (a):  impacting  signal,  (b)  measured  signal  (from  accelerometer), 
(c)  restored  signal  from  3""^  order  method  (Wiener  approach),  (d): 
restored  signal  from  4**"  order  method  (Wiener  approach),  (e):  restored 
signal  from  3'"^  order  method  (DE  method),  and  (f):  restored  signal  from 
4*^"  order  method  (DE  method). 


Table  3.1  Numerical  comparison  of  the  restored  signals  of  the  Figure  3.2 


N.  Methods 

Values\^^ 

Wiener  approach 

DE  method 

observed 

signal 

Ilhird 

border 

Fourth 

order 

Third 

order 

Fourth 

order 

a 

coefficient 

0.83 

0.65 

0.76  / 

0.59 

2.02 

(0.33)' 

Entropy 

2.93  ■ 

2.52 

.2.79 

2.53 

Skewness 

G.815 

0.04 

0.81 

-0.07 

0.066 

(9.45) 

Kurtosis 

8.19 

13.10 

9.44  . 

16.28 

2.98 

(128.5) 

values  in  (  )  corresponds  to  the  input  signal 
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4.  CONCLUDING  REMARKS 


Since  the  Wiener  approach  is  believed  to  yield  only  one  of  the  local 
maxima,  the  restoration  of  impacting  signal  using  the  global 
optimisation  method  has  been  carried  out  and  compared  to  the  Wiener 
optimisation  method.  One  noticeable  point  to  be  mentioned  here  is  that 
even  through  the  Wiener  optimisation  method  results  generally  in  a 
local  maximum,  the  reconstruction  seems  very  comparable  to  the 
global  optimisation. 

There  still  exist  some  other  aspects  to  the  problem  of  restoring  the 
impacting  signal  for  both  including  the  choice  of  filter  length  for  both 
Wiener  optimisation  and  Differential  Evolution. 

Following  from  this  work  possible  future  research  could  include 

(i)  The  stabilisation  of  the  HR  (AR  and  ARMA)  inverse  filters, 

(ii)  The  use  of  multi-channel  data  and  joint  cumulant  approach,  and 
(hi)  Detection  of  the  existence  of  non-Gaussian  impacting  signal. 
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1  Introduction 

The  response  u{x,t)  of  a  general  linear  structural  system  to  a  single  excitation 
load  P{t)  can  be  written  as 

u{x,t)  ^  f  G{Xjt  —  r)P(r)dr 
Jo 

where  G{x,t)  is  the  system  response  function.  The  force  identification  problem 
is  posed  as:  Given  some  measurements  u{t)  (perhaps  imperfectly),  and  knowl¬ 
edge  of  the  system  function  G{x^t)  (perhaps  imperfectly),  determine  the  load 
P(t)-  This  problem  is  difficult  for  two  quite  separate  reasons.  The  first  is  that 
it  is  a  highly  ill-conditioned  problem  which  means  that  small  errors  in  the  mea¬ 
surements  or  the  modeling  can  cause  very  large  variances  in  the  identified  forces. 
Second,  the  need  to  know  the  system  function  in  analytical  form  has  meant  that 
most  structural  systems  analyzed  were  relatively  simple. 

Reference  [1]  gives  an  excellent  summary  of  the  literature  on  force  identifi¬ 
cation  as  well  as  an  overview  of  the  subject  itself;  more  recent  citations  can  be 
found  in  Reference  [2].  A  variety  of  methods  have  been  used,  but  the  most  com¬ 
mon  solution  scheme  has  been  some  form  of  deconvolution.  References  [2,  3,  4,  5] 
used  Fourier  methods  because  of  the  relative  simplicity  of  the  inversion  and  be¬ 
cause  it  is  suitably  matched  to  the  spectral  element  approach.  Each  of  these 
are  quite  limited  in  that  they  are  restricted  to  relatively  simple  geometries.  The 
beginnings  of  a  deconvolution  method  coupled  with  a  general  finite  element  ap¬ 
proach  was  given  in  Reference  [6]  which  used  an  FEM  program  to  generate 
wavelet  solutions  which  could  be  synthesized  in  the  inverse  solution. 

A  quite  different  approach  was  pioneered  in  References  [7,  8].  This  approach 
uses  ideas  from  dynamic  programming,  but  what  sets  it  apart  from  the  above 
references  is  that  it  deals  with  the  discretized  form  of  the  governing  equations. 
This  makes  it  suitable  for  coupling  with  a  finite  element  modeling  of  the  struc¬ 
ture.  However,  as  pointed  out  in  Reference  [7]  “one  of  the  disadvantages  of  the 
method  is  that  the  amount  of  computations  increases  dramatically  as  the  order 
of  the  model  increases”.  This  necessitated  the  authors  to  introduce  a  modal 
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reduction  scheme.  The  final  size  of  the  problem  studied  in  References  [7,  8] 
was  nine  degrees  of  freedom.  More  details  and  applications  can  be  found  in  the 
Monograph  [9]. 

It  is  the  goal  of  this  paper  to  develop  a  method  for  force  identification  that 
is  robust  enough  to  be  applied  to  complex  structures,  but  whose  computational 
costs  scale  as  for  a  forward  finite  element  analysis.  Furthermore,  we  wish  to  be 
able  to  determine  multiple  isolated  forces  as  well  as  distributed  pressures  and 
tractions.  After  developing  the  main  ingredients  of  the  method,  we  illustrate  its 
attributes  using  experimental  data  from  the  impact  of  a  3-D  shell. 


2  The  Essential  Difficulty 

Using  the  discretization  afforded  by  the  finite  element  method  [10],  the  govern¬ 
ing  dynamic  equations  for  our  general  complex  (but  linear)  structure  can  be 
discretized  in  space  as 

[M]{u}  +  [C]{u}  +  [iC]{>.}  =  {P}  =  [S5]{P}  (1) 

In  this,  {  u  }  is  the  vector  of  all  the  free  degrees  of  freedom  and  is  of  size  {rriu  x  1}, 
[  iC  ]  is  the  [rriu  x  stiffness  matrix,  [  C  ]  is  the  [rriu  x  ttiu]  damping  matrix, 
{P}  is  the  {rriu  x  1}  vector  of  all  applied  loads  (some  of  which  are  zero),  {9} 
is  the  {rrig  x  1}  subset  of  {p}  vector  of  non-zero  applied  loads,  and  [Bg]  is  the 
[rriu  X  rrig]  matrix  that  associates  these  loads  with  the  degrees  of  freedom.  Let 
these  governing  equations  be  discretized  in  time  as  the  recurrence  relations 

{*^}n+l  =  [yl]{w}n  +  [5]{»}„  (2) 


In  this,  n  is  the  subscript  over  the  discretized  time;  {u}  now  contains  the  state 
vectors  (at  least  displacement  and  velocity)  and  is  of  size  m  >  2mu;  the  vector 
of  forcing  terms,  {p},  is  of  size  [rrig  x  1};  and  [  P  ]  is  the  [m  x  matrix  that 
associates  the  forces  with  the  DoF.  Some  specific  forms  for  [  A  ]  and  [  B  ]  are 
given  in  References  [11,  12] 

In  the  forward  problem,  given  the  initial  conditions  as  {u}i  =  known  and 
the  applied  loads  histories  {</},  we  can  solve  for  the  response  recursively  from 
Equation  (2).  In  the  inverse  problem  of  interest  here,  the  applied  loads  are 
unknown  but  we  know  some  information  about  the  responses;  we  wish  to  use 
this  information  to  determine  the  applied  loads.  In  particular,  assume  we  have  a 
vector  of  measurements  {d}  of  size  [md  x  1}  which  are  related  to  the  structural 
DoF  according  to 

{d}n  ^  [  Q  ]{^}n 

Note  that  the  [m^  x  m^]  matrix  [  Q  ]  could  be  a  difference  relation  as  would  be 
the  case  for  strains.  We  want  to  find  the  forces  {9}  that  make  the  system  best 
match  the  measurements.  Consider  the  general  least  squares  error  given  by 


N 


E 


{d-Qu}'^\W  \{d-Qu}„  , 


{**}«+!  =  [^]{«}n  +  [B]{5}n 
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where  \  W  \  could  be  a  general  weighting  array  on  the  data  although  we  will 
take  it  as  diagonal.  Our  objective  is  to  find  the  set  of  forces  {5}  that  minimize 
this  error  functional. 

It  is  possible  to  establish  a  global  system  of  simultaneous  equations  by  the 
usual  procedures  for  minimizing  the  least  squares.  That  is,  we  arrange  Equa¬ 
tion  (2)  to  form 

Solve  for  {u}  in  terms  of  {p}.  That  is,  first  decompose  [  A  ]  and  then  solve 
[  G  ]  as  the  series  of  back-substitutions 

[  i  ][  G  ]  =  [L'^DU][  G  ]  -  [  5  ]{k}  =  [  G  ]{5} 

The  matrix  [  G  ]  is  the  collection  of  forward  solutions  for  unit  loads  applied  for 
each  of  the  unknown  forces.  Substitute  {w}  —  [G]{P}  into  the  error  equation 
and  minimize  with  respect  to  {g}.  The  resulting  system  is 

[G'^Q'^WQG]{g}  =  [QGf[w]{d} 

This  naive  scheme  is  not  practical  for  two  very  important  reasons. 

Consider  our  dynamic  problems  where  there  are  rriu  degrees  of  freedom  at 
N  time  steps;  this  would  lead  to  the  very  large  system  array  [  ^  ]  of  size  [(ruu  x 
N)  X  {rriu  X  N)].  A  system  with  10,000  DoF  over  2000  time  steps  has  nearly 
100  X  10®  unknowns  and  a  system  size  of  [  A  ]  that  is  the  square  of  that.  Clearly, 
this  approach  to  solving  the  problem  does  not  scale  very  well  and  the  procedure 
is  restricted  to  very  small  problems  only. 

There  is  an  even  more  insidious  reason  why  the  above  scheme  will  not  work 
even  if  we  could  afford  the  computational  cost  —  the  established  system  of 
equations  are  notoriously  ill-conditioned.  That  is,  any  small  perturbations  in  the 
input  data  or  system  parameters  will  cause  significant  changes  in  the  estimated 
parameters. 

The  two  key  factors  we  must  address  are  therefore  size  and  ill-conditioning. 
In  the  following,  the  ill-conditioning  is  handled  by  the  introduction  of  regular¬ 
ization  terms  [13].  We  cope  with  the  problem  of  size  by  adapting  ideas  from 
Kalman  filtering  that  allows  a  sequential  (in  time)  solution  of  the  problem. 


3  Well-Posed  Problems 

The  usual  least  squares  procedure  is  posed  in  the  form  of  finding  the  set  of  dis¬ 
cretized  unknowns  {u}  given  the  set  of  data  {d}  so  that  the  positive  functional 
w4  =  is  a  minimum;  that  is, 

minimize  :  A  =  [Au  —  d^[Au  —  d] 
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The  number  of  data  is  typically  larger  than  the  number  of  unknowns  and  there¬ 
fore  minimizing  wit  respect  to  the  unknown  {u}  gives  a  determinate  system 
of  equations.  These  problems,  however,  are  actually  very  difficult  to  get  robust 
answers  even  when  there  is  an  excess  of  data  since  they  are  highly  ill-conditioned. 

Our  situation  is  even  more  complicated  in  that  we  possibly  could  have  many 
more  unknowns  than  data.  For  example,  we  may  be  interested  in  finding  a 
traction  distribution  on  a  surface  with  an  unknown  force  associated  with  each 
node  on  the  surface  —  if  the  FEM  discretization  is  fine,  then  there  will  be  many 
more  nodes  (hence  unknown  forces)  than  measurements. 

We  now  paraphrase  some  of  the  discussion  of  regularization  as  given  in  Ref¬ 
erence  [13].  A  key  point  has  to  do  with  degenerate  minimization  principles.  If 
[  A  ]  has  fewer  rows  than  columns  then  minimizing  A{u)  will  not  give  a  unique 
solution  for  {u}.  However,  if  we  add  any  multiple  A  times  a  nondegenerate 
quadratic  form  B{u)j  for  example,  a  function  formed  as  {u}^{u}  then  minimiz¬ 
ing  A[v]  +  \B[v\  will  lead  to  a  unique  solution  for  {u}. 

Thus  the  essential  idea  in  our  inverse  theory  is  the  objective 

minimize:  A-\-  XB  —  [Au  —  d}'^ {Au  —  d}  +  A{u}^[  H  ]{^^} 

for  various  values  of  0  <  A  <  oo  along  the  so-called  trade-off  curve.  There  are  two 
positive  functionals,  A  and  B,  The  first  measures  something  like  the  agreement 
of  a  model  to  the  data;  when  A  by  itself  is  minimized,  the  agreement  with  the 
data  becomes  very  good  but  the  solution  becomes  unstable,  oscillating  wildly. 
This  reflects  that  A  alone  typically  defines  a  highly  ill-conditioned  minimization 
problem.  The  second  term  B  is  introduced  to  overcome  this  problem;  it  measures 
something  like  the  “smoothness”  of  the  desired  solution,  or  sometimes  a  quantity 
reflecting  a  pnon  judgments  about  the  likelihood  of  a  solution.  This  function  is 
called  the  regularizing  operator.  Minimizing  B  by  itself  gives  a  solution  that  is 
“smooth”  or  “stable”  or  “likely”.  Note  that  this  has  nothing  at  all  to  do  with 
the  measured  data  —  only  our  a  priori  biases.  We  settle  on  a  “best”  value  of  A 
by  some  criterion  ranging  from  fairly  objective  to  entirely  subjective. 

The  regularization  method  we  will  discuss  is  generally  called  Tikhonov [14] 
regularization.  Typically,  the  functional  B  involves  some  measures  of  smoothness 
that  derive  from  first  or  higher  derivatives. 

Consider  a  normal  traction  distribution  represented  by  the  collection  of  forces 
g(^x)  {<?}.  Suppose  that  our  a  priori  belief  is  that,  locally,  g{x)  is  not  too 

different  from  a  constant.  Then  a  reasonable  functional  to  minimize  is  associated 
with  the  derivative 

r  dn 

Sex  j:[9m-9m+^?  =  {9f[Df[D]{9}  =  {9f[H]{9} 

m=l 

since  it  is  nonnegative  and  equal  to  zero  only  when  g{x)  is  constant.  The  matrix 
{D}  is  the  [(M  —  1)  x  M]  first  difference  matrix  and  \H]  is  the  [M  x  M] 
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symmetric  matrix  formed  from  it.  They  are  given  by 


■-1  1  0  •••]  r  1  -1  0  ••• 

[£>]=  0-1  1  ,  [H]  =  [Df[D]=  -1 

0  0  -1  •••  J  [  0  -1  2 

This  is  called  first  order  regularization.  This  choice  of  [  £)  ]  is  only  the  simplest 
in  an  obvious  sequence  of  derivatives. 

The  above  schemes  are  for  regularization  along  a  line  —  an  edge  traction, 
for  example.  A  2-D  pressure  distribution  on  a  shell  or  plate  is  handled  slightly 
differently  because  the  pressure  first  acts  on  the  element  and  we  impose  regu¬ 
larization  of  the  pressure  between  neighboring  elements. 

4  Recursive  Formulation  of  the  Problem 

Consider  the  general  least  squares  error  given  by 

N  r 

E{u,g)  =  E  -  Q^)l\ W\{d  -  Qu}n  +  A{5}^[  H  ]{5}„ 

71=1  ^ 

where  the  summation  is  over  all  the  time  steps  as  discussed  before.  The  main 
idea  to  be  developed  is  to  perform  the  minimization  recursively,  rather  than 
globally,  working  from  the  last  time  step. 

In  the  type  of  structural  dynamics  problem  we  are  interested  in,  the  system 
parameters  do  not  change  over  time.  As  a  result,  many  of  the  arrays  in  the 
recursive  relations  also  do  not  change  over  the  increments  in  time;  this  leads 
to  the  possibility  of  formulating  the  equations  in  terms  of  changes  of  quantities 
rather  than  the  quantities  themselves.  The  following  equations  for  an  efiicient 
formulation  are  due  to  Kailath[15]  who  discusses  it  in  good  detail.  Derivations 
can  also  be  found  in  Reference  [9]. 

The  solution  is  in  the  form  of  the  recursion  relations: 

[Dn-l]  =  lD-^]-2[B^Yn\[Ln][Y^B] 

[En-l]  = 

[L„_l]  =  [Ln]  +  2[LnY^B][Dn-l][B'^Yr,Ln] 

[y„_i]  =  [A^]  -  2if„5^y„ 

[Kn-i]  =  [y„-2fi:„5^y„][L„yj5][z)„_i] 

=  -2[Q’^W]{d}n-i  +  [A'^][{Sn}  -  2[ff„5^]{5„}} 

It  is  clear  that  these  computations  can  be  sequenced  so  that  many  of  the  partial 
products  can  be  re-used.  When  doing  this,  the  carry-over  arrays  should  be 
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chosen  to  be  the  small  ones.  One  such  possible  scheme  is  given  in  Reference  [11], 
The  initial  conditions  for  the  recursive  variables  are 

=  2\[H]  +  2\B'^Q'^]\W\[QB] 

=  [V]“' 

[y;v]  =  [A^WQ'^] 

[Kn]  =  [Q^W][QB][Dn] 

[Ln]  =  -\W  \+2\w\[QB][DN][B'^Qf\W\ 

{5n}  =  ~2[Q'^W]{d}N 

We  are  now  in  a  position  to  complete  the  solution. 

During  the  backward  phase  of  the  computations,  we  store  the  quantities 

[Kl] 

either  to  disk  or  in-core.  These  can  then  be  used  in  the  forward  calculations. 
The  forward  stage  of  the  computations  is  given  by 

{<7}n  =  “[-^n+l][  }n  ”  ]{*^n+l} 

{^^}n+l  ~  ]{^}n  +  [  ^  ]{^  }n  (3) 

This  form  of  the  recursive  relations  deals  with  arrays  of  size 


Pn'] 

=  [mgxrrig] 

symmetric 

[Dn] 

=  [nig  X  nig] 

symmetric 

[Ln] 

—  \md  X  m^f] 

symmetric 

[>;.] 

=  [m  X  m^] 

[^r.] 

=  [m  X  nig] 

{5„} 

=  [m  X  1] 

The  largest  arrays  are  of  size  [m  x  md\  and  [m  x  m^],  and  since  both  and 
rrig  are  significantly  less  than  m,  we  have  a  huge  reduction  in  the  storage  re¬ 
quirements. 

Both  the  Ricatti  and  time  invariant  equations  were  incorporated  into  a  pro¬ 
gram  called  Inverse.  Implicit  and  explicit  versions  of  the  time  integrations  are 
selectable.  Existing  finite  element  code  to  produce  the  stiffness,  mass,  and  damp¬ 
ing  arrays  of  3-D  thin-walled  shell  structures  with  reinforcements  was  modified 
and  incorporated  into  Inverse;  consequently  it  can  handle  the  same  problems 
as  the  original  finite  element  program.  The  model  of  the  structure  is  created 
using  the  mesh  generating  program  associated  with  the  finite  element  program. 

Through  the  matrix  [  Q  ],  any  number  of  mixed  sensors  can  be  used.  In  the 
case  of  the  implicit  scheme,  the  accelerometer  data  can  be  used  directly;  in  the 
explicit  scheme  it  needs  to  be  integrated  once  to  be  put  in  the  form  of  velocity. 
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Through  the  matrix  [Eg],  any  number  of  forces  and  moments  can  be  deter¬ 
mined.  As  seen  in  the  equations  of  Appendix  I,  we  actually  determine  the  rate 
of  force  and  not  the  force  itself.  This  has  the  effect  of  adding  regularization  in 
the  time  direction. 

The  system  array  [  A  ]  is  very  large  and  therefore  it  is  to  our  advantage  to 
give  special  treatment  to  its  manipulations.  We  never  do  actually  assemble  the 
[  A  ]  matrix  but  instead  retain  the  individual  component  matrices.  The  storage 
used  for  the  array  is  then 

[{2mu  -i-  rrig)  x  {2mu  +  rrig)]  [m^  x  6  -f  2mu] 

This  affords  a  substantial  reduction  for  large  systems.  The  vector  product 
{u;}  =  [  A  ]{^^}  is  accomplished  by  breaking  into  three  parts  and  then 
adding  the  separate  products  with  the  only  expensive  computation  being  the 
product  [K]{vi}  and  this  is  accomplished  in  banded  form.  In  this  way,  both 
the  storage  and  computational  cost  of  manipulating  the  system  array  [  A  ]  is 
reduced  considerably.  As  is  the  case  with  the  forward  finite  element  problem, 
the  largest  array  is  the  stiffness  matrix.  More  details  on  the  program  can  be 
found  in  Reference  [11]. 

5  Application  to  3-D  Shell 

In  order  to  exercise  the  program  and  determine  some  of  the  metrics,  we  first 
apply  it  to  a  shell  problem  using  synthetic  data.  This  will  be  used  to  demon¬ 
strate  the  ability  of  the  program  to  handle  large  problems,  and  to  demonstrate 
the  necessity  of  regularization.  We  conclude  with  an  experimental  study  of  a 
cylindrical  shell. 

Synthetic  Data 

This  example,  shown  in  Figure  1,  presents  a  complex  problem  in  that  it  is  three 
dimensional  with  a  large  number  of  degrees  of  freedom.  The  elements  used  are 
such  that  there  are  six  degrees  of  freedom  at  each  node  —  three  displacements, 
and  three  rotations.  The  total  number  of  DoF  for  the  mesh  shown  is  3456  and 
this  translates  into  total  system  size  (state  vector  plus  unknown  forces) 

implicit:  Size  =  10375 ,  At  =  5.0  /is ,  N  =  400 

explicit:  Size  =  6375 ,  At  =  0.4  ,  AT  =  2000 

These  numbers  are  on  the  order  of  those  presented  in  the  introductory  discussion. 

The  distributed  load  along  the  west  edge  is  comprised  of  seven  unknown 
forces.  The  sensors  are  not  distributed  in  any  particular  optimized  manner  for 
calculating  these  forces  —  indeed  we  purposely,  for  the  results  to  be  shown,  did 
not  use  any  sensors  in  the  immediate  location  of  the  unknown  force. 

The  timings  for  the  solution  are:  53  minutes  for  the  implicit  scheme  and 
10.6  hours  for  the  explicit  scheme.  The  relative  cost  between  the  backward 
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and  forward  portions  of  the  solution  is  approximately  8:1  for  both  integration 
schemes.  The  difference  between  the  two  schemes  is  that  the  implicit  method 
can  use  a  time  step  related  to  the  frequency  content  of  the  excitations,  whereas 
the  step  size  for  the  explicit  method  is  dictated  by  the  element  size.  In  this 
instance,  the  advantage  lies  with  the  implicit  method. 

The  force  reconstructions  are  shown  in  Figure  2.  The  most  significant  aspect 
to  the  force  reconstruction  is  that  they  depend  significantly  on  the  amount  of 
regularization.  That  is,  for  A  greater  than  about  1.0  x  10“^^  the  results  can  be 
meaningless  even  though  perfect,  un corrupted,  data  is  being  used.  The  results 
on  the  right  are  for  A  =  4.0  x  10“^®  which  is  about  the  threshold  of  somewhat 
meaningful  results.  The  reconstructions  on  the  left  are  forA  =  1.0x  10"'^  and 
show  excellent  agreement  with  the  input  values. 

These  results  highlight  the  ill-conditioned  aspect  of  the  identification  problem 
—  even  perfect  data,  in  good  quantity,  may  not  be  sufficient  to  get  a  robust 
solution  when  regularization  is  not  used. 

Experimental  Setup 

The  setup  for  the  experiment  is  shown  in  Figure  3.  The  51  mm  (2  in.)  long  cylin¬ 
der  was  constructed  with  3  mm  (1/8  in.)  thickness  throughout.  Accelerometers 
were  placed  on  the  top  (90 deg),  and  180 deg  from  the  impact  site  as  shown  in 
Figure  3  and  attached  using  bees  wax.  The  specimen  was  suspended  by  strings 
and  impacted  midway  25  mm  (1  in.)  along  the  length. 

Data  for  the  experiments  were  collected  by  means  of  an  Omega  Instruments 
DAS-58  data  acquisition  cai’d  installed  in  a  PC  computer.  The  DAS-58  is  a 
12-bit  card  capable  of  1  Mhz  sampling  rate  and  storing  up  to  IM  data  points 
in  the  on-board  memory.  For  this  experiment,  four  channels  were  sampled  at 
250  khz,  or  a  4  /is  time  step. 

Accelerometers  (PCB  309 A)  and  a  modified  (PCB  )  force  transducer  were 
used  to  collect  the  data.  The  connections  between  the  accelerometers  and  the 
computer  were  through  the  use  of  an  Omega  Instruments  BNC-58  multiplex¬ 
ing  unit.  The  accelerometer  outputs  were  converted  to  velocity  by  the  simple 
trapezoidal  integration  rule 


Vn+l  =Vn  +  ^{an  +  an+l)At 


Because  of  slight  offsets  in  the  acceleration  voltages,  a  trend  is  usually  observed 
in  the  velocity.  This  trend  is  estimated  and  subtracted;  we  refer  to  the  detrended 
data  as  the  raw  data. 

Inverse  Study 

Correct  inverse  analysis  is  predicated  on  a  high  fidelity  finite  element  model  of 
the  structure  being  analyzed.  That  is,  this  model  must  correspond  accurately  to 
the  real  experimental  situation  in  terms  of  material  properties  (Young’s  modulus, 
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mass  density),  dimensions  (diameter,  thickness)  and  sensor  locations.  Therefore, 
before  any  solution  to  an  inverse  problem  is  attempted,  the  model  must  be 
verified  by  doing  a  forward  problem. 

A  convergence  study  was  performed  to  determine  the  proper  element  size  for 
the  finite  element  model.  A  model  was  created  similar  to  that  of  Figure  1.  The 
data  from  the  force  transducer  provided  the  input  force  history  for  this  study. 
Prom  the  results  of  the  convergence  study,  it  was  determined  that  3  mm  (1/8 
in.)  modules  would  be  an  acceptable  size  for  the  Inverse  analysis.  The  number 
of  elements  for  the  resulting  model  was  704  folded  plate  elements.  This  creates 
a  problem  with  a  system  size  of  2243  degrees  of  freedom. 

The  force  reconstructions  from  the  experimental  velocity  inputs  are  shown  in 
Figure  4.  It  is  pleasing  to  note  that  the  double  impact  is  detected.  Accelerom¬ 
eter  #2  on  its  own  does  a  good  job  but  the  same  is  not  true  for  Accelerome¬ 
ter  #1.  At  first  sight,  this  might  appear  to  indicate  that  somehow  this  data  is 
seriously  corrupted.  However,  the  fact  that  using  both  accelerometers  together 
gives  somewhat  improved  results  does  not  bear  this  out.  If  accelerometer  #1 
was  indeed  contaminated,  then  mixing  both  acceleration  data  would  also  show 
the  contamination.  A  more  reasonable  conjecture  is  that  position  #1  is  very 
sensitive,  in  an  ill-conditioning  sense,  to  slight  errors  in  the  data.  Our  conjec¬ 
ture  has  important  implications  for  inverse  methods  so  we  decided  to  further 
investigate  the  nature  of  the  discrepancy  by  manipulating  synthetic  data  in  a 
couple  of  ways  and  comparing  the  performance  of  positions  #1  and  #2. 

First,  the  sensitivity  due  to  the  positioning  of  the  accelerometer  in  relation 
to  the  node  used  in  the  Inverse  analysis  was  examined.  These  results  demon¬ 
strated  that,  for  a  given  misalignment,  the  90  deg  position  is  more  sensitive  than 
the  180  deg  position.  However,  the  symptom  of  the  error  (a  constant  frequency 
superposition)  does  not  reflect  the  symptom  shown  in  the  experimental  results. 

As  a  second  study,  approximately  the  same  amount  of  drift  seen  in  the  ex¬ 
perimental  velocities  was  added  to  the  velocities  generated  synthetically.  Again, 
these  adjusted  velocities  were  used  to  reconstruct  the  force  from  the  response 
at  the  nominal  90  deg  and  180  deg  positions.  These  results  are  as  an  inset  in 
Figure  4.  Again,  the  90  deg  position  is  more  sensitive  to  slight  deviations  in  the 
input  data.  This  time  the  symptom  is  similar  to  that  of  the  experimental  results. 
It  is  noted  that  using  both  accelerometers  does  not  give  a  simple  average  but 
gives  a  result  that  is  better  than  the  individual  results. 

These  studies  indicate  a  concern  that  is  quite  crucial  in  inverse  studies  and 
is  different  from  the  experimental  issues  of  position  accuracy  and  signal  fidelity. 
When  doing  an  inverse  analysis,  the  location  of  the  sensor (s)  and  not  just  its 
accuracy  is  very  important.  The  implication  is  that  multiple  sensors  must  be 
used,  and  that  they  be  combined  through  the  use  of  regularization.  Both  of 
these  aspects  are  part  of  the  program  Inverse. 


233 


6  Discussion 


This  paper  brings  together  a  number  of  technologies  to  solve  the  force  identifica¬ 
tion  problem  on  complex  structures.  At  the  core,  is  the  embedding  of  the  finite 
element  modeling  of  complex  structures.  Consequently,  structures  as  complex  as 
is  usually  modeled  with  the  finite  element  method  can  be  handled  conveniently. 
Special  effort  was  made  to  insure  that  the  computational  costs  scale  in  a  manner 
similar  to  the  forward  problem  using  the  finite  element  method.  The  problem 
of  ill-conditioning  is  handled  through  regularization.  This  alleviates  the  burden 
of  proper  sensor  placement  and  as  a  result,  the  difficult  problem  of  traction  and 
pressure  distributions  can  be  solved.  This  opens  up  the  exciting  possibility  of 
solving  problems  with  unknown  boundary  conditions  or  using  subdomains  for 
the  modeling.  A  preliminary  investigation  of  these  are  given  in  Reference  [11]. 
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Figure  1:  Shell  mesh  with  parameters. 
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Figure  4:  Comparison  of  results  from  Inve 
shell  experiment. 
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ABSTRACT 

Vibration  measurements  were  made  using  two  accelerometers 
mounted  on  the  block  of  a  four-cylinder,  spark  ignition  engine.  A 
large  number  of  tests  were  run  with  varying  sensor  location,  engine 
speed,  oil  grade  and  bearing  wear  simulated  by  machining  away 
material  from  bearing  surfaces.  Results  show  that  changes  in  bearing 
wear  and  oil  grade  produce  easily  seen  patterns  in  the  time  series 
signals.  Frequency  spectra  were  dominated  by  the  engine  firing 
frequency  and  so  individual  cylinder  events  are  not  easily  identified  in 
signal  spectra.  The  enhancement  of  spectra  peaks  associated  with 
individual  cylinder  firing  events  by  adding  noise  to  accelerometer 
signals  (stochastic  resonance)  was  demonstrated  in  numerical 
experiments  using  actual  accelerometer  signals. 

Introduction 

Intermittent  or  continuous  monitoring  of  machines  during 
operation  is  an  attractive  opportunity  for  machine  maintenance  based 
on  the  actual  condition  of  a  machine  rather  than  on  a  pre-defined, 
fixed  schedule.  If  the  condition  of  components  can  be  deduced  during 
operation,  maintenance  can  be  performed  only  if  needed.  Also,  if 
mechanical  models  (in  contrast  to  statistical  models)  are  available 
along  with  performance  records  over  time,  predictions  of  future 
system  performance  and  predictive  maintenance  are  possible.  And,  if 
accurate  measures  of  bearing  and  other  machine  component  operation 
are  available,  machine  and  component  analysis  and  design  can  be 
improved. 

Accelerometers  have  many  desirable  characteristics  for  machine 
monitoring,  e.g.,  high  sensitivity,  durability  and  ease  of  mounting  on 
bearing  cases.  Also,  the  wide  bandwidth  of  signals  implies  the 
possibility  of  monitoring  several  machine  elements.  However, 
accelerometers  are  not  typically  used  for  journal  bearing  condition 
monitoring.  Evidently,  the  relatively  high  fluid  film  compliance 
compared  to  rolling  element  bearings  and  the  desirability  of  mounting 
accelerometers  away  from  the  bearing  suggest  low  signal  to  noise  ratio 
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measurements.  Part  of  the  work  reported  here  demonstrates  that 
accelerometers  mounted  on  the  outside  surface  of  internal  combustion 
engines  can  be  used  to  measure  bearing  wear 

Improvements  in  measurement  systems  can  be  sought  in  use  or 
development  of  better  sensors.  An  alternate  approach  is  to  attempt  to 
extract  more  information  from  available  signals.  Signal  enhancement 
is  a  concept  that  is  different  from  signal  manipulation.  In  contrast  to 
transforming  the  data  into  different  forms  such  as  in  calculating  signal 
frequency  spectra  of  time  series  data,  the  intent  is  to  add  useful 
content  to  the  signal.  A  surprising  result  in  signal  enhancement  is 
described  in  the  second  part  of  this  paper.  Recently  it  has  been  shown 
that  the  addition  of  noise  (an  additional  random  input)  to  the  input  to 
nonlinear  systems  can  produce  an  increase  in  certain  portions  of 
spectra  calculated  from  system  output.  This  signal  enhancement  is 
called  stochastic  resonance.  Numerical  experiments  were  performed 
using  accelerometer  data  and  stochastic  resonance  was  observed.  This 
is  apparently  the  first  demonstration  of  stochastic  resonance,  albeit  in 
numerical  experiments,  in  mechanical  systems. 

PROBLEMS  CONSIDERED 

Two  problems  were  addressed.  One  was  the  assessment  of  the 
usefulness  of  engine  vibration  signals  for  monitoring  main  journal 
bearing  wear  in  internal  combustion  engines.  Previous  research  has 
shown  that  bearing  failure  can  be  identified,  but  measuring  bearing 
wear  and  predicting  failure  remain  open  problems.  The  other  part  of 
the  work  was  a  study  of  the  potential  of  stochastic  resonance  for 
vibration  measurement  enhancement. 

BACKGROUND 

The  use  of  accelerometers  to  measure  machine  vibration  and  signal 
analysis  using  frequency  spectra  are  well  established,  widely  used  and 
may  be  considered  to  be  standard  measurement  techniques.  These 
topics  are  not  reviewed  here  other  than  to  note  that  accelerometers  are 
not  typically  used  to  monitor  journal  bearing  operation.  Harker  and 
Sandy[l]  summarized  expected  problems  due  to  poor  transmission  of 
shaft  related  vibration  across  the  fluid  film  to  the  bearing  casing. 

Recently  there  have  been  a  few  demonstrations  that  the  addition  of 
a  randomly  varying  input  to  the  signal  acquisition  system  of  biological 
and  physical  systems  can  increase  or  enhance  detection  of  certain  low 
level  parts  of  the  original  system  input.  Enhancement  of  low  level 
components  of  signals  in  this  way  is  being  called  stochastic  resonance. 
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Douglass,  et  al.  [2]  measured  signal  reception  in  mechanoreceptor 
cells  in  crayfish.  Low  level  signal  components  were  increased  when  an 
optimal  value  of  noise  was  added  to  the  system  input  signal. 
Demonstrations  of  stochastic  resonance  in  crayfish  and  in  electrical 
circuits  are  presented  by  Wiesenfeld  and  Moss  [3].  Fauve  and  Heslot 
[4]  produced  stochastic  resonance  in  a  Schmitt  trigger  circuit. 
McNamara  and  Weisenfeld,  [5]  measured  improved  signal-tomoise 
ratio  when  noise  was  injected  into  a  bidirectional  ring  laser.  Benzi,  et 
al.  [6]  and  Winograd  et  aL[7]  explained  recurrent  ice  ages  using 
periodic  and  stochastic  forces  in  a  climate  model. 

Benzi  et  al.  [8]  and  Nicolis  [9]  studied  climatic  change  and 
provided  a  mathematical  foundation  showing  that  in  systems 
subjected  to  periodic  forcing,  random  perturbation  may  produce 
enhanced  response  in  certain  ranges  of  the  power  spectrum  of  the 
system  output  signal.  Development  of  the  concept  by  McNamara  and 
Wiesenfeld  [10]  showed  weak  parts  of  signals  can  be  increased  by 
noise  in  systems  that  have  a  threshold  above  which  a  signal  is  defined. 
This  represents  the  very  large  group  of  measurements  systems  which 
have  inherent  thresholds  or  in  which  a  threshold  can  be  set. 

Monitoring  Bearing  Wear 

Experimental  Setup  and  Tests 

The  engine  used  is  a  four-cylinder,  1.8  liter  displacement  spark 
ignition  engine  mounted  on  a  1600  kg  concrete  slab  that  is  supported 
on  soft  springs  at  its  comers.  Bearing  wear  was  simulated  by 
machining  0.15  nun  from  a  bearing  face  and  installing  this  bearing  as 
the  lower  half  of  the  second  bearing  from  the  front  of  the  engine. 
Accelerometers  were  mounted  on  studs  threaded  into  existing  tapped 
holes  on  the  side  of  the  engine  block  at  about  the  height  of  the  main 
bearings.  One  accelerometer  was  mounted  ahead  of  the  first 
crankshaft  main  bearing  and  is  called  sensor  a.  The  other 
accelerometer,  sensor  b,  was  mounted  near  the  center  of  the  second 
cylinder  and  about  40  mm  behind  (toward  the  rear  of  the  engine)  the 
second  main  bearing.  So,  sensor  a  was  about  200  mm  along  the  engine 
length  from  the  test  bearing  while  the  accelerometer  b  was  about  40 
mm  from  the  test  bearing. 

Each  of  the  two  data  acquisition  channels  consisted  of  an 
accelerometer,  a  low  pass  anti-aliasing  filter  and  an  amplifier.  The 
accelerometers  have  an  essentially  flat  response  of  less  than  2% 
deviation  over  the  20  Hz  ~  10  kHz  bandwidth.  All  data  was  obtained 
using  a  5,000  samples/second  sampling  rate.  Frequency  spectra  of  the 
time  series  data  were  calculated  using  a  mathematical  software 
package.  Vibration  signals  are  shown  in  terms  of  volts  which  was  the 
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directly  measured  quantity  and  which  is  directly  proportional  to 
acceleration.  All  tests  were  run  at  the  same  data  acquisition  system 
settings  and  so  all  results  are  directly  comparable.  Data  is  displayed  as 
a  function  of  the  data  point  number. 

Tests  were  run  under  no  load  conditions.  The  engine  was  allowed 
to  come  to  a  stable  operating  condition  indicated  by  constant  oil  and 
coolant  temperatures  before  measurements  were  made.  Engine  speed 
was  varied  between  800  rpm  and  2700  rpm  and.  SAE  10,  SAE  30  and 
SAE  40  oils  were  used. 

Effect  of  Bearing  Wear  on  Accelerometer  Signals  and  Signal  Spectra 

Figure  1  contains  typical  accelerometer  b  signals  and  spectra  from 
tests  with  new  bearings,  left  column,  and  a  worn  bearing. 

The  tests  were  with,  SAE  10  oil  at  engine  speeds  of  about  2100  rpm 
and  2660  rpm.  The  general  signal  pattern  is  periodic  with  frequency  of 
twice  the  engine  rotation  speed,  which  is  the  engine  firing  frequency 
for  the  four  cylinder,  four  stroke  engine.  In  the  2100  rpm,  new 
bearings  test  results  show  that  there  is  an  every-fourth  peak  which  is 
slightly  higher  than  the  other  three  peaks  in  the  engine  firing 
sequence.  This  higher  peak  shows  the  ability  to  identify  individual 
cylinder  firing  events,  presumably  from  the  cylinder  nearest  the 
accelerometer.  The  signal  is  less  uniform  in  the  2090  rpm  test.  The 
larger  forces  in  this  higher  speed  case  mean  that  engine  firing  events 
in  cylinders  farther  away  from  the  accelerometer  are  seen  in  the  signal. 
For  the  large  number  of  tests  run  over  the  wide  ranges  of  test 
conditions  used,  it  was  observed  that  there  was  an  engine  speed  range 
in  which  events  related  to  individual  cylinder  firing  were  most  cleaily 
seen  in  accelerometer  signals.  The  clearest  indication  of  individual 
cylinder  firing  was  obtained  in  the  speed  intermediate  range  of  1800 
rpm-  2100  rpm. 

Comparison  of  the  accelerometer  signals  from  tests  with  new  and 
worn  bearings  shows  a  drastic  difference  in  signals  and  the  ability  to 
easily  identify  a  worn  bearing  condition.  The  every-fourth  peaks  in  the 
time  series  data  for  the  2100  rpm,  worn  bearing  case  are  about  two  to 
three  times  higher  than  the  corresponding  peaks  in  the  signal  from  the 
test  with  new  bearings.  This  clear  pattern  indicating  a  worn  bearing  is 
not  seen  in  the  2660  rpm  tests.  This  again  shows  the  dependence  of 
signal  characteristics  on  engine  speed  described  above. 

The  accelerometer  signal  frequency  spectra  in  Figure  1  show  three 
relevant  results.  The  first  is  that  the  engine  firing  frequency  of  twice 
the  engine  rotation  speed  dominates  the  spectra.  The  second 
important  result  follows  from  the  first  and  is  that  there  are  only  weak 
indications  of  the  individual  cylinder  firing  frequency  in  the  spectra. 
The  individual  cylinder  events  occur  at  one-fourth  the  engine  firing 
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frequency  and  there  are  only  small  peaks  in  the  spectra  at  this 
frequency.  The  third  result  is  the  implication  that  the  spectra  are  less 
useful  for  monitoring  bearing  wear  than  the  time  series  data 
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Figure  1 .  Accelerometer  signals  from  sensor  b  for  new  and  worn  bearings. 
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Effect  of  Accelerometer  Location  and  Oil  Grade 

The  effects  of  sensor  location  and  engine  oil  grade  on 
accelerometer  signals  are  summarized  in  the  typical  results  presented 
in  Figure  2. 

The  accelerometer  signals  in  the  top  row  show  the  general  result 
that  the  accelerometer  nearer  the  event  of  interest  produced  an  easier 
to  interpret  signal^  again  in  an  appropriate  range  of  engine  speed.  In 
these  tests  using  SAE  10  oil  and  a  worn  bearing,  the  individual 
cylinder  firing  peaks  are  two  to  five  times  higher  in  the  sensor  b  signal 
than  in  the  signal  from  accelerometer  a  which  was  located  about  five 
times  as  far  from  the  worn  bearing. 
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Figure  2.  Accelerometer  signals  for  sensors  a  and  b  for  SAE  10  and  SAE  40  oils. 


Using  a  higher  grade  number,  higher  viscosity  (0.004  PaSec  and 
0.0085  PaSec  for  SAE  10  and  SAE  40  oils  at  100  C)  oil  produced  two 
effects.  The  accelerometer  a  signals  in  the  left  column  of  Figure  2  show 
the  general  result  that  using  higher  grade  number  oil  resulted  in  much 
higher  signal  peaks  associated  with  individual  firing  events.  In  this 
case  these  peaks  are  about  twice  as  high  and  more  easily  identified  in 
the  SAE  40  oil  test  results  compared  to  the  SAE  10  test  signal  in  which 
they  are  not  at  all  clear. 

The  second  result  is  that  while  the  individual  cylinder  firing, 
every-fourth  peaks  are  higher  for  sensor  a,  in  the  SAE  40  oil  tests,  the 
overall  signal  levels  of  the  rest  of  the  signals  are  about  the  same.  For 
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sensor  b  which  is  nruch  closer  to  the  worn  bearing  the  use  of  SAE  40 
oil  resulted  in  an  increase  in  overall  signal  level. 

The  implications  of  these  results  are  that  higher  viscosity  oil 
produces  larger  mechanical  effects  in  journal  bearings  and  individual 
cylinder  events  are  more  clearly  seen  in  the  accelerometer  signals. 

Signal  Enhancement 


Method 

Signal  enhancement  by  stochastic  resonance  was  investigated  by 
producing  new  frequency  spectra  from  accelerometer  signals.  In 
physical  systems  the  random  noise  is  an  input  to  the  forced  system.  A 
system  model  is  shown  in  Figure  3a. 
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Engine  Firing 


Noise 


Signal 
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Engine  Firing 

r  ^ 

Accelerometer 
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Engine  Model 
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Signal 


Figure  3.  System  model  for  numerical  experiments 


Engine  firing  and  worn  bearing  effects  drive  the  accelerometer  and 
an  engine  generated  noise  is  included.  In  this  investigation  the 
random  noise  input  was  modeled  as  an  addition  to  the  accelerometer 
signal.  The  engine  is  assumed  to  be  a  linear  system  and  so  the  form  of 
the  physical,  mechanical  noise  is  constant  while  its  magnitude  may 
change  as  it  is  transmitted  through  the  engine  to  the  accelerometer. 
The  system  model  is  shown  in  Figure  3b.  In  essence,  noise  in  the 
physical  system  is  modeled  by  the  addition  of  a  random  component  to 
the  measured  accelerometer  signals. 

In  the  numerical  experiments  new  signal  spectra  were  produced  in 
a  four-step  process.  First  random,  uniformly  distributed  values  were 
added  to  the  original  accelerometer  data  points.  Second,  a  threshold 
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level  was  set  for  the  augmented  signal.  Third,  a  new  signal  was 
formed  from  the  values  of  the  augmented  signal  that  exceeded  the 
threshold.  Finally,  the  frequency  spectrum  of  this  last  signal  was 
calculated. 

The  variables  studied  in  a  series  of  signal  enhancement  tests  were 
the  maximum  magnitude  of  the  random  signal  component  and  the 
threshold  level  for  formation  of  a  new  signal. 

Results 

Figure  4  shows  the  kind  of  results  obtained. 


a,  rpm 


0  500  1000  1500  2000 

Data  Point 


2 

<u 

■2  1.5 


a,  1800  rpm,  30  Hz 
„0  150  225 


75  150  225 

Frequency,  Hz 


1.5 


|o.5 


Level  =  .33 
75  150  225 


75  150  225 

Frequency,  Hz 

Level  =  .20 
75  150  225 


75  150  225 

Frequency,  Hz 

Level  =  .11 
75  150  225 


75  150  225 

Frequency,  Hz 


Threshold  =  .77 
D  75  150  225 


2 

QJ 

■§1.5 

4-> 


0  75  160  225 

Frequency,  Hz 

Threshold  =  . 67 

0  75  150  225 


0  75  150  225 

Frequency,  Hz 

Threshold  =  .59 
.0  75  150  225 


75  150  225 

Frequency,  Hz 


Figure  4a.  Frequency  spectra  for  varying  added  noise  level  and  threshold,  Trial  1 . 
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Original  time  history  data  and  its  spectrum  from  a  1800  rpm, 
unworn  bearing  test  are  shown  at  the  top  of  the  columns.  The 
spectrum  of  this  signal  displays  a  small  one-fourth  firing  frequency 
peak  and  is  typical  of  all  the  test  results. 

The  lower  part  of  Figure  4a  contains  spectra  from  signals  modified 
using  the  procedure  described  above.  The  left  column  contains  results 
for  different  maximum  noise  level  additions  given  as  fraction  of  the 
maximum  original  signal  level.  The  right  column  shows  results  from 
numerical  experiments  in  which  the  threshold  was  varied.  The  general 
result  seen  is  that  the  initially  small  peak  at  one-fourth  the  firing 
frequency  in  the  original  data  spectrum  can  be  enhanced  by  the 
addition  of  a  random  component  to  the  original  accelerometer  signal. 
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Figure  4b.  Frequency  spectra  for  varying  added  noise  level  and  threshold,  Trial  2. 


The  results  of  another  trial  are  shown  in  Figure  4b.  Since  the  signal 
enhancement  procedure  adds  a  random  component  to  the  original 
signal,  the  results  will  vary  from  test  to  test.  In  this  case  the 
magnitudes  of  the  spectra  peaks  are  different  but  the  overall  result  is 
the  same. 

For  the  particular  cases  shown  there  are  relative  increases  of  the 
one-fourth  firing  frequency  peak  for  added  noise  level  of  one-third  the 
maximum  original  signal  level  and  for  thresholds  of  0.59  and  0.67 
times  the  maximum  original  signal  level.  In  summary,  certain  parts  of 
the  augmented  signal  spectra  contain  higher  peaks  and  the  signal 
enhancement  depends  on  the  noise  level  and  the  threshold  value. 

There  are  many  ways  to  define  the  differences  between  the  original 
and  enhanced  signal  spectra.  A  reasonable  measure  of  signal 
enhancement  is  the  ratio  of  the  magnitude  of  the  frequency  peak  of 
interest  to  the  average  magnitude  of  the  spectra  in  the  regions 
immediately  surrounding  the  peak.  This  measure  was  used  to  show 
signal  enhancement  as  it  depends  on  the  level  of  random  noise  used. 
Results  of  a  series  of  one  hundred  tests  are  shown  in  Figure  5.  An 
optimum  noise  level  for  signal  enhancement  is  suggested  by  this 
limited  series  of  tests. 


Figure  5.  Signal  enhancement  measure  for  varying  added  noise  level. 
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Summary 


The  results  generated  in  this  work  lead  to  four  general,  definite 
conclusions.  First,  engine  main  bearing  operation  and  condition  can  be 
deduced  from  signals  from  accelerometers  mounted  at  convenient  locations 
on  the  outside  surface  of  the  engine.  Differences  in  individual  cylinder  firing 
effects  due  to  main  bearing  wear  are  easy  to  pick  out  of  time  series 
accelerometer  signals.  Since  the  frequency  spectra  are  dominated  by  engine 
firing  frequency,  spectral  peaks  related  to  individual  cylinder  firing  are  small 
and  spectra  may  not  be  useful  for  monitoring  events  related  to  individual 
cylinders. 

Second,  engine  operating  conditions  influence  the  accelerometer 
signals  and  so  the  indication  of  bearing  wear  in  the  signals.  The  use  of 
higher  viscosity  oil  produced  larger  signal  components  related  to 
bearing  wear.  This  indicates  that  vibration  signals  may  be  useful  for 
monitoring  bearing  operating  characteristics  other  than  wear. 

Third,  sensor-source  distance  has  a  large  effect  on  accelerometer 
signals.  Sensors  close  to  mechanical  event  generation  locations  contain 
large  signal  components  related  to  individual  cylinder  firing  events. 

Fourth,  stochastic  resonance  was  produced  in  numerical 
experiments  using  actual  accelerometer  signals.  This  is  apparently  the 
first  demonstration  of  the  effect  in  mechanical  systems,  albeit  partially 
numerical. 
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1.  INTRODUCTION 

In  recent  years  the  upper  speed  limits  of  rotating  shafts  have  increased, 
because  a  higher  performance  of  machinery  is  demanded,  and  this  trend  is 
likely  to  continue.  For  a  low  speed  shaft  the  dynamic  behaviour  can  be 
modelled  as  an  Euler-Bernoulli  beam  with  two  orthogonal  planes  of  vibration. 
A  high  speed  rotating  shaft  can  be  modelled  as  a  Timoshenko  beam  with  two 
orthogonal  planes  of  vibration. 

Many  modelling  methods  have  been  used  in  the  past  to  predict  the  behaviour 
of  rotating  shafts,  and  an  excellent  review  on  these  methods  is  given  by  Nelson 
[1].  As  shown  in  Nelson's  paper,  many  of  these  methods  involve  finite 
element  analysis,  and  all  of  them  involve  the  study  of  finite  systems.  Although 
these  models  can  give  adequate  predictions  of  dynamic  behaviour,  they  do  not 
all  facilitate  physical  insight  into  such  behaviour.  Some  recent  work  by  Raffa 
and  Vatta  [2],  and  Bonello  [3],  have  recently  derived  wavenumbers  for  the 
synchronous  vibration  of  a  rotating  shaft,  where  the  shaft  has  been  modelled 
as  a  rotating  Timoshenko  beam.  These  wavenumbers  contain  much 
information  about  the  way  in  which  the  system  behaves,  as  discussed  by 
Cremer  and  HeckI  [4]  and  Fahy  [5].  To  the  author’s  knowledge,  the 
wavenumbers  for  a  rotating  Timoshenko  beam,  where  vibration  is  not 
restricted  to  be  synchronous  with  the  shaft  speed,  have  not  been  investigated 
previously,  and  thus  this  is  the  subject  of  this  paper.  Non-dimensionalised 
wavenumbers  are  derived  for  the  rotating  beam  (shaft),  and  the  way  in  which 
these  wavenumbers  differ  from  a  stationary  shaft  are  investigated.  To  aid 
understanding  the  wavenumbers  are  compared  to  the  Euler-Bernoulli  bending 
wavenumber,  the  shear  wavenumber  and  the  longitudinal  wavenumber. 

The  main  aim  of  this  paper  is  to  investigate  the  way  in  which  waves  propagate 
on  a  rotating  Timoshenko  beam,  and  the  wavenumbers  are  used  to  gain 
physical  insight  into  the  behaviour  of  a  high  speed  shaft.  The  paper  is 
organised  as  follows.  Following  this  introduction,  the  wavenumbers  are 
derived  in  section  2,  which  is  followed  in  section  3  by  a  physical  interpretation 
of  the  effects  of  rotation  on  the  wavenumbers.  Finally  the  paper  is  closed  with 
some  general  conclusions  in  section  4. 
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2.  DERIVATION  OF  WAVENUMBERS 


The  basic  coupled  equations  of  motion  of  a  circular  shaft  of  radius  of  gyration 
r„  rotating  at  angular  speed  Q  which  is  shown  in  figure  1  are  given  by  [6]: 
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It  can  be  seen  that  it  is  the  last 
two  terms  on  the  left-hand  side 

of  the  equations  that  couple  ^^Sure  1  Shaft  and  coordinate  system 
them  together.  These  are 

gyroscopic  terms  which  are  dependent  upon  the  rotational  speed  of  the  shaft 
and  the  polar  moment  of  inertia  per  unit  length  I^=2mr^.  If  a  harmonic 
solution  is  assumed  then  the  following  matrix  equation  results: 


Figure  1  Shaft  and  coordinate  system 
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s^=z -  the  non-dimensional  flexural  rigidity 

Q  =  —  is  the  non-dimensional  rotational  speed 
(0 

For  a  non-trivial  solution  of  equation  (2)  the  determinant  of  the  matrix  must 
be  zero.  This  results  in  the  eighth  order  equation: 

{  -2  Q)  1  -(1  -2  fi)  +2  Q )  p" -k*{  1  -(1  +2  Q)s^k*)}  =0  (3) 

The  solutions  to  this  equation  yield  the  eight  wavenumbers  for  the  rotating 
shaft: 

P  =  ±P,,  ±jPj,  ±P^,  ±jP^  (4a-h) 

where 


^,=kf  -^{P  + 1+2 Q)^  — +  l 

2  \  4 


3.  PHYSICAL  INTERPRETATION 

To  gain  physical  insight  into  the  behaviour  of  the  waves  it  is  necessary  to  see 
how  the  wavenumbers  vary  as  a  function  of  both  speed  and  frequency.  If  the 
speed  of  the  shaft  is  set  to  zero  then  the  wavenumbers  become  those  of  a 
stationary  Timoshenko  beam.  At  low  frequencies  when  a  flexural  wavelength 
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is  greater  than  about  six  times  the  diameter  of  the  shaft  then  a  Timoshenko 
beam  behaves  like  an  Euler  Bernoulli  beam  [4].  A  basic  assumption  of  Euler- 
Bernoulli  beam  theory  is  that  there  is  no  shear  deformation,  which  implies  an 
infinite  shear  stiffness.  In  the  formulation  presented  here  this  means  thatJ =0 

and  when  kj<\  then  equations  (5a-d)  collapse  to  means  that 

there  are  four  waves  in  each  of  the  jcz  and  yz  planes;  two  evanescent  and  two 
propagating  waves  as  described  in  reference  [4]. 


Increasing  frequency,  but  keeping  the  shaft  stationary,  means  that  the  effects 
of  a  finite  shear  stiffness  and  rotational  inertia  (terms  two  and  four  on  the  left- 
hand  sides  of  equations  (la,b))  can  be  investigated.  For  a  stationary  shaft  at 

high  frequencies,  when  5=0  and  ky>l  equations  (5a-d)  can  be  approximated 
to: 


P.  =  Pc=j*/>  P,  =  Pd=S*/ 


(6a-d) 


These  can  be  rewritten  as: 

__i 


(7a-d) 


whereit^  =  \/(pIE)(jD  is  the  longitudinal  wavenumber  for  a  slender  uniform  bar 
and  =  y/(plG) (o  is  the  shear  wavenumber. 
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Figure  2  Non-dimensional  wavenumbers  of  a  stationary  shaft  as  a 
function  of  the  non-dimensionalised  Euler-Bernoulli  bending 
wavenumber  for  s  =  'i,  A  solid  line  denotes  an  evanescent  wave  and  a 
dashed  lines  denotes  a  propagating  wave. 


The  wavenumbers  for  a  stationary  shaft  are  plotted  in  figure  2  for  5  =  3 ,  which 
is  representative  of  a  solid  steel  shaft.  It  can  be  seen  that  at  low  frequencies 
both  wavenumbers  are  the  same  as  for  an  Euler  Bernoulli  beam  as  discussed 

above,  and  P^  are  evanescent  waves  and  p^  and  p^  are  propagating 

waves.  At  high  frequencies  the  waves  P^  and  P^  are  no  longer  evanescent, 
but  are  non-dispersive  propagating  waves  with  the  speed  of  a  longitudinal 

wave.  Moreover,  the  flexural  propagating  waves  Pj  and  P^,  which  are 
dispersive  at  low  frequencies,  propagate  non-dispersively  with  a  phase  speed 
similar  to  a  shear  wave.  The  frequency  at  which  the  evanescent  waves  cut-on 

and  start  to  propagate  can  be  determined  by  setting  Q  =0,  and  the  term  inside 
the  large  curly  brackets  in  equation  (5a)  to  zero,  i.e.. 
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which  simplifies  to: 


(9) 


Substituting  for  the  non-dimensional  variables  kf  and  s  gives  a  frequency  of: 
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This  frequency  agrees  with  that  given  by  Graff  [8]  and  can  be  interpreted  as 
a  resonance  of  the  shear  stiffness  per 
unit  length  (multiplied  by  a  shape 
factor)  divided  by  the  rotary  inertia 
per  unit  length.  It  could  be  viewed  as 
the  frequency  at  which  the  rotary 
inertia  overcomes  the  shear  stiffness 
and  thus  the  wave  starts  to 
propagate.  The  motion  of  the  wave 
is  shown  in  flgure  3  [8],  where  it 
can  be  seen  that  this  wave  is  an  in¬ 
plane  wave;  it  has  no  out  of  plane 
motion  unlike  the  evanescent  wave. 


-) 


Figure  3  Motion 
waves  after  cut-on 


of  the  in-plane 


In  summary  it  can  be  seen  that  at  high  frequencies  there  are  four  free-waves 
(two  right-going  and  two  left  going)  on  a  stationary  (non  rotating)  shaft  in  each 
of  thexz  and  yz  planes.  They  are  both  non-dispersive  and  two  waves  contribute 
to  the  out-of-plane  vibration.  These  waves  propagate  like  left  and  right-going 
shear  waves  as  described  by  Fahy  [5]. 
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Having  established  the  wave  behaviour  of  a  stationary  shaft  it  is  appropriate 
to  investigate  the  way  in  which  rotation  of  the  shaft  influences  this  behaviour. 
Because  it  is  the  gyroscopic  forces  that  modify  the  dynamic  behaviour,  the 
rotation  of  the  shaft  will  only  have  an  effect  at  high  shaft  speeds  and  at  high 
frequencies.  With  these  conditions  equations  (5a, b)  become: 

■  =k}{2h-\Y, 
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Equation  (5c)  becomes: 
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and  equation  (5d)  becomes: 
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The  non-dimensionalised  wavenumber  p^  calculated  using  equation  (5a)  withs  =  3 
is  plotted  in  figure  4.  Referring  to  this  figure  and  equation  (11a),  it  can  be 

seen  that  the  shaft  rotation  has  an  effect  on  the  wavenumber.  For  Q  <  0.5  the 
wave  still  cuts  on,  but  the  rotational  speed  affects  the  frequency  at  which  it 

starts  to  propagate.  The  cut-on  frequency  increases  with  rotational  speed  until  Q  =  0.5 
after  which  the  wave  remains  evanescent,  but  the  wavenumber  still  increases 
with  rotational  speed.  The  cut-on  frequency  is,  in  fact,  the  "static"  cut-on 

frequency  given  by  equation  (10),  divided  by  (1  -  2Q)°’^.  The  reason  for  this 
behaviour  can  be  seen  by  examining  equation  (lb).  The  rotational  inertia  due 
to  the  gyroscopic  forces  (the  fifth  term  on  the  left-hand  side  of  the  equation) 
is  of  opposite  sign  to  the  rotational  inertia  due  to  vibration  (the  second  term  on 
the  left-hand  side  of  the  equation).  As  discussed  above,  the  evanescent  wave 
starts  to  propagate  when  the  rotational  inertia  overcomes  the  restraining  shear 
stiffness.  Because  the  gyroscopic  effects  oppose  this  inertia,  the  frequency  at 
which  the  wave  will  cut-on  is  affected.  When  the  inertia  terms  are  the  same 

which  occurs  at  £3  =  0.5  there  is  no  inertia  effect  and  the  wave  will  remain 
evanescent. 
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Figure  4  Non-dimensionalised  wavenumber  plotted  as  a  function  of 
the  non-dimensionalised  Euler-Bemoulli  bending  wavenumber fors  =3 

and  various  Q ,  A  solid  line  denotes  an  evanescent  wave  and  a  dashed 
lines  denotes  a  propagating  wave. 


Figure  5  Non-dimensionalised  wavenumber  Pj  plotted  as  a  function  of 
the  non-dimensionalised  Euler-Bemoulli  bending  wavenumber  for  s  =  3 
and  various  Q ,  A  dashed  lines  denotes  a  propagating  wave. 
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The  non-dimensionalised  wavenumber  calculated  using  equation  (5b)  witli  J=3 
is  plotted  in  figure  5.  Referring  to  this  figure  and  equation  (11b),  it  can  be 

seen  that  the  rotation  of  the  shaft  has  very  little  effect  on  the  Pj  wavenumber. 
It  propagates  at  all  frequencies  and  exhibits  Euler-Bernoulli  dispersive 
behaviour  at  low  frequencies  and  shear-like  behaviour  at  high  frequencies. 
The  rotation  has  practically  no  effect  at  low  and  high  frequencies,  only  having 

a  marginal  effect  at  frequencies  close  to  the  cut-on  frequency  of  the  P^  wave. 
This  wave  is  unaffected  by  shaft  rotation  because  it  behaves  as  a  shear  wave 
at  high  frequencies,  and  because  the  gyroscopic  forces  largely  affect  the 
rotational  inertia  of  the  shaft,  this  has  a  negligible  affect  on  this  wave. 

The  non-dimensionalised  wavenumber  p^  calculated  using  equation  (5c)  withs  =  3 
is  plotted  in  figure  6. 


Figure  6  Non-dimensionalised  wavenumber  p^.  plotted  as  a  function  of 
the  non-dimensionalised  Euler-Bemoulli  bending  wavenumber  fors=2 

and  various  Q ,  A  solid  line  denotes  an  evanescent  wave  and  a  dashed 
lines  denotes  a  propagating  wave. 

Referring  to  Figure  6  and  equations  (11c, d),  it  can  be  seen  that  the  rotation 
of  the  shaft  has  an  affect  on  the  frequency  at  which  this  wave  cuts  on,  which 
is  given  by  the  "static"  cut-on  frequency  (equation  (10))  divided  by 

(1+2  .  It  can  be  seen  that  it  starts  to  propagate  at  a  lower  frequency  as 

the  speed  of  the  shaft  increases.  This  is  because,  the  rotational  inertia  due  to 
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the  gyroscopic  effects  adds  to  the  rotational  inertia  due  to  the  vibration,  as  can 
be  seen  in  equation  (la).  Thus  the  effective  inertia  is  higher  and  the  wave  cuts 
on  at  a  lower  frequency.  At  high  frequencies  and  high  shaft  speeds  when  the 
wave  is  cut-on  the  rotation  of  the  shaft  has  no  effect  on  the  wavenumber  as  can 
be  seen  in  equation  (lid). 


Figure  7  Non-dimensionalised  wavenumber  plotted  as  a  function  of 
the  non-dimensionalised  Euler-Bernoulli  bending  wavenumber  for  s  =3 
and  various  Q ,  A  dashed  line  denotes  a  propagating  wave. 

The  non-dimensionalised  wavenumber  P^  calculated  using  equation  (5d)  withJ  =  3 
is  plotted  in  figure  7.  It  can  be  seen  in  this  figure  and  equations  (lle,f)  that 

the  rotation  of  the  shaft  has  no  effect  on  the  wavenumber  when  Q  is  small  but 
at  high  speeds  there  is  a  small  effect.  These  effects  can  again  be  attributed  to 
the  fact  that  this  wave  is  predominantly  a  shear  wave  at  high  frequencies  and 
thus  the  gyroscopic  effects  are  marginal. 

4.  CONCLUSIONS 

The  free  flexural  wave  behaviour  of  a  rotating  shaft  has  been  investigated  in 
this  paper.  Non-dimensional  wavenumbers  have  been  derived  from  first 
principles  and  the  way  in  which  they  behave  at  low  and  high  frequencies  have 
been  investigated.  The  complicated  expressions  for  the  wavenumbers  reduce 
to  the  simple  Euler-Bernoulli  bending  wavenumber  at  low  frequencies,  and 
simplify  to  relatively  small  expressions  at  high  frequencies.  The  way  in  which 
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the  rotation  of  the  shaft  affects  the  wavenumbers  has  also  been  investigated. 
It  has  been  shown  that  the  main  effect  of  shaft  rotation  is  due  to  the  gyroscopic 
forces  which  change  the  frequencies  at  which  the  flexural  evanescent  waves 
cut-on  and  start  to  propagate.  The  cut-on  frequency  for  one  of  these  waves 
increases  as  the  rotational  speed  of  the  shaft  increases,  and  when  the  non- 
dimensional  speed  is  equal  to  0.5  or  greater  the  rotation  of  the  shaft  prevents 
the  wave  from  propagating.  The  other  evanescent  wave,  which  is  orthogonal 
to  this  wave  cuts  on  at  lower  and  lower  frequencies  as  the  speed  of  the  shaft 
increases.  This  effect  is  attributed  to  the  rotational  inertia  due  to  gyroscopic 
effects  combining  with  the  rotational  inertia  due  to  flexural  vibration. 
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ABSTRACT 

The  objective  of  this  paper  is  to  investigate  the  effect  of  tip  mass  on  the 
natural  frequency  of  the  rotating  beam  with  tip  mass. 

The  equations  of  motion  for  rotating  Euler  beam  are  derived  by  the 
d'Alembert  principle  and  the  virtual  work  principle.  In  order  to  capture  all 
inertia  effect  and  coupling  between  extensional  and  flexural  deformation,  the 
consistent  linearization  of  the  fully  geometrically  non-linear  beam  theory  is 
used  in  the  derivation.  A  method  based  on  the  power  series  solution  is 
proposed  to  solve  the  natural  frequency. 

Numerical  examples  are  studied  for  the  natural  frequency  of  rotating  beams 
with  different  tip  mass,  angular  velocity,  setting  angle,  and  slenderness  ratio. 


INTRODUCTION 

Rotating  beams  are  often  used  as  simple  models  for  propellers,  turbine 
blades,  and  satellite  booms.  In  many  structural  designs,  tip  mass  are  utilized. 
The  free  vibration  frequencies  and  mode  shapes  of  rotating  beams  have  been 
extensively  studied  [N7].  Rotating  beam  differs  from  a  non-rotating  beam  in 
having  additional  centrifugal  force  and  Coriolis  effects  on  its  dynamics. 
However,  most  studies  have  neglected  the  Coriolis  effects.  In  order  to 
capture  correctly  all  inertia  effects  and  coupling  among  bending  and  stretching 
deformations  of  the  beam,  the  equations  of  motion  of  beam  might  be  derived 
by  the  fully  geometrically  non-linear  beam  theory  [8].  However,  in  most 
existing  literature,  the  governing  equations  for  the  bending  vibrations  of 
rotating  beam  are  derived  using  linear  beam  theory. 

The  objective  of  this  paper  is  to  derive  an  exact  expression  for  linear 
vibration  equations  of  a  rotating  Euler  beam,  and  investigate  the  effect  of  tip 
mass  on  the  natural  frequency  of  the  rotating  beam  with  tip  mass.  The 
equations  of  motion  for  rotating  Euler  beam  are  derived  by  the  d'Alembert 
principle  and  the  virtual  work  principle.  In  order  to  capture  all  inertia  effect 
and  coupling  between  extensional  and  flexural  deformation,  the  consistent 
linearization  [8]  of  the  fully  geometrically  non-linear  beam  theory  is  used  in 
the  derivation.  A  method  based  on  the  power  series  solution  is  proposed  to 
solve  the  natural  frequency. 

Numerical  examples  are  studied  for  the  natural  frequency  of  rotating  beams 
with  different  tip  mass,  angular  velocity,  setting  angle,  and  slenderness  ratio. 
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FORMULATION 


Description  of  problem 

Consider  a  uniform  Euler  beam  with  tip  mass  rigidly  mounted  on  the 
periphery  of  rigid  hub  with  radius  R  which  rotates  about  the  hub  axis  fixed  in 
space  at  a  constant  angular  speed  ^  as  shown  in  Fig.  1.  The  deformational 
displacements  of  the  beam  are  defined  in  a  rotating  rectangular  Cartesian 
coordinate  system,  which  is  rigidly  tied  to  the  hub.  The  origin  of  this 
coordinate  system  is  chosen  to  be  the  intersection  of  the  centroid  axes  of  the 
hub  and  the  undeformed  beam.  The  X]  axis  are  chosen  to  coincide  with  the 
centroid  axis  of  the  undeformed  beam,  and  the  X2  and  X^  axes  are  chosen 
to  be  the  principal  directions  of  the  cross  section  of  the  beam  at  the 
undeformed  state.  In  this  paper  all  vectors  are  refened  to  this  coordinate 
system.  The  angular  velocity  of  the  hub  may  be  given  by 

Q  =  {O,i2siny0,i7cosy0}  (I) 

where  the  symbol  (  }  denotes  a  column  matrix  ,  which  is  used  through  the 
paper;  /?,  the  angle  between  the  hub  axis  and  the  X^  axis,  is  the  setting 
angle  of  the  beam. 

Here  it  is  assumed  that  the  beam  is  only  deformed  in  the  Xi-X;^  plane. 
It  is  well  known  that  the  beam  sustains  a  static  axial  deformations  (time 
independent  displacement)  induced  by  constant  rotation.  In  this  study  the 
vibration  (time  dependent  displacement)  of  the  beam  is  measured  from  the 
position  of  the  steady-state  axial  deformation,  and  only  infinitesimal  free 
vibration  is  considered.  Here  the  engineering  strain  and  stress  are  used  for 
the  measure  of  the  strain  and  stress.  It  is  assumed  that  the  strains  are  small 
strains  and  the  stress-strain  relationships  are  linear. 

Kinematics  of  Euler  beam 

Let  P  (see  Fig.  2)  be  an  arbitrary  point  in  the  beam  element,  and  Q  be  the 
point  corresponding  to  P  on  the  centroid  axis.  The  position  vector  of  point  P 
in  the  undeformed  and  deformed  configurations  may  be  expressed  as 


ro  =  {7?  +  X,  y,  z} ,  (2) 

r  =  {7? -f  X -f  w(;:,0  “-^sin^,  y,  w(xj) zcos6}  ~  r^ef ,  (3) 

w  (x,  0  =  W5  (^)  +  w(x,  0  »  (4) 

where  t  is  time,  ^^.(x)  is  the  static  axial  deformations  (time  independent 
displacement)  induced  by  constant  rotation,  w(x,0  and  w{xj)  are  the 
infinitesimal  displacements  of  point  Q  in  the  Xx  and  X^  directions, 
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respectively,  caused  by  the  free  vibration,  0  =  6{x,t)  is  the  infinitesimal  angle 
measured  from  the  X\  axis  to  the  tangent  of  the  deformed  centroid  axis,  ey 
(/  =  1,  2,  3)  denote  the  unit  vectors  associated  with  the  Xi  axes. 

The  only  nonzero  component  of  the  engineering  strains  for  the  Euler  beam 
may  be  approximated  by 

s^SQ-ze^^=s^-zw,^,  (5) 

where  £q  is  the  unit  extension  of  the  centroid  axis.  Making  use  of  the 
assumption  of  small  strain,  £q  may  be  approximated  by 


^0  =W;c  +^,x^) 


Equations  of  motion 

The  equations  of  motion  for  rotating  Euler  beam  are  derived  by  the 
d'Alembert  principle  and  the  virtual  work  principle.  The  consistent 
linearization  of  the  fully  geometrically  non-linear  beam  theory  is  used  in  the 
derivation. 

Figure  3  shows  a  portion  of  the  deformed  centerline  of  the  beam.  Here  the 
generalized  displacements  are  chosen  to  be  w  ,  w,  and  0  defined  in  equation 
(3).  The  corresponding  generalized  forces  are  iq,  F3,  and  M,  the  forces 
in  Xi-,  2^3 -directions,  and  moment  about  negative  X2“axis. 
and  Mj  (/  =  1,  2)  in  Fig.  3  denote  the  values  of  F3 ,  and  M  at  sections 

For  linear  elastic  material,  the  virtual  work  principle  may  be  written  as 

(7) 

^ext  =  iFxSu  +  F3 J w  +  MSB)  f 

(MBB+  FiSu  +  F^Sw^dx 

2 

=  ^  +  Fj  ;^Su  +  Fidu  jc  +  F2^^Sw  +  FjSw  j^jdc 


W 


where  and  S  are  the  virtual  work  of  the  external  forces  and  the 

1 7 

internal  stresses,  respectively,  ()  j  is  the  value  of  (  )  at  node  2  minus  the 
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value  of  (  )  at  node  1,  Ss  is  the  variation  of  e  given  in  equation  (5),  Sr  is 
the  variation  of  r  given  in  equation  (3),  and  r^d^rldt^  is  the  absolute 

acceleration.  In  this  paper,  the  symbol  (  )  denotes  differentiation  with 

respect  to  time  t.  E  is  Young’s  modulus,  G  is  shear  modulus,  p  is  the 
density,  Vyi  is  the  volume  of  the  undeformed  beam  between  sections  1  and  2. 
The  differential  volume  dV  may  be  expressed  as  dV  =  dAdx,  where  dA  is  the 
differential  cross  section  area  of  the  beam. 

The  exact  expression  of  SWi^^^  may  be  very  complicated.  However,  due 
to  the  assumption  of  infinitesimal  vibration,  the  quantities  w,  w,  and  0 
defined  in  equation  (3),  and  their  derivatives  with  respect  to  x  and  /  are  all 
infinitesimal.  For  convenience,  they  are  called  infinitesimal  quantities  in  this 
study.  Thus  only  the  terms  up  to  the  first  order  of  infinitesimal  quantities  are 
retained  in  S  .  However,  in  order  to  retain  all  terms  up  to  the  first  order 
of  infinitesimal  quantities  in  SW^^^^  ,  all  terms  up  to  the  first  order  of 
infinitesimal  quantities  are  retained  for  Ss  ^  Sr  r  in  equation  (9).  Note 
that  the  static  axial  deformations  in  equation  (4)  and  its  derivatives 

with  respect  to  x  are  small  finite  quantities,  not  infinitesimal  quantities. 

From  equations  (3),  and  (5)“(9),  using  \  zdA-0,  \  yz  dA  =  Q,  and  the 

approximations  1  +  «  1  and  0  ^  ,  and  retaining  all  terms  up  to  the 

first  order  of  infinitesimal  quantities  by  consistent  linearization,  one  obtains 


Fix  =  pA[u  +  2wnsin^-{R-\-x-\-u)n^],  (10) 

F^  x  =  pA(w  -  2w/2sin/?  -  sin^  >9) ,  (1 1) 

M  x  F^  -  P)  +  ’  (^2) 

M^EW^x^EIw^xx^  (13) 

Fi=EAu^x^  (14) 


where  I  =  f  z^  dA  is  the  moment  of  inertia  of  the  cross  section. 

M 

Equations  (10)-(12)  are  equations  of  motion,  and  equations  (13)  and  (14)  are 
constitutive  equations. 

Substituting  equations  (1 1),  (13),  and  (14)  into  equations  (10),  and  (12),  one 
obtains 

AEu  xx  =  +  2wf2sinfi-  (/f  +  x  +  (15) 


262 


(16) 


,xxxx  ~  ^x) ,x  ,xx  ^,xx^  P) 

-  pA{w  -  liiQ  sin P  -  wQ^  sin^  p) 


where  the  single  underlined  terms  in  equations  (15)  and  (16)  are  Coriolis  force, 
and  the  double  underlined  term  in  equation  (16)  is  the  rotary  inertia  term. 

The  boundary  conditions  for  a  fixed  end  at  x  =  0  and  for  a  free  end  at  x  =  Z 
are  given  by 

(0)  =  w(0, 0  =  0?  ^0, 0  =  0,  w  ^  (0,0  =  0?  (17) 

iq(Z,0  =  -nifaiiLjX  F^(L,t)  =  -m^ai{Lj\ 

7  (18) 
M{L,t)  =  -mth^w  ^{L,t) 


where  is  the  mass  of  tip  mass,  a\  and  are  the  absolute  accelerations 
of  the  tip  mass  in  the  X\  and  X3  directions,  and  h  is  the  radius  of  gyration 
of  the  tip  mass. 


Static  axial  deformations 

For  the  static  axial  deformations,  u(xj)  =  u^(x),  u(x,t)  =  w(x,/)  =  0. 
Thus  equations  (15)“(18)  can  be  reduced  to 

EUs,xx=P(^  +  X  +  ^s)^^  ’  (19) 

M^(0)  =  0,  EAu,,,{L)  =  mtfp-{l  +  R).  (20) 

Let 

k  =  nLj^.  (21) 

When  k«l.  The  solution  of  equations  (19)  and  (20)  may  be 
approximated  by 


U^ix)  = 


pQ^  -x^ 
E  ~T" 


Rx^ 

2 


+  RLx  +  ^{L  +  R)x'\. 
pA 


(22) 


Free  vibration 

The  vibration  of  the  beam  is  measured  from  the  position  of  the  static  axial 
deformation.  From  equations  (4),  (15),  (16),  (19),  and  (22),  the  governing 
equations  for  free  vibration  may  be  expressed  as 
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(23) 


U  +  2WQsmp-fi'^U], 

=  ^^4^4  +  ^^^4^  +^(^44  -  ^44^^  P) 

^  — =^—  (24) 

-P^{W -2Unsmp-WQ^  sin^/?) 


U(^,0  =  {/7,ff},  Vr{^^{Ur,Wr},  Vi{^  =  {U,,W,}, 


(25) 

(26) 

(27) 

(28) 
(29) 


where  i  =  ,  and  co  is  the  natural  frequency  to  be  determined. 

Introducing  equation  (28)  into  equations  (23)  and  (24),  we  obtain  U j  =  Ur, 
IVr  =  -W,  and 


U R  +  {K^  +  )U R  +  2kKWj  sin  fi  =  0 , 

^1,4444  +  cos^  p  -  -  r]N’^WR^ 

-  2T]kKUR  sin p  -  T]iK^  +  sin^  P)Wi  =  0 
K  =  o)Ly[^ 

Power  scries  solution 

From  equations  (25),  (26)  and  (30),  it  can  be  seen  that  equation  (30)  is  a  set 
of  linear  ordinary  differential  equations  with  variable  coefficients.  The 
solution  of  equation  (30)  can  be  expressed  as  a  power  series  in  the  independent 
variable  ^ : 


(30a) 

(30b) 
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(32) 


A(^  = 


00  r  p  ^  00 

=zin 

rj=0 


where  C„  and  are  undetermined  coefficients. 

Substituting  equation  (32)  into  equation  (30)  and  equating  coefficients  of 
like  power  of  we  obtain  the  recurrence  formula 


C3  =-!{<,  4)] 


;=i 


(33a) 

(33b) 


-1 

0 

0 

A  2  “  ^ 

a  b 

n 

0 

_ 1 

? 

'  ”^n(n-l) 

_0  c_ 

-1 

0 

0 

_ 1 

1  a4_ 

1 

”  n{n  -  “  2)  |_0  e 


n{n-\){n-2){n-'i)\r]b  f 


0  0 


(34) 


where  a  =  K^+P‘,  b  =  2kKs\n/3  ,  c  =  /3 -  r]k^{^r , 

d  =  k'^[r-\-^,  e  =  r]d(n-'i),  f  =  t]{K^  +k^  sir?'  P)-]^rik^{n- 2)[n- A). 

Substituting  equation  (33)  into  equation.  (32),  one  may  obtain 


A(^)  =EC, 

E  =  [Ei  E2  E5],  C={Co  Dq  Q  £>1  £>2  £>3} 

Ei=I  +  ^X  +  I;#"(Yo”+Y2"dJ 

«=4 

CO  /  \ 

E2=^  +  #X  +  Z^”(Yr+Y3«Di,) 

n=A 

00  00 

rt=4  «=4 

®'5=[E3®2  ^462]. 

4 

Yf  =  XA^Y"-^  ,  i  =  0,  1,  2,  3  ,  «>4 

>1 


(35) 

(36) 


(37) 

(38) 
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/,  j  =  0,  1,  2,  3 


(39) 


if  i  =  J 
f  i^j 


Dfl  =  — 
“  2 


a  b 
0  0 


>D.= 


b 

0 


(40) 


where  I  and  0  are  unit  matrix  and  zero  matrix  of  order  2x2,  respeetively. 

From  the  boundary  eonditions  given  in  equations  (17)  and  (18),  and 
equations  (12)-(14),  (27)-(29)  and  (35)-(40),  one  can  obtain 

K(A:)C  =  0,  (41) 

and  K(/f)  denotes  K  is  function  of  K  given  in  equation  (31). 

For  a  nontrivial  C ,  the  determinant  of  the  6  x  6  matrix  K  in  equation  (41) 
must  be  equal  to  zero.  The  values  of  K  which  make  this  determinant  vanish 
are  called  eigenvalues  of  matrix  K  and  give  the  natural  frequencies  of  the 
rotating  Euler  beam  through  equation  (31).  The  bisection  method  is  used 
here  to  find  the  eigenvalues. 

NUMERICAL  EXAMPLES 

To  demonstrate  the  accuracy  and  efficiency  of  the  present  formulation  and 
investigate  the  effects  of  the  tip  mass  on  the  natural  frequency  of  the  rotating 
beam,  the  rotating  beam  with  slenderness  ratio  =  100  is  studied. 

With  the  consideration  of  the  Coriolis  force,  except  fi-0  or  =  0 ,  the 
axial  and  lateral  vibrations  are  coupled  in  the  vibration  modes.  However,  for 
convenience,  in  this  study  the  terms  lateral  vibration  and  axial  vibration  only 
denote  that  the  vibrations  are  lateral  vibration  and  axial  vibration,  respectively, 
at  A  =  0 . 

The  natural  frequencies  of  the  rotating  beams  with  different  values  of  the  tip 
mass  and  rotary  inertia  of  the  tip  mass  for  setting  angle  y5  =  0 ,  and  0.5;r  are 
listed  in  Table  1  and  Table  2,  respectively.  In  Table  1  and  2,  (A)  denotes  that 
the  corresponding  free  vibration  is  axial  vibration.  As  can  be  seen  that  at 
A  =  0 ,  the  vibration  mode  correspond  the  fourth  natural  frequency  is  lateral 
vibration  for  all  cases.  However,  at  A  =  0.05,  0.1,  the  vibration  mode 
correspond  the  fourth  natural  frequency  is  axial  vibration  for  case  M  =  0.5, 
hj L  =  0,  and  at  A  =  0.1,  the  vibration  mode  correspond  the  fourth  natural 

frequency  is  axial  vibration  for  case  M=\,  hjL  =\. 

CONCLUSIONS 

In  this  paper,  the  correct  linearized  governing  equations  for  the  linear 
vibration  of  a  rotating  uniform  Euler  beam  with  tip  mass  are  derived.  The 
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vibration  of  the  beam  is  measured  from  the  position  of  the  static  axial 
deformation,  and  only  infinitesimal  free  vibration  is  considered.  The 
equations  of  motion  for  rotating  Euler  beam  are  derived  by  the  d'Alembert 
principle  and  the  virtual  work  principle.  It  is  seen  that  even  for  linear 
vibration  of  a  rotating  Euler  beam,  the  exact  governing  equations  might  be 
derived  by  the  consistent  linearization  of  the  fully  geometrically  non-linear 
beam  theory.  The  effects  of  the  Coriolis  force  and  rotary  inertia  on  the 
natural  frequency  of  the  rotating  beam  are  considered.  A  method  based  on 
the  power  series  solution  is  proposed  to  solve  the  natural  frequency. 

The  results  of  numerical  examples  show  that  the  effect  of  the  tip  mass  on 
the  natural  frequencies  of  the  rotating  Euler  beam  may  be  considerable. 
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Figure  3  Forces  and  moments  on  a  differential  beam  element 


Table  1  Dimensionless  frequencies  for  rotating  Euler  beam 
(r  =  0,y5  =  0,7^  =  100) 


k 

M 

h/L 

^2(10-7 

1  TCgClO"^ 

,  K4 

0.00 

0 

0 

0.35152 

2.19988 

6.14601 

1.20047 

0.5 

0 

0.20161 

1.68885 

5.15805 

1.05542 

0.5 

0.5 

0.17021 

0.59752 

2.55620 

0.64876 

1 

1 

0.08679 

0.33905 

2.40015 

0.63312 

0.05 

0 

0 

0.64476 

2.54041 

6.49528 

1.23684 

0.5 

0 

0.57073 

2.36918 

5.97477 

1.07563(A) 

0.5 

0.5 

0.46058 

0.77827 

3.10734 

0.12334 

1 

1 

0.22373 

0.62461 

3.22000 

0.74796 

0.10 

0 

0 

1.11988 

3.35835 

7.43558 

1.33924 

0.5 

0 

1.06425 

3.71092 

7.92453 

1.07214(A) 

0.5 

0.5 

0.73511 

1.17299 

4.33211 

0.90835 

0.5 

1 

0.38336 

1.13170 

4.31364 

0.90733 

1 

1 

0.31825 

1.10058 

4.85666 

0.85445(A) 
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Table  2  Dimensionless  frequencies  for  rotating  Euler  beam 


(r  =  0,y9  =  0.5;r,V^  =  100) 


k 

M 

h/L 

7^300"') 

K, 

0.00 

0 

0 

3.51520 

2.19988 

6.14601 

1.20047 

0.5 

0 

2.01614 

1.68885 

5.15805 

1.05542 

0.5 

0.5 

1.70213 

0.59752 

2.55620 

0.64876 

1 

1 

0.86789 

0.33905 

2.40015 

0.63312 

0.05 

0 

0 

4.06560 

2.49028 

6.47564 

1.23579 

0.5 

0 

2.74165 

2.31498 

5.95329 

1.08026(A) 

0.5 

0.5 

2.40888 

0.70662 

3.06694 

0.72154 

1 

1 

1.42986 

0.40877 

3.17979 

0.74619 

0.10 

0 

0 

5.00969 

3.20350 

7.36612 

1.33531 

0.5 

0 

3.58429 

3.56825 

7.85812 

1.09067(A) 

0.5 

0.5 

3.23210 

0.88636 

4.21038 

0.90242 

1 

1 

1.99573 

0.51065 

4.74464 

0.87754(A) 
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ABSTRACT 

In  this  paper,  the  stability  of  steady  sliding  of  a  braking  system  is 
investigated.  An  emphasis  is  placed  on  understanding  the  influence  of  the 
friction-moment  coupling  on  the  development  of  squeal  oscillations.  The 
equations  of  motion  for  small  oscillations  about  the  engaged  configuration  of  the 
brake  system  are  expressed  in  terms  of  the  linear  modes  of  the  individual  system 
components.  A  consequence  of  the  friction-moment  coupling  is  a  non-symmetric 
contribution  to  the  stiffness  matrix,  typical  of  circulatory  systems.  A  variation 
method  applied  on  a  Rayleigh-type  quotient  is  used  for  determining  the  critical 
values  of  friction  needed  for  the  onset  of  squeal.  Unstable  oscillations  from 
single-mode  coupling  within  the  drum  and  mixed-mode  coupling  within  the 
drum  and  between  the  drum  and  shoes  are  observed.  Simpler  rigid-drum  and 
rigid-shoe  models  are  used  to  interpret  the  results  and  to  provide  a  qualitative 
understanding  of  the  different  mechanisms  of  squeal  generation  observed  in  the 
study. 


INTRODUCTION 

Squeal  oscillations  in  braking  systems  are  friction-induced  oscillations 
resulting  in  the  generation  of  noise  with  a  frequency  content  ranging  from  a  few 
hundred  Hz  to  several  thousand  Hz.  Early  work  in  the  field  focused  on  the 
nature  of  the  friction  coefficient  at  the  braking  surface  that  leads  to  friction 
oscillations,  either  in  a  simple  friction  model  with  a  higher  static  coefficient  than 
the  dynamic  or  in  a  friction  model  with  a  negative  slope  in  the  friction-relative 
velocity  curve.  Experiments  ([Felske  et  al.,  1980],  [Kusano  et  al.,  1985],  [Lang  and 
Newcomb,  1989]),  however,  have  shown  that  squeal  oscillations  can  be  observed 
even  for  conditions  of  relatively  constant  friction  coefficients.  Work  appearing  in 
the  1970's  ( [Spurr,  1971],  [Earles  and  Soar,  1971],  [Earles  and  Lee,  1976],  [Milner, 
1976a,  1976b])  were  pioneering  efforts  that  featured  frictional  coupling  of  the 
natural  modes  of  the  system  at  the  braking  surface  as  being  the  primary 
mechanism  for  the  generation  of  squeal  oscillations  under  conditions  of  constant 
friction  coefficients.  With  these  models,  squeal  oscillations  occurred  for  system 
parameters  for  which  a  positive  net  energy  flow  existed  from  the  rotating  source 
into  components  of  the  braking  system.  A  number  of  other  works  have 
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subsequently  appeared  which  have  successfully  used  models  incorporating  the 
frictional  coupling  of  natural  modes  for  the  prediction  of  squeal  (e.g., 
[Nishiwaki,  1993],  [Hulten,  1994],  [Hulten,  1995],  [Adams,  1995],  [Kido  et  al., 
1996]).  Some  excellent  review  articles  have  also  recently  appeared  ([Nishiwaki, 
1990],  [Ibrahim,  1994a],  [Ibrahim,  1994b])  that  discuss  the  contemporary  views  on 
brake  squeal  and  other  mechanisms  of  frictiominduced  oscillations. 

In  reviewing  existing  squeal  models  for  drum  brakes,  Hulten  (1994,  1995) 
has  observed  that  there  are  two  primary  sources  of  modal  coupling  that  can  lead 
to  friction-induced  oscillations:  friction  force  coupling  and  friction  moment 
coupling.  The  friction  force  coupling  is  geometric  in  nature  and  results  from  a 
kinematic  constraint  between  the  radial  and  transverse  components  of 
deformation  of  the  drum  and  shoes  at  the  braking  surface.  This  coupling  is 
increased  as  the  radius  of  the  drum  is  reduced.  Friction  moment  coupling  results 
from  the  coupling  of  the  bending  moments  at  the  braking  surface  due  to  the 
friction  force  acting  at  a  distance  from  the  neutral  axis  of  bending  of  the  drum 
and/or  shoes.  This  coupling  is  generally  increased  by  an  increase  in  the 
thickness  of  the  friction  material  of  the  brake  lining.  In  this  work,  Hulten  offers 
some  physical  insight  as  to  how  these  two  different  types  of  coupling  can  lead  to 
the  transfer  of  rotational  energy  of  the  wheel  hub  into  a  growth  of  vibrational 
energy  in  the  drum  and  shoes. 

Typically,  a  set  of  non-conservative,  linearized  equations  of  motion  are 
produced  from  these  modal  coupling  models  that  govern  the  free  vibration  of  an 
engaged  braking  system.  The  onset  of  squeal  is  predicted  when  a  pair  of  natural 
frequencies  corresponding  to  the  equations  of  motion  coalesce  and  subsequently 
become  complex.  Generally,  any  number  and  types  of  modal  pairs  are  capable  of 
merging,  depending  on  model  parameters  such  as  component  stiffnesses  and 
sliding  coefficient  of  friction.  For  models  possessing  a  large  number  of  degrees 
of  freedom,  it  becomes  quite  difficult  to  understand  why  certain  modes  will 
couple  to  create  squeal  and  other  do  not,  thereby  creating  obstacles  to  design 
engineers  in  their  attempts  to  reduce  the  propensity  of  squeal  vibrations. 

In  this  present  investigation,  a  focus  is  placed  on  the  imderstanding  of  the 
ability  of  different  modal  pairs  to  produce  squeal  vibrations.  In  particular,  the 
moment-coupling  mechanism  observed  by  Hulten  is  explored  through  simplified 
bending  models  for  the  drum  and  shoes.  Linearized  equations  of  motion  are 
developed  for  these  models,  and  the  influence  of  lining  stiffness  and  sliding 
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friction  coefficient  on  the  onset  of  squeal  is  studied.  A  Rayleigh  quotient-based 
approach  is  used  to  directly  compute  the  critical  values  of  the  stiffness  and 
friction  coefficient  parameters  from  the  eigenvalue  and  adjoint  eigenvalue 
problems.  A  particular  emphasis  of  this  investigation  is  to  see  which  drum 
and/or  shoe  modes  are  likely  to  be  responsible  for  the  creation  of  squeal 
oscillations. 

MATHEMATICAL  MODEL 

For  this  model,  the  rotating  drum  ("body  3")  will  be  considered  to  be  a  thin 
ring  with  flexural  rigidity  2/3 ,  mass  per  length  of  p  and  cross-sectional  area  of 
.i?3 .  The  two  shoes  ("bodies  1  and  2")  will  be  assumed  to  be  thin,  curved  beams 
having  mass  per  length  p,  flexural  rigidities  of  £/,  and  ,  and  cross-sectional 
areas  of  and  respectively.  In  this  work,  we  will  study  the  coupling 
between  circumferential  modes  of  the  drum  and  purely  bending  modes  of  the 
shoes.  With  this  in  mind,  the  models  for  the  drum  and  shoes  will  be  further 
reduced  to  that  of  thin,  straight  beams  having  lengths  of  £, ,  4  and  4  for  bodies 
1  through  3,  respectively,  as  shown  in  Figure  1.  The  transverse  displacements  of 
bodies  1  through  3  are  to  be  denoted  as  O'  =  1,2,3,  respcctivdy) .  Simply- 

supported  boundary  conditions  are  to  be  applied  to  shoes,  whereas  periodic 
boundary  conditions  are  to  be  applied  to  the  drum  (that  is,  continuity  of 
displacement  Uj ,  and  all  of  its  spatial  derivatives  at  K3  —  ^  and  ^  =  4  )•  Th® 
beam  model  for  the  drum  has  a  sliding  speed  of  v  relative  to  shoes  1  and  2  with  a 
sliding  coefficient  of  friction  p  at  the  interface  of  the  drum  with  the  lining 
iiraterial.  The  speed  of  the  drum  will  be  considered  to  be  small  compared  to 
structural  wave  speeds  of  the  drum  and  shoes.  As  a  consequence  of  this 
assumption,  the  relative  sliding  between  the  (j  =  1,2)  and  K3  coordinates  will 

be  ignored  when  establishing  the  equations  of  motion  for  the  system.  The  inertia 
and  bending  resistance  of  the  friction  material  will  be  considered  negligible 
compared  to  that  of  the  beams,  and  as  a  result,  the  friction  material  will  be 
treated  as  a  distributed  elastic  foundation  with  a  stiffness  per  unit  length  of  k  for 
the  friction  material  on  each  shoe. 

The  response  for  each  of  the  three  structural  components  will  be  expanded 
in  terms  of  their  "non-engaged"  modal  functions  (i.e.,  modes  of  each  component 
in  the  absence  of  the  coupling  due  to  the  friction  material)  as: 
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energy  of  the  braking  system  become: 


^  y=^  0 


=  \fi^p+\i^£[^]p 


(3) 

(4) 


respectively,  where  4  “  ^3 }  /  fW  is  a  diagonal  matrix  of  the  square  of  the 

non-engaged  {k  =  0)  natural  frequencies  of  the  components,  and: 


K] 


[0] 


(5) 


=  \yf  w’’  dK,  '  (6) 

0  ^  ” 
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Owing  to  the  assumption  of  only  transverse  vibrations  of  the  components, 
the  virtual  work  done  by  the  friction  forces  at  the  interfaces  of  the  drum  with  the 
friction  material  arises  through  a  distributed  bending  moment  per  unit  length  of 
(see  Figure  2): 


W/3  =  ^  .  0  -  “3(^  -  ‘)] 

(8) 

on  the  drum  and  of: 

^  A;  [“>(^  *  0  -  “3(^:3  -  0] 

(9) 

on  each  shoe,  where  hj  is  the  distance  from  the  neutral  axis  of  body  j  to  the 
friction  interface.  With  equations  (8)  and  (9),  the  virtual  work  done  by  friction 
can  be  written  as: 


where 


■  [0]  10]  -[«’’]■ 

[«]=  [0]  [0] 

[®^‘] 


-1=4  [J±w-^dx  ■>  (j,m)  =  (l,3),av,(2,3),(3,2) 


(11) 


(12) 


Applying  Lagrange's  equations  with  equations  (3),  (4),  (6)  and  (10)  produces 
the  following  equations  of  motion  for  the  system; 

|  +  [5C+^-^]+/«<^®]]£=Q  (14) 
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Equation  (14)  represents  a  set  of  ^  +  fA4  +  iA4  differential  equations  of 

motion  for  the  coupled  system  describing  small  oscillations  about  an  equilibrium 
deformation  state  created  by  an  engagement  of  the  drum  with  the  friction 
material  on  the  two  shoes.  The  [A]  matrix  in  equation  (14)  accoimts  for  the 
stiffness  contribution  to  the  system  by  the  compression  of  the  friction  material. 
This  stiffness  coupling  is  symmetric,  characteristic  of  conservative  coupling  forces. 
The  [B]  matrix  in  equation  (14)  arises  from  the  virtual  work  done  by  the  friction 
forces  at  the  interface  of  the  friction  material  with  the  moving  drum.  The 
stiffness  contribution  of  [B]  provides  non-symmetric  coupling  for  the  system 
components,  characteristic  of  non-conservative  "circulatory  forces"  [Huseyin, 
1978]. 

ANALYSIS 

The  homogeneous  equations  of  motion  in  equation  (14)  above  represent  the 
free  response  of  an  engaged  brake  system.  With  the  coefficient  matrices  in 
equation  (14)  being  constant,  the  character  of  the  response  is  dictated  by  its 
eigenvalues  and  eigenvectors.  In  this  section,  the  influence  that  the  lining 
stiffness  and  friction  properties  have  on  the  eigenvalues  and  eigenvectors  as  well 
as  on  the  propensity  for  squeal  in  the  braking  system. 

The  eigenvalue  and  adjoint  eigenvalue  problems  corresponding  to  the 
equations  of  motion  (14)  can  be  written  as: 


(15) 

[-Co'^[l\  +  [0^+k[S>l\  +  tlli[<Bf^L=0 

(16) 

respectively,  where  (O  are  the  natural  frequencies,  and  R  and  L  are  the  right-  and 
left-eigenvectors,  respectively.  Two  independent  coupling  parameters  exist  in 
the  eigenvalue  problem:  the  friction  material  stiffness,  k,  and  the  coefficient  of 
sliding  friction,  p. 

When  //  =  0,  the  equations  of  motion  are  coupled  only  through  the  lining 
stiffness  matrix  [A].  For  k  -  0  (non-engaged  braking  system),  the  natural 
frequencies  are  those  of  the  individual  brake  components  (shoe  1,  shoe  2  and  the 
drum),  and  these  natural  frequencies  are  contained  in  the  elements  of  the 
diagonal  stiffness  matrix  [K].  Since  the  cosine-sine  mode  pairs  for  the  drum 
model  were  used  for  the  drum  trial  functions,  the  natural  frequencies  for  the 
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drum  will  appear  in  repeated  pairs.  As  the  lining  stiffness  parameter  k  is 
increased,  the  individual  natural  frequencies  for  the  braking  system  will  either 
increase  or  remain  unchanged.  The  repeated  natural  frequency  pairs 
corresponding  to  the  cosine-sine  mode  pairs  for  the  drum  will  tend  to  separate, 
with  the  amount  of  separation  depending  on  the  shoe  lengths,  X,  and  ,  and 
the  shoe  spacing,  2a.  However,  since  the  stiffiiess  matrices  [K]  and  [A]  are 
symmetric,  the  natural  frequencies  will  remain  real  for  //  =  0  and  stable 
oscillations  of  the  system  will  result  [Huseyin,  1978]. 

For  ju>  0,  a  variation  of  k  can  lead  to  complex  natural  frequencies  resulting 
in  unstable  oscillations  about  the  equilibrium  state.  This  instability,  common  in 
systems  with  circulatory  forces,  results  from  "coupled-mode  flutter"  appearing  as 
a  result  of  the  merging  (and  subsequent  splitting)  of  a  pair  of  natural  frequencies 
and  mode  shapes  in  the  system. 

It  can  be  shown  [Huseyin,  1978]  that  the  coalescence  of  a  pair  of  natural 
frequencies  that  leads  to  the  flutter  instability  occurs  when  the  corresponding 
left-  and  right-eigenvectors  are  related  by: 

.  (17) 

That  is,  a  critical  set  of  parameters  and  M  =  Mcr  exists  when  the 

corresponding  left-  and  right-eigenvector  pair  forms  an  orthogonal  set.  This 

relation  will  be  used  to  determine  the  combination  of  parameters  that  leads  to 

unstable  sliding  of  body  3  with  respect  to  the  friction  material.  To  this  end, 

T 

premultiply  the  eigenvalue  problem  (15)  by  L 

-(0^  •  (18) 
Applying  the  coalescence  condition  (17)  and  solving  for  p  gives: 

The  parameter  Q  defined  in  (19)  can  be  thought  of  as  a  "Rayleigh  quotient" 
for  the  critical  value  of  the  parameter  /i  leading  to  a  flutter-type  unstable 
response.  For  an  arbitrary  pair  of  N-vectors  u  and  v,  it  can  be  shown  [Huseyin, 
1978]  that  the  quotient  Q(UjV)  takes  on  a  stationary  value  when  v  =  4:^, and  u  = 

R.  •  that  is. 


do  =0 
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In  order  to  determine  the  stationary  value  of  Q  in  (20)/  a  set  of  vectors  u 
and  V  will  be  written  as  linear  combinations  of  the  (linearly  independent) 


eigenvectors  ( /  =  1, 2, . . N)  .corresponding  to  //  =  0: 

u  =  f^fUj  =  ma  (21) 

J=l 

2  =  (22) 

J=i 

where  the  modes  have  been  normalized  such  that: 

[4>f[<E>]  =  [/]  (23) 

The  coefficients  a  and  b  are  chosen  in  such  a  way  that  u  and  v  satisfy  the 
coalescence  condition  of  equation  (17): 

u%=/[<[>f[4>]6  =  /5  =  0  .  (24) 

The  stationary  value  of  Q  is  then  found  by  solving  the  constrained  problem  of: 

4Q  +  A  4'(/fi)  =  0  (25) 

where  X  is  a  to-be-determined  Lagrange  multiplier. 

Substituting  equations  (21)  and  (22)  into  equation  (25)  produces: 

[;/„/^<I>r[«r[‘I>]  +  [5\C]  +  A[/]]a=0  (26) 

+  m  +  =  Q  (27) 

where  [N]  is  a  diagonal  matrix  containing  the  square  of  the  pL  -  0  natural 


frequencies,  (j  =  1, 2, N) .  Simultaneous  solution  of  equations  (24),  (26)  and 
(27)  produces  the  aitical  value  of  the  friction  coefficient,  ,  for  a  given  value  of 
lining  stiffness  k. 

In  summary,  the  investigation  of  the  onset  of  squeal  vibrations  for  the 
braking  system  modeled  presented  here  is  reduced  to  a  two-parameter  problem 
in  the  //-k  plane.  Combinations  of  values  for  \i  and  k  that  satisfy  equations  (24), 
(26)  and  (27)  correspond  to  the  merging  of  free  vibration  modes  of  the  engaged 
and  rotating  brake  system.  Solution  of  the  constrained  eigenvalue  problem  in 
these  equations  produces  a  direct  method  for  the  calculation  of  stability 
boundaries  within  the  [i-k  plane.  Usage  of  this  method  allows  for  the  study  of 
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which  drum  and  shoe  modes  contribute  to  the  production  of  squeal  oscillations. 
The  results  of  such  a  study  are  presented  in  the  following  section. 

RESULTS  AND  DISCUSSION 

Here,  three  situations  will  be  studied:  a)  rigid  shoes  and  compliant  drum, 
b)  compliant  shoes  and  rigid  drum,  and  c)  compliant  shoes  and  drum. 

a)  Rigid  shoe  model 

If  the  flexibility  of  the  shoes  is  ignored,  only  the  on-diagonal  block  matrices 
in  the  lower  right  hand  comer  of  the  system  matrices  in  equation  (14)  remain. 
Furthermore,  if  the  elastic  foundation  for  the  drum  exists  over  its  entire  length 
(Lj  +  L2  =  L3),  the  eigenvalue  problem  (15)  reduces  to  a  set  of  (2x2) 

blocks  having  the  form  of: 

It  is  easily  shown  from  equation  (28)  that  the  critical  value  of  the  friction 
coefficient  for  squeal  is  zero.  That  is,  for  a  complete  support  of  the  drum  by  an 
elastic  foundation,  the  steady  sliding  is  unstable  for  ANY  non-zero  value  of 
This  observation  is  consistent  with  results  from  other  models  of  friction-induced 
oscillations  having  uniform  stiffness  supports  [Adams,  1995]. 

Thus  it  can  be  concluded  that  nonuniformity  of  the  support  stiffness  for  the 
drum  is  a  stabilizing  factor.  For  non-uniform  stiffness  of  interest  in  this  work,  a 
variation  in  the  lining  stiffness  k  initially  separates  the  coincident  cosine-sine 
mode  frequency  pairs  of  the  elastic  drum.  Introduction  oi  fi>0  will  tend  to  draw 
the  frequency  pairs  back  together,  potentially  leading  to  the  onset  of  the  flutter 
instability. 

Two  types  of  mode-coupling  instabilities  are  observed  in  this  drum  model. 
The  first  corresponds  to  (I>i,Di)  modal  coupling^.  As  shown  in  Figure  3  for 
(D3,D3),  the  stability  boundary  is  initially  brought  to  the  stiffness  axis  as  k  is 
increased  (stiffness  destabilizing)  followed  by  movement  of  the  stability 
boundary  away  from  the  stiffness  axis  (stiffness  stabilizing).  At  the  intersection 
of  the  stability  boundary  with  the  stiffness  axis,  =  0,  and  therefore  steady 


1  Here,  the  notation  of  Dj  and  Si  refers  to  the  jth  drum  mode  and  ith  shoe  mode,  res{>ectively, 
for  n  =  k  =  0. 


^=0 


(28) 
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sliding  is  unstable  for  ALL  values  of  //  >  0,  as  was  seen  for  the  uniform  support 
stiffness  case.  The  second  type  of  mode-coupling  has  the  stability  boimdary 
moving  initially  toward  the  stiffness  axis  but  turning  away  without  crossing  the 
//  =  0  axis.  However,  this  stability  boundary  changes  from  (Di,Di)  to  (Di,Dj)  for  I 
#  j  (mixed-mode  coupling).  In  Figure  4,  a  change  from  (D2,D2)  to  (D1,D2)  modal 
coupling  is  seen  as  the  lining  stiffness  is  varied.  It  is  seen  that  the  (D1,D2) 
eventually  intersects  the  stiffness  axis  and  moves  away,  simileir  to  the  single¬ 
mode  coupling  in  Figure  3.  The  single-mode  coupling  tends  to  be  "less  unstable" 
than  the  mixed-mode  coupling  in  that  the  imaginary /real  ratio  of  the  unstable 
natural  frequencies  tend  to  be  much  smaller  than  for  the  mixed-mode  coupling. 
Small  amounts  of  structural  damping  are  likely  to  suppress  the  single-mode 
flutter  instabilities,  particularly  for  those  corresponding  to  the  higher  modes  of 
the  drum. 


b)  Rigid  drum  model 

If  the  flexibility  of  the  drum  is  ignored,  the  motion  of  each  shoe  is 
imcoupled  from  the  other.  From  equation  (11),  it  can  be  seen  that  the  on-diagonal 
blocks  of  the  [B]  matrix  are  zero  for  the  shoes.  That  is,  the  friction  moment  is  not 
capable  of  coupling  the  shoe  modes  when  the  lining  acts  against  a  rigid  drum.  As 
a  result,  the  equations  of  motion  of  a  braking  system  mode  with  a  rigid  drum 
are  those  of  a  conservative  system,  and  the  natural  frequencies  are  real  for  all 
values  of  lining  stiffness  and  friction  coefficient.  Therefore,  squeal  oscillations  are 
not  possible  in  the  limiting  case  of  a  rigid  drum. 


c)  Combined  flexible  shoe  and  drum  model 

A  simultaneous  solution  of  equations  (24),  (26)  and  (27)  shows  that  several 
types  of  single-mode  and  mixed-mode  couplings  that  lead  to  the  squeal 
instabilities  for  the  combined  flexible  shoe/drum  model.  Shown  in  Figures  5-7 
are  the  single-mode  mergings  of  (D2,D2),  (D3,D3)  and  (D4,D4),  as  well  as  mixed¬ 
mode  couplings  of  (D2,S2),  (D3,S3)  and  (D4,S4).  Several  key  observations  can  be 
made  from  these  stabUity  diagrams.  First,  single-mode  flutter  of  (D2,D2), 
(D3,D3)  and  (D4,D4)  stability  boundaries  have  been  found  for  low  values  of  the 
stiffness  parameter  k.  These  "v-shaped"  stabOity  boundaries  result  from  the 
drum-mode  coupling  discussed  in  the  context  of  the  rigid  shoe  model.  The 
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critical  value  of  p,  corresponding  to  /c  -  0  appears  to  decrease  with  increasing 
mode  number.  This  can  be  explained  by  considering  the  fact  that  the  effect  of  the 
stiffness  non-uniformity  of  the  lining  is  diminished  in  the  higher  modes.  As 
discussed  before,  stiffness  uniformity  is  a  destabilizing  factor  for  the  drum-mode 
coupling.  A  second  observation  is  that  stability  boundaries  corresponding  to 
(D2,S2),  (D3,S3)  and  (D4,S4)  mixed-mode  coupling  occurs,  as  seen  in  Figures  5-7. 
These  mixed-mode  stability  branches  join  the  (D2,D2),  (D3,D3)  and  (D4,D4) 
single-mode  branches,  respectively,  for  friction  values  outside  the  range  given  in 
these  figures.  The  joining  of  these  different  types  of  branches  is  similar  to  that 
seen  for  the  single-mode  and  mixed-mode  drum  branches  seen  in  Figure  4  for  the 
rigid  shoe  model.  With  its  unique  shape,  the  (D2,S2)  stability  boundary  of  Figure 
5  appears  to  be  equally  influenced  by  both  the  drum  and  shoe  modes. 

For  the  parameter  ranges  studied  here,  the  ratio  of  imaginary/real  parts  of 
the  unstable  natural  frequencies  for  the  mixed-mode  instabilities  are 
considerably  larger  than  those  for  the  single-mode  instabilities  of  the  drum.  For 
the  higher  modes,  this  ratio  is  typically  small  enough  that  the  introduction  of 
only  a  small  amount  of  damping  can  raise  the  critical  value  of  to  values  larger 
than  those  of  the  mixed-mode.  Because  of  this,  it  is  felt  that  the  mixed-mode 
instabilities  are  of  a  more  serious  concern  than  the  single-mode  instabilities  of  the 
drum. 

CONCLUSIONS 

A  study  has  been  performed  to  determine  the  influence  lining  stiffness  and 
friction  properties  on  the  stability  of  steady  sliding  in  a  compliant  braking 
system.  For  the  model  chosen  here,  the  motion  of  the  drum  component  was 
written  in  terms  of  its  set  of  spatially-periodic,  cosine-sine  mode  shapes,  and  the 
motion  of  the  shoes  was  written  in  terms  of  a  set  of  simply-supported  mode 
shapes.  In  the  absence  of  the  coupling  due  to  the  brake  lining,  the  natural 
frequencies  of  the  drum  appear  in  terms  of  stable,  coincident  pairs,  and  the 
natural  frequencies  of  the  shoes  are  finitely  separated.  The  influence  of  lining 
stiffness  is  to  shift  the  natural  frequencies  for  the  drum  and  shoes.  Since  the 
friction  couple  acts  to  couple  sympathetic  modes  into  unstable  motion,  the 
sliding  of  the  drum  against  a  uruform  lining  on  a  rigid  shoe  was  foimd  to  be 
unstable  for  any  non-zero  friction.  Non-uniformities  and  compliance  of  the  shoe 
were  seen  to  be  stabilizing  influences.  However,  unstable  sliding  due  to  single- 
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mode  coupling  in  the  drum  was  found  to  persist  at  low  stiffness  values, 
particularly  for  the  higher  modes  of  the  drum.  Mixed-mode  coupling  among  the 
different  drum  modes  and  between  drum  and  shoe  modes  was  found  to  lead  to 
unstable  sliding  conditions,  particularly  at  higher  stiffnesses  of  the  lining. 

It  can  been  shown  that  the  curvature-coupling  ignored  in  this  drum-brake 
system  will  produce  components  to  the  friction-coupling  matrix  [B]  similar  to 
those  detailed  here  for  the  moment-coupling.  Therefore  it  is  felt  that  many  of  the 
observations  made  here  for  the  moment-coupling  will  be  valid  for  the  curvature- 
coupled  mechanisms.  A  detailed  study  that  compares  these  two  mechanisms  is 
left  for  future  investigation. 

The  ultimate  goal  of  this  work  is  to  produce  a  fundamental  imderstanding 
of  which  modes  in  a  braking  system  will  lead  to  a  squeal  response.  With  many 
modes  appearing  in  models  with  large  numbers  of  degrees  of  freedom,  the  task 
of  predicting  the  onset  of  squeal  is  enormous  and  tedious.  Only  with  a  good 
qualitative  understanding  of  modal  coupling  will  come  design  modifications  and 
new  designs  of  brake  components  for  which  squeal  response  can  be  avoided. 
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moving  drum 


shoes 


Figure  1.  Model  of  drum-brake  system  showing  the  geometry  of  moving 
drum  component  over  shoe  components  (periodic  boimdary 
conditions  at  ends  of  drum). 


Figure  2.  Model  of  drxim-brake  system  showing  the  friction  forces  and 

moments  at  friction  interface  (as  seen  from  a  side-view  of  the  drum 
lining  material  interface). 


Coeffcient  of  Friction 


Figure  3.  Stability  boundaries  for  the  merging  of  the  third  cosine-sine  modes  of 
the  drum  (rigid  shoe  model). 
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Coeffcient  of  Friction 


Figure  4.  Stability  boundaries  for  the  merging  of  the  first  and  second  cosine- 
sine  modes  of  the  drum  (rigid  shoe  model). 
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Figure  5.  Stability  boundaries  for  the  merging  of  the  second  cosine-sine  modes 
of  the  drum  and  the  second  drum  and  shoe  modes. 
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Lining  Stiffness 

Figure  6.  Stability  boundaries  for  the  merging  of  the  third  cosine-sine  modes 
of  the  drum  and  the  third  drum  and  shoe  modes. 
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Figure  7.  Stability  boundaries  for  the  merging  of  the  fourth  cosine-sine 
modes  of  the  drum  and  the  fourth  drum  and  shoe  modes. 
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ABSTRACT 

Noise  and  vibration  control  is  the  most  basic  and  important  requirement  for  a  submarine  ' 
to  survive  and  win  the  battle.  To  better  understand  the  airborne  and  structure  home  noise 
and  vibration  of  a  submarine,  a  simplified  model  is  first  attempted  by  considering  the  major 
structure,  transverse  bulkheads,  and  the  air  coupling  effect,  which  has  been  neglected  from 
other  analysis.  Vibration  of  a  submarine’s  watertight  compartments,  line  up  in  the  rigid 
cylindrical  pressure  shell,  in  which  adjacent  bulkheads  (treated  as  thin  plates)  couple  weakly 
through  air  cavities,  is  investigated  through  theoretical  methods.  Such  air  coupling  manifests 
itself  through  separated  natural  frequencies,  and  system-level  modes  in  which  bulkheads  in 
the  array  vibrate  in-  or  out-of-phase  to  each  other  at  closely-spaced  frequencies.  Compared 
to  each  mode  of  the  single  plate,  there  exist  one  in-phase  mode  and  N  -I  combinations 
of  out-of-phase  system  modes  for  a  A-plate  array.  A  vibration  model  comprising  of  N 
classical  thin  plates  that  couple  through  the  three  dimensional  acoustic  fields  established 
in  the  circular  cavities  between  plates  is  developed,  and  its  results  are  shown  in  splitting 
the  natural  frequencies.  In  order  to  solve  for  the  system  modes,  plate  alone  and  air  alone 
expansion  functions  are  obtained  in  advance  by  considering  clamped  circular  plate  and  rigid 
cylindrical  acoustic  cavity,  separately.  Green’s  theorem  is  applied  for  the  rigid  air  cavity  in 
transforming  the  velocities  of  the  transverse  air  particles,  adjacent  to  plate  surfaces,  into  the 
^Key  words:  submarine,  transverse  bulkheads,  Mr-coupled,  cylindrical  pressure  shell,  system-level  modes, 
in-phase  modes,  out-of-phase  modes. 


291 


coupled  air  potential  equations.  Galcrkin  weighted  residual  method  and  Ritz  discretization 
are  employed  to  set  up  the  foundation  for  the  numerical  calculation. 

INTRODUCTION 

The  demand  of  a  extremely  quite  underwater  cruise  for  a  submarine  may  be  more  important 
than  higher  speed  and  operating  depth  capability  [1].  The  success  of  each  attack  and  the 
surviving  conditions  are  all  depending  on  the  necessity  of  detecting  and  identifying  the 
enemy’s  submarines  before  they  do  [2].  Therefore,  the  acoustic  signature  must  be  reduced 
to  the  possible  lowest  level  and  the  strict  noise  control  must  be  executed  in  design  and 
manufacturing  phases  by  reducing  the  structural  and  airborne  noise  from  the  propulsion 
system  [3].  This  task  will  be  easier  to  achieve  if  the  designers  are  aware  of  the  dynamic 
behavior  of  the  coupled  air  and  structure  system,  hence,  the  fluid-structure  interaction  is 
brought  to  interest  in  this  analysis.  In  a  specific  submarine,  as  shown  in  Fig.  1  [4],  the 
watertight  compartments  are  separated  by  the  transverse  bulkheads  in  the  pressure  hull 
and  air  is  filled  within  the  compartments.  As  a  prototype  approach,  this  theoretical  study  is 
simplified  by  only  considering  the  coupling  between  the  air  and  the  major  structure  bulkheads 
(Fig.  2)  which  is  treated  as  classical  thin  plates  fixed  onto  the  rigid  cylindrical  pressure  hull; 
and  ignoring  the  design  feature  of  the  girder,  frames,  decoration  divider,  etc.  Also,  the  fluid 
outside  the  pressure  hull  is  not  included  in  the  study.  Historically,  such  plate/hull  as.semblies 
have  been  designed  from  the  viewpoint  of  a  collection  of  in  vacuo  plate  that  are  isolated  in 
vibration  from  one  another.  However,  with  increasing  performance  requirements,  models  of 
greater  fidelity,  in  which  coupling  between  adjacent  or  separated  plates  is  incorporated,  are 
becoming  increasingly  important.  Swamidas  [5]  and  Orgun  and  Tongue  [6],  for  instance, 
discussed  vibration  coupling  and  mode  localization  in  stacked  disk  systems  m  which  the 
neighboring  plates  are  coupled  through  discrete  springs.  Insofar  as  such  plates  operate  in 
the  interior  of  cylindrical  hull,  the  present  study  emphasizes  acoustoclastic  interactions  in  a 
typical  stacked  plate  array. 

A  rich  and  historical  literature  is  available  on  acoustic-structure  interaction.  A  general 
introduction  is  available  in  the  book  written  by  Junger  and  Feit  [7],  from  which  several 
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commonly-used  approaches  to  analyze  vibration,  wave  propagation,  and  sound  radiation  [8] 
can  be  identified.  Gladwell  and  Zimmermann  [9]  formulated  the  combined  acoustic  and 
structuraJ  vibration  problem  by  using  a  complementary  energy  method,  with  applications  to 
both  membranes  and  plates.  Finite  element  methods  are  available  to  handle  coupled  plate 
and  acoustic  interaction  [10,  11],  and  have  been  applied  to  problems  involving  irregularly- 
shaped  cavities  [12].  Investigations  of  single  plates  that  couple  with  an  acoustic  cavity  [13] 
date  to  the  development  of  aeroelasticity  theory  in  the  1960’s.  Predictions  of  the  interior 
sound  fields  created  by  flexible  wall  motion  are  developed  in  Dowell’s  work  [14],  where  full 
coupling  between  a  panel  and  a  cavity  is  treated.  Analysis  of  cx)upled  structural  and  acous¬ 
tic  modes  is  another  effective  way  of  evaluating  sound-structure  interaction  [15].  Tseng  and 
Wickert  [16]  studied  the  acoustic  effects  between  the  coupled  annular  plates  in  computer 
disk  stack  assemblies.  The  purpose  of  this  research  is  to  investigate  the  vibration  of  acousti¬ 
cally  coupled  stacked  array  of  clamped  circular  plates  inside  a  rigid  cylindrical  pressure  hull 
through  theoretical  methods. 


VIBRATION  ANALYSIS 


As  shown  in  Fig.  3,  the  prototypical  plate  (bulkhead)  array  problem  comprises  N  circular 
plates,  clamped  at  rigid  cylindrical  shell,  coupled  with  A  —  1  air  cavities.  Although  the 
plates  can  have  small  different  dynamic  characteristic  due  to  the  manufacturing  imperfection, 
eccentricity  while  mounted  with  clearance  on  the  spindle  [17],  and  periodically  variation  of 
the  pressure  and  stiffness  associated  with  clamping  collar’s  bolt  pattern  [18],  the  plates  are 
assumed  to  have  identical  set  of  invacao  natural  frequencies.  Further  more,  the  plates  are 
treated  as  having  identical  dimensions  and  material  properties  and  the  cavities  between 
them  as  having  uniform  depth.  Insofar  as  those  simplification  are  admissible,  the  plates  are 
modeled  as  being  ideally  clamped  at  the  edge  (r  =  1,  which  is  the  nondimensional  quantity). 

Assuming  that  all  length  are  non-dimensionalized  with  respect  to  b  (radius  of  the  plate), 
time  'with  respect  to  the  wave  speed  in  the  plate,  and  pressure  with  respect  to  its  ambient 


value,  the  non-dimensional  variables  are  listed  as  follows: 


b 


b  ’ 


(1) 
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The  transverse  displacement  for  each  plate  is  denoted  as  with  1  <  z  <  and  in  the 
context  of  classical  thin  plate  theory,  they  satisfy  the  equation  of  motion 


=  ifrv)  (p<'>  -  , 


where  the  comma-subscript  denotes  partial  differentiation  and  the  biharmonic  operator  V'* 
is  expressed  as  follows: 

+  +  (4) 

“  vari!  rdr  T‘dP) 

Two  dimensionless  parameters,  the  wave  speed  ratio  v  and  the  cavity-to-plate  inertia  ratio 
p,  in  Eq.  (3)  define  the  model: 


„(0  — 


n  — 


^  "  12(1  - 

is  the  plate’s  flexural  rigidity;  E,  iz,  Pp,  and  hj,  are  its  elastic  modulus,  Poisson  ratio,  density, 
and  thickness;  B  and  are  the  bulk  modulus  and  density  of  air  in  the  cavity. 

The  boundary  conditions  for  the  plates  axe  clamped  at  the  edge  (r  =  1). 

=  z=l,2,...,iV  (7) 

The  variables  p<'^  and  are  the  three  dimensional  air  pressure  fields  within  the 

cavities  on  either  side  of  the  z‘'*  plate,  and  they  are  evaluated  at  its  lower  and  upper  faces, 
respectively,  in  Eq.  (3).  Acoustic  radiation  from  the  plate  array  is  not  considered,  and  so  the 
upper-  and  lower-most  surfaces  of  the  stack  are  treated  as  being  exposed  to  vacuum  with 
the  corresponding  pressure  terms  and  p^^^  vanishing. 

Wlien  the  pressures  are  expressed  in  terms  of  the  velocity  potentials  such  that 

<*) 

th6  governing  equations  for  the  acoustic  fields  become 

<j>^^  -  =  0  ,  \<i<N-\,  (9) 
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Each  satisfies  the  concomitant  boundary  conditions  for  a  rigid  wall  at  r  -  1  and  of 
having  compatible  plate  and  air  particle  velocities  at  each  plate  surface.  The  non-dimensional 
boundary  conditions  of  the  fluid  cavities  are  as  follows: 


where  is  the  air  cavity  thickness. 

This  distributed  parameter  model  is  discretized  globally  through  the  method  of  weighted 
residuals.  Following  Morse  and  Ingard  [19]  and  Dowell  [14],  the  neighboring  problems  that 
are  chosen  to  select  the  expansion  functions  for  the  and  0h)  are  taken  as  those  of  the 
plate  and  cavity  when  considered  alone.  The  corresponding  normalized  and  orthogonal 
eigensolutions  are  denoted  by  nnd  respectively.  The  field  variables  are 

expanded  in  the  NP-  and  NA-term  separable  series 

NP 

u^\r,  QphiWkir,  0)  (11) 


NA 

<6W(r,  e,  z;  t)  =  E  (12) 

k-1 

in  terms  of  the  generalized  coordinates  and  for  each  plate  and  cavity. 

The  wave  equation  Eq.  (9)  and  its  boundary  conditions  can  be  transformed  into  a  set  of 
ODEs  in  time  by  using  Green’s  Theorem  in  the  form 

dv  = 

After  applying  the  Galerkin’s  method  [14]  along  with  Eq.  (11)  and  Eq.  (12),  the  coupled 
plate-cavity  equation  set  is  obtained: 

Mg-fGg  +  iCg-0  (14) 

of  {N){NP)  +  (A^  -  1)(A^^)  ordinary  differential  equations,  in  which  the  terms  G  that  couple 
elements  of  the  displacement  and  pressure  state  vector 


2={9r’  •••’  C"''  si 


„(N-1)T 
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aie  skew-symmetric  [15]. 

The  case  of  three-plate  coupled  system,  N  =  is  chosen  for  the  theoretical  representation 
of  the  system  matrices  to  avoid  showing  large  amount  of  the  elements  in  the  matrix.  All 
different  choice  of  number  of  plates  and  cavities  assemblies  can  be  down  easily. 

M  =  Diag(/, 


in  which  the  first  three  block  identity  matrices  are  of  dimension  NP  x  NP  and  the  fourth 
and  fifth  are  of  dimension  NA  x  NA, 


G  =  fn> 


0  0  0  0 

0  0  0  -P^r 

0  0  0  0 

_p<b  p(,b  0  0  0 

0  -zf’  0  0 


(17) 


where  the  superscript  T  denotes  transposition,  and 


K_  =  Diag  (0,„  Op,  Op,  pOa,  pQn) 

where  Op  -  Uiag(Wpfc)  and  a.  =  Diag(a;^J  comprise  the  frequencies  of  the  uncoupled  plates 
and  cavity. 

Since,  both  M  and  Z  is  diagonal  owing  to  the  choice  of  expansion  functions,  coupling 
between  the  displacements  and  potential  function  occurs  only  through  G,  the  elements  of 
which  are  given  by  the  projections 

=  ±  / 
ja 

P^  =  ±f  '  ^'>dA^^ 

J  A 

of  the  plate  and  cavity  expansion  functions  onto  one  other,  with  1  <  m  <  A4  and  1  < 
n  <  iVZ.  In  Eq.  (19),  the  sign  is  chosen  during  integration  over  the  argument  z  at  either 
the  upper  or  lower  surface  of  the  cavity.  As  expected,  when  p  or  u  vanishes,  the  plate  stack 
decouples,  and  responses  for  the  plate-alone  or  cavity-alone  are  obtained. 

Eq.  (14)  is  then  transferred  into  state  space  representation: 

AX  +  BX  =  Q  (20) 
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where 

X- 

Synchronous  solutions  q{t)  =  with  a;  real,  for  the  fully  five  coupled  plates  {N  =  5)  and 

Eq.  (14)  were  found  numerically  using  the  values  NP  =  NA  =  40  and  available  subroutine 
libraries.  The  choice  of  40  lower  modes  is  verified  with  convergence  tests. 

DISCUSSION 

With  the  problem’s  symmetry  in  mind,  the  pairs  of  split  firequencies  correspond  to  system- 
level  modes  in  which  each  plate  maintains  identical  values  of  m  and  n,  but  vibrates  either 
exactly  in-  or  out-of-phase  relative  to  the  others;  these  modes  are  identified  by  the  number 
“iV”  appended  to  the  designation  {m,n).  For  the  particular  geometry  considered,  the  modes 
indicated  as  (m,72),  where  m  and  n  denote  the  number  of  nodal  circles  and  diameters, 
respectively.  In  Fig.  4,  the  predicted  natural  frequencies  ^  of  the  plate  stack  described  in 
Fig.  3  are  shown  as  a  function  of  the  air  cavity  depth  between  plates.  There  is  strong  coupling 
between  the  acoustic  and  structural  modes  in  the  high  frequency  region.  The  solid  lines 
correspond  to  frequencies  of  the  coupled  plates  and  cavity,  which  are  coupled  from  a  plate 
alone  mode,  denoted  by  P(m,  n),  and  the  cavity  alone  mode,  denoted  74(1,  m,n);  these  are 
the  expected  asymptotes  in  the  limit  of  large  ha-  In  the  latter  case,  the  index  I  identifies  the 
number  of  nodal  z-coordinate  planes,  and  rn  and  n  retain  their  usual  meanings.  As  one  can 
easily  see  that  there  exist  sets  of  four  loci  around  eaeh  cavity  alone  modes  because  it  contains 
four  cavity  regions  in  accompany  with  the  five  plate  system.  Curve  veering  phenomenon  also 
exist  at  several  intersections  between  P(l,  l)^^,  and  A(/,  0,  l)SC  mode.  The  symbols  S  and 
C  represent  Sine  and  Cosine  mode,  respectively.  For  the  present  problem,  the  modes  denoted 
by  P(m,  n)SC  or  A{1,  m,  n)SC  indicates  that  the  sine  and  cosine  modes  have  same  frequency 
because  of  geometric  symmetry.  Fig.  5  shows  the  zoom  region  of  Fig.  4,  say,  in  the  range 
of  ha.  <  1,  the  loci  with  0<m<land0<m<3  includes,  in  fact,  five  sets  of  loci 
^The  parameters  values  are  chosen  as  E  —  70  X 10®  N/rn^;  =  0.3,  Pp  —  2.69  x  10^  kg/m  ,  hp  —  1.9  mm, 
B  =  1.26  X  10^  N/ra^,  and  pa  =  1.19  kg/m^. 
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from  F(0,0)  to  F(0,3)  modes  plus  one  acoustic  group  modes:  yl(0,0,l)SC.  In  P(m,n) 
modes,  each  set  contains  N  closcly-spaced  frequencies,  denoted  as  (m,n)-yV  (1  <  AT  <  5  for 
this  case)  associated  with  in-  and  out-of-phase  modes  of  each  plate  for  a  M-coupled  plate 
system.  The  group  of  one  nodal  diameter  F(0, 1)  system  modes,  for  instance,  cx,mpri«.d  of 
P(0, 1)-1  to  P(0,  l)-5  modes  with  the  increasing  order  of  the  natural  frequencies.  The  only 
in-phase  mode  is  P{0,  l)SC-5  mode,  which  shows  the  highest  frequency  m  this  group  and 
remain  the  same  frequency  as  a  single  disk  vibrates  in  vacuo.  All  the  other  modes  in  the 
P(0,  l)SC  mode  group  consist  of  different  combination  of  out-of-phase  mode  and  decreased 
monotonically  with  the  spacing.  The  mode  shapes  of  (0, 0)-N  group  are  shown  in  Fig.  6  for 
the  illustration  of  in-  and  out-of-phase  modes.  All  the  plates  are  shown  as  out-of-phase  to 
each  other  in  (0,0)-l  mode.  Plate  #1,  #2  pair  and  #4,  #5  pair  are  out-of-phase  to  one 
another  while  plate  #3  keeps  flat  in  (0,0)-2  mode.  In  (0,0)-3  mode,  plate  #2,  #3,  and 
#4  are  in-phase  to  each  other  and  so  do  plate  #1  and  #5,  but  these  two  subgroup  are 
out-of-phase  to  each  other.  Two  upper  plates  and  two  lower  plates  are  out-of-phase  without 
varying  the  displacement  of  the  middle  plate  is  the  situation  of  mode  (0,0)-4.  Again,  all 
plates  are  shown  in-phase  to  each  other  in  (0, 0)-5  mode.  Some  other  predicted  mode  shapes 
of  the  lowest  frequencies,  i.e.,  (m,  n)-\  mode,  in  each  group  are  also  shown  in  Fig.  7.  For  each 
nodal  diameter  mode  shown  in  Fig.  4  and  Fig.  5,  the  frequency  of  the  in-phase  (0,  n)-5  mode 
remains  essentially  independent  of  the  plate-toplate  spacing,  and  all  the  other  out-of-phase 
mode’s  frequency,  (0,n)-l  to  (0,n)-4,  decreases  with  cavity  depth,  this  effect  becoming  most 
pronounced  for  spacings  of  h,,  <  1.  A  “back  of  the  envelope”  mass  conservation  calculation 
|16]  demonstrates  that  the  velocity  of  the  air,  proportional  to  is  greater  than  the  plate’s 
velocity  by  a  multiplicative  factor  of  C7(l//i„).  Notwithstanding  the  relatively  small  mass 
of  air  within  the  cavity,  the  effective  inertia,  or  eontribution  provided  to  the  system-level 
kinetic  energy  by  the  acoustic  layer,  becomes  0{pjpphl),  which  does  become  large  as  the 
plate-to-plate  spacing  decreases.  If  the  plates  axe  not  identical,  for  instance,  one  plate  is 
much  thinner  than  the  others,  the  mode  localization  phenomenon  occurs  and  breaks  up  the 
system  in-phase  and  out-of-phase  modes. 
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SUMMARY 


Weak  coupling  between  neighboring  bulkheads  can  contribute  to  the  system-level  vibra¬ 
tion  characteristics  of  stacked  bulkheads  fked  on  a  rigid  cylindrical  pressure  shell,  including 
beating  and  split  vibration  modes.  While  the  motivating  applications  can  involve  an  arbi¬ 
trary  number  of  bulkheads  with  both  acoustic  and  structural  coupling  mechanisms  being 
present,  the  examples  discussed  in  this  investigation  concentrate  on  the  case  of  five  circular 
bulkheads  which  couple  through  four  air  cavities.  The  interesting  results  from  the  acoustic 
coupling  between  the  transverse  bulkheads  can  be  employed  for  the  future  design  of  modern 
submarines. 

In  short,  (i)  frequencies  that  are  repeated  for  each  plate  when  they  are  considered  alone 
split  into  distinct  values  under  the  influence  of  acoustic  coupling;  (ii)  the  frequency  differ¬ 
ence  for  each  set  of  split  modes  increases  as  the  cavity  depth  is  deereased;  (iii)  the  highest 
frequency  of  each  set  remains  essentially  constant  at  the  in  vacuo  value;  and  (iv)  the  rest 
of  lower  frequencies  decreases  monotonically  with  depth.  The  distinction  between  the  in- 
and  out-of-phase  components  of  a  split  mode  set,  in  which  the  out-of-phase  mode  has  lower 
frequeney,  is  attributed  to  an  inertia  contribution  that  derives  from  oscillatory  air  flow  for 
those  modes.  This  effect  grows  with  diminishing  cavity  depth,  and,  at  least  over  the  range 
of  parameters  considered,  has  little  influence  on  the  in-phase  modes. 
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Figure  1:  Cutaway  profile  of  modern  submarine  USS  George  Washington  (Courtesy  Thomas 
C.  Gillmer,  Fundamentals  of  Gonstruction  and  Stability  of  Naval  Ships,  1963) 
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Figure  2;  A  typical  submarine  structure  in  which  the  watertight  compartments  are  separated 
by  the  transverse  bulkheads  (Courtesy  Thomas  C.  Gillmer,  Fundamentals  of  Construction 
and  Stability  of  Naval  Ships,  1963) 
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Figure  3;  Vibration  model  for  a  array  of  N  clamped  circular  plates  that  are  coupled  in  vibra¬ 
tion  through  acoustic  cavities.  The  pressure  hull  on  the  edge  is  treated  as  rigid  cylindrical 
shell. 
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Figure  4;  Predicted  natural  frequencies  of  five  acoustically-coupled  plates  as 
the  air  cavity’s  depth. 


a  function  of 
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Natural  frequency. 


Figure  6:  Predicted  (0,0)  -  N  group  mode  shapes  of  the  five  coupled  bulkheads,  where  N 
is  the  number  used  to  represent  different  phase  condition. 
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Abstract 

Efficient  methods  have  been  and  are  continuously  being  developed  to  analyse  the 
free  and  forced  vibration  of  structures.  For  example,  a  recent  study  showed  a  very 
numerically  efficient  procedure  for  analysing  an  elastic  system  with  a  number  of 
discrete  lumped  elements,  where  the  order  of  the  eigenvalue  problem  was  a 
determinant  of  a  matrix  of  order  s  x  s,  where  s  is  the  number  of  discrete  attachments. 
Alternatively,  in  the  Lagrange  multiplier  approach,  where  an  unconstrained 
structure  is  described  in  terms  of  spatial  functions  or  component  modes,  the 
constraints  are  applied  to  produce  constraint  equations,  resulting  in  equations  of 
motion  which  are  generally  complex  to  solve  but  the  final  results  are  very  concise. 
Not  surprisingly,  the  same  simpler  determinant  problem  can  also  be  obtained  from 
the  Lagrange  multiplier  approach. 

This  study  will  revisit  the  free  vibration  of  structures  using  the  Lagrange  multiplier 
approach  and  also  show  that  it  is  completely  analogous  and  equivalent  to  other 
approaches,  such  as  using  a  mobility  or  impedance  approach,  and  the  results  are  as 
originally  formulated  by  Lord  Rayleigh  in  'The  Theory  of  Sound".  Forced  vibration 
problems  have  generally  not  been  examined  using  this  technique  but  it  will  be 
shown  that  the  forced  response  can  be  calculated  directly,  without  the  need  to  resort 
to  the  formulation  in  terms  of  the  global  free  vibration  modes.  An  example,  to  be 
shown  in  detail,  is  for  a  finite  multi-supported  beam  excited  by  an  acoustic  field. 
The  contribution  of  the  response  in  the  component  modes  will  be  examined  and 
comments  on  the  'single  mode  formula',  as  used  for  acoustic  fatigue  calculations, 
will  be  examined. 


1.0  Introduction 

Many  methods  have  been  developed  for  the  attachment  of  simple  lumped 
parameter  systems  to  multi-degree-of-freedom  or  continuous  systems  (see  [1]  for  a 
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list  of  further  references).  Some  of  the  simplest  conceptual  models  are  based  on 
impedance  or  mobility  approaches  [2]  or  the  use  of  the  modes  of  the  continuous  or 
multi-degree  of  freedom  system,  resulting  in  the  latter  case  in  modal  equations  of 
motion  [3].  The  actual  problem  is  a  generalisation  of  that  considered  by  Rayleigh  [4] 
who  examined  the  effect  of  discrete  masses  attached  to  a  uniform  string,  free  to 
vibrate  in  flexure  and  fixed  at  its  ends.  Although  the  formulation  is  slightly 
different  from  other  much  later  investigations  [1,  5-7],  the  result,  in  terms  of  the 
expression  for  the  frequency  equation,  is  actually  identical  as  will  be  shown  in  the 
following  section. 


The  latest  approach  by  Cha  [1]  produces  equations  in  matrix  form  that,  starting  with 
N  original  modes  of  the  system  without  attachments,  reduce  from  an  N  x  N 
diagonal  matrix  to  a  matrbc  of  size  s  x  s,  s  being  the  number  of  attachments.  The 
natural  frequencies  of  the  combined  system  are  then  obtained  from  the  frequencies 
corresponding  to  the  zeros  of  the  reduced  characteristic  determinant  of  size  s  x  s. 
The  reduction  in  algebra,  due  to  the  diagonal  nature  of  the  original  equations  of 
motion,  produces  a  frequency  equation  result  that  is  identical  to  that  obtained  by  the 
Lagrange  multiplier  method  [5-7].  Cha  restricted  the  examples  presented  to  point 
attached  masses  or  springs,  but  there  are  possible  extensions  to  line  connected 
subsystems  or  the  attachment  of  continuous  systems  and  this  paper  will  discuss 
these  examples  and  will  also  show  that  the  forced  response  of  the  combined  system 
can  be  calculated  in  terms  of  the  original  unconstrained  modes,  in  addition 
providing  a  physical  insight  to  how  the  forced  response  in  particular  modes  is 
affected  by  the  attached  system(s). 


2.0  Theory 

The  original  theory,  applying  the  Lagrange  multiplier  method  for  free  vibration  of 
structures,  was  clearly  presented  by  Dowell  [5]  (also  indirectly  by  Bishop  [2])  and 
later  it  was  shown  that  the  physical  interpretation  of  the  constraints  are  that  they 
correspond  to  the  physical  forces  (or  moments)  required  to  impose  the  constraint  on 
the  original  structure.  A  brief  presentation  of  the  method  is  given  below  for  an 
example  where  an  additional  point  of  a  structure  is  constrained  to  have  zero 
displacement  or  rotation.  The  important  assumptions  used  are  that  the  analysis 
requires  the  modes  of  the  original  structure,  <t>^(jc,y),  in  order  to  formulate  the 

response  and  the  constraint  equations.  The  form  of  the  resulting  matrix  equation  for 
the  Lagrange  multiplier  provides  a  route  for  the  solution  of  the  free  vibration 
natural  frequencies  of  the  constrained  structure,  and  the  values  of  the  frequencies 
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obey  the  well-known  results  by  Rayleigh  [4, 7].  The  attachment  of  two  structures,  or 
a  structure  with  a  simple  component  system  such  as  a  point  mass,  spring,  etc.,  can 
similarly  be  analysed  using  the  techniques  whereby  the  constraint  equations  impose 
the  continuity  conditions  at  the  attachment  point.  Initially,  the  free  vibration 
problem  is  presented  below  and  previously  the  normal  approach  of  solving  the 
forced  vibration,  using  the  'new'  modes  of  the  constrained  system  in  a  modal 
summation,  could  be  envisaged.  An  example  is  shown  where  the  forced  response  of 
the  structure  is  calculated  in  terms  of  the  unconstrained  original  modes  of  the 
original  structure. 

2.1  Free  vibration  of  connected  structures  with  point  connections 

Consider  the  arbitrary  structures,  with  normal  modes <|)j(x,y)  and 
connected  at,  say,  one  arbitrary  point  (jCo.yo)*  constraint  equation  of  equal 
displacement  at  the  connection  point  can  be  formulated  as: 

/i  =  S9i<t>s(^o.)'o)-SWt(^o.)’o)=0  (2.1.1) 

s  t 

^^,p^are  the  corresponding  modal  generalised  coordinates.  Using  Lagrange’s 
equations,  the  following  equations  of  free  vibration  are  obtained,  with  equal  to  the 
single  Lagrange  multiplier. 


i=i...s 

M, /?,+*,/?, +XiVi/,(j:o,yo)=0  t  = 


Assuming  free  harmonic  vibration,  then 

Xi<|)^(xo,yo) 

^  ?iiV,(j:o,yo) 

The  constraint  equation  then  becomes 


(2.1.2) 

(2.1.3) 


(2.1.4) 


(2.1.5) 
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(2.1.6) 


y  <l>^fa.yo)  y  yffa.yp) 

S  I  M,[aj-(ii^) 


=  0 


£  ^  ¥t(^o»yo)  j.gspectively,  are  the  point  receptances  of  the 

,M,(co2-co2)  ,M,(co?-co2) 

two  individual  unconnected  structures  at  the  point  of  attachment,  i.e. 

^11  +Pii  =0  /  (2.1.7) 


which  corresponds  to  the  well-known  result  in  terms  of  the  frequency  equation  of 
connected  structures  in  terms  of  point  receptance  [2].  The  physical  interpretation  of 
Jljand  the  expression  in  the  square  bracket  in  equation  (2.1.6)  as  constreiint  force 

and  influence  coefficient,  or  in  this  case,  point  receptance  of  the  combined  system,  is 
clear. 


The  analysis  can  be  extended  to  structures  connected  by  a  finite  number  of  point 
connections,  or  an  assembly  of  structures  where  some,  not  necessarily  all,  are 
connected  together  at  some  point.  This  latter  case  is  considered  in  the  forced 
vibration  example. 

2.2  Forced  vibration  example:  multiple  supported  beam  excited  by  harmonic 
acoustic  plane  wave 

Dowell  [5]  considered  a  similar  problem  for  a  multi-bay  panel  for  flutter 
investigations  and  also  a  beam-stiffened  rectangular  plate  [6].  The  approach  was 
based  on  using  the  unconstrained  modes  of  the  original  panel,  expanding  the 
response  of  the  stiffeners  in  terms  of  their  unconstrained  modes  and  applying,  for 
each  stiffener,  the  imposition  of  equal  displacement  of  the  beam  and  plate  along  the 
attachment  line.  Using  plate  modes,  expanded  in  terms  of  beam-type  modes,  with 
attachments  all  parallel  to  one  side,  the  line  constraints  individually  are  represented 
by  single  constraint  equations.  So  using  N  spanwise  plate  modes,  with  R  attached 
beam  stiffeners,  the  final  eigenvalue  equation  is  reduced  to  solving  for  the  zeros  of 
the  determinant  of  a  square  matrix  of  size  R  times  N  [6]. 

The  problem  analysed  below  is  the  forced  vibration  of  a  beam  on  multiple  simple 
supports,  but  instead  of  imposing  the  constraints  to  the  full  length  beam,  the 
analysis  will  consider  each  bay  as  an  individual  component,  with  its  own 
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component  modes,  that  are  then  connected  to  the  adjoining  components  through  the 
constraint  equations  at  its  ends.  The  reason  for  considering  this  representation  is  to 
examine  the  assumption  used  for  acoustic  fatigue  predictions  where  the  calculations 
are  often  simplified  by  using,  say,  the  individual  panel  modes  of  a  multi-bay  panel 
fuselage  in  isolation  from  the  adjoining  structure,  calculating  the  excitation  and 
response  in  the  individual  bay  alone  and  performing  subsequent  fatigue 
calculations  on  that  bay  [8].  Using  the  component  modes  it  will  be  shown  that  there 
is  a  quantifiable  contribution  from  other  modes,  that  the  individual  mode 
contributes  to  modes  of  the  whole  structure  and  that  one  can  express  the  forced 
contribution  as  a  part  that  is  due  to  the  external  excitation,  in  that  mode  alone,  cind  a 
part  that  is  due  to  excitation  of  other  parts  of  the  structure  that  are  then  coupled  to 
the  mode  through  the  constraint  equation. 

Consider  a  uniform  beam  on  multiple  simply-supported  supports  such  that  there 
are  Nbays/  corresponding  to  Nbays  +  1  supports.  For  simplicity,  one  will  assume  that 
each  bay  is  of  the  same  length  I  but  this  is  not  necessary  in  general.  Each  bay  will 
be  represented  by  Nmodes  of  a  simply-supported  beam,  although  again  one  could 
have  a  different  number  of  modes  used  for  each  bay,  if  required.  Let  bay  i  have  a 
local  coordinate  system  Xi ,  so  bay  i  is  connected  to  bay  i  +  1  through  a  constraint 

equation  relating  the  continuity  of  slope,  i.e. 


,  N  mod  Nmod  es 

iV  " bay  has  displacement  {xi )  =  Z  sin  — 

1=1  1=1  ^ 

(2.2.1) 

th  JV  modes 

N  + 1 "  bay  has  displacement  Z  Py  sin  - — 

(2.2.2) 

The  continuity  of  slope  between  and  i + 1'*  bay  is  given  by 

NmodesfjT^\ 

(2.2.3) 

equivalently,  in  this  case. 

Nmodes  TV modes 

=  iPjO) 

,-=i  j=i 

(2.2.4) 

The  constraint  equations  can  be  expressed  in  general  modal  terms  as 
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i=l  /=! 

(2.2.5) 

or 

/;=s^«P«=o 

u 

(2.2.6) 

and 

modes  J.J  WT  ,  Nmodes  ^  ^  . 

I  I  <7r'<t)f''W'  =  0 

(2.2.7) 

;=i  i=i 

or 

/;-i  =  i9«Pi-iu=o 

(2.2.8) 

u 


where  '  represents  derivative  with  respect  to  the  local  jc/ coordinate  and  the 
superscript  denotes  the  bay  number,  u  is  the  global  number  of  the  generalised 
coordinate. 

The  total  number  of  equations  of  motion  is  Nmodes  times  Nbays/  with  (Nbays  "  1) 
constraints  on  slope  of  adjacent  bays  at  their  attachment. 

Consider  the  excitation  to  be  due  to  a  harmonic  acoustic  plane  wave,  whose 
direction  of  propagation  is  at  an  angle  of  0  degrees  to  the  normal  of  the  beam 
surface.  The  acoushc  trace  wavelength,  on  the  surface  of  the  beam  is  given  by 

itsinO,  where  k  is  the  acoustic  wavenumber  equal  to  — .  The  derivation  of  the 

^0 

equations  of  motion  for  the  generalised  coordinates  for  the  individual  bays  follows 
the  derivation  using  Lagrange^ s  equations,  with  constraints  included  in  the 
Lagrangian,  as  before,  but  each  mode  also  has  external  excitation  acting. 
Considering  the  global  coordinate  x  to  be  zero  at  the  left-hand  end  of  the  whole 
beam,  then  for  the  i*mode  in  the  bay,  one  has  the  generalised  force  equal  to 

F,=  (2.2.9) 

x~0  ^ 

where  X;  is  the  local  bay  coordinate  and 

x  =  iN  -1)£  +  Xi  is  the  global  coordinate. 

For  acoustic  fatigue  purposes,  assuming  total  reflection  of  the  incident  pressure 
wave,  then  represents  twice  the  amplitude  of  the  incident  acoustic  wave  [8], 

assuming  negligible  effect  of  re-radiated  sound  from  the  vibrating  structure. 
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The  form  of  the  generalised  force  is  such  that  one  can  evaluate  the  forces  in  the 
modes  in  the  first  bay  and  then  use  an  iterative  procedure  for  the  other  bays  as 

sini^dr,.  =  sin^dx,.  (2.2.10) 

=>  Fi  (2.2.11) 

i.ev  equal  amplitude  but  different  phase,  as  would  be  expected. 

For  the  i*  mode  in  the  N*  bay  one  then  has  the  following  equation  of  motion,  with 
two  constraints  if  1  <  N  <  N^odes  and  one  constraint  if  in  the  first  or  last  bay. 

The  equation  of  motion  for  an  internal  bay,  excluding  the  first  and  last  bays,  is  then 

+K^qf  (2-2.12) 

where  p/,-  =<|>f^(^)',p£-ii  =<|>f^(0)'and  the  superscript  on  the  generalised  coordinate 
and  force  corresponds  to  the  bay  number  for  the  i^^  generalised  coordinate. 

Assuming  harmonic  steady  state  response,  at  the  excitation  frequency,  then  the 
equations  of  motion  (Nmodes  times  Nbays)/  and  the  constraint  equations  (Nbays  - 1)  can 
be  expressed  in  matrix  form  as 


0  0 

qI 

1 

o 

o 

3 

1 

3 

: 

0  - 

*1  MttODBS 

'tmiODES 

!  M 

'  NMOOBS  •  ^  ^  NUODES 

A-i/W] 

0 

[01 

1-  -^NBAXS- 

SBAXS-MUKMODBS  _ 

0 

(2.2.13) 

where  the  matrix  on  the  left-hand  side  is  produced  by  the  equations  of  motion,  each 
equation  divided  by  the  modal  mass,  the  remaining  (Nbays  ’  1)  rows  are  given  by  the 
constraint  equations  and  the  matrix  is  symmetric,  i.e.  the  last  (Nbays  ~  D  columns  are 
the  transpose  of  the  (Nbays  *  1)  last  rows.  Rather  than  solving  for  the  Lagrange 
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multipliers  and  then  the  generalised  coordinates,  it  is  possible  to  solve  these 
equations  directly  and  obtain  the  modal  contribution  for  the  excited  and  constrained 
system  directly. 


Considering  a  particular  mode  of  an  internal  bay,  then  the  steady-state  response, 
given  by  solving  equation  (2.2.12)  is 


^  -co^] 

-co^] 


(2.2,14) 


(2-2.15) 


Although  the  generalised  coordinate  is  dependent  upon  the  values  of  the  Lagrange 
multipliers,  this  form  dearly  shows  that  the  modal  response  is  given  by  the  sum  of 
one  term,  which  is  effectively  the  mode  contribution  from  exdtation  applied  to  it 
individually,  i.e.  uncoupled  and  unconstrained,  and  the  addition  of  the  response 
due  to  exdtation  through  the  constraints.  One  can  quantify  the  'single  mode 
response'  as  well  as  the  contribution  due  to  the  'substructure'  or  connected 
structure. 


The  modes  of  the  constrained  structure,  in  general,  will  not  be  the  same  as  the 
modes  of  the  individual  components.  See  latter  comments  for  further  clarification. 
Examining  the  analytical  expressions,  they  show  that  if  the  modes  are  well 
separated,  then  near  the  original  component  mode  natural  frequencies,  i.e.  o)  close  to 
Cfli  for  some  (j\,  the  single  mode  may  dominate  the  response  and  the  question  arises 
whether  the  component  due  to  the  constraint  is  significant.  Some  numerical  results 
presented  will  show  relative  contributions  but  it  is  not  dear  whether  it  can  be 
generalised.  Likewise,  an  individual  component  mode  is  not  restricted  to  contribute 
solely  to  one  of  the  modes  of  the  complete  structure,  as  will  be  shown  by  the 
simulations. 


For  numerical  evaluation  two  alternatives  have  been  considered. 


(i)  Direct  solution  of  the  matrix  equations  given  by  (2.2.13),  or 

(ii)  Solution  for  the  Lagrange  multipliers  and  then  substitution  into  the  equations 
for  the  generalised  coordinates  (2.2.15).  In  this  latter  case,  one  uses  the 
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relationships  for  the  generalised  coordinates,  in  terms  of  the  Lagrange 
multipliers  and  generalised  forces  to  substitute  into  the  constraint  equations. 

i.e.  equation  (2.2.15)  for  qi  into  the  constraint  equations  given  by  (2.2,8).  One 
then  has 


r^ii 

1 

1 - 

... 

99 

il 

u  \ 

where  the  notation  used  by  Dowell  has  been  adopted  [5],  as  the  left-hand  side 
is  the  set  of  equations  for  the  free  vibration  solution. 

^rv  ~  2  7  2  U  =  1  ...  Nmodes  ^  Nbays 

Solving  the  case  of  =  0,  for  all  modes  equivalent  to  having  |[C^  ]  =  ^  /  gives 
the  natural  frequencies  of  the  complete  structure  [5-7]. 

The  direct  solution  has  been  adopted  for  the  results  in  the  following  section. 

3.0  Results  for  Multi-supported  Beam  under  Plane 
Wave  Acoustic  Excitation 

The  approach  in  section  2.2  has  been  adopted  for  the  numerical  example  of  a  three 
bay  beam  system,  on  simple  supports.  For  these  provisional  results  each  bay  is 
identical  in  length  (0.5  m)  thickness  and  material  properties  (El  =  172.5  Nm^  pA  = 
0.0785  kg/m)  but  this  is  not  an  essential  requirement.  The  investigation  and  results 
show  the  influence  of: 

•  number  of  modes  used  for  each  bay  response  and  convergence  effects; 

•  the  effect  of  the  angle  of  incidence; 

•  comparison  of  the  single  mode  response  versus  the  combined  effect  of  the 
constraints  on  the  response. 
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Figure  1  shows  the  effect  of  increasing  the  numbers  of  modes  used  for  each  bay  for 
10,  20  and  50  modes  per  bay,  respectively.  The  response  of  the  middle  bay  of  the 
three  bays  is  primarily  dominated  by  the  first  sinusoidal  mode  shapes  up  to  2500 
radians/s  and  the  summation  is  shown  cumulatively  to  show  how,  increasing  the 
number  of  modes,  there  is  a  slight  reduction  in  the  relative  contribution  of  the 
fundamental  mode  to  the  response  at  higher  frequencies.  The  first  three  natural 
frequencies  of  the  middle  bay  alone  on  simple  supports  are  1850,  7402  and  16644 
radians /s  and  so  the  main  response  in  the  fundamental  modes  is  at  or  close  to  its 
natural  frequency  whilst  the  other  two  frequencies  below  5000  radians /s  are  modes 
of  the  complete  three  bay  system.  The  reason  for  the  presence  of  the  natural 
frequency  at  1850  radians/s  is  that  the  three  bay  system  can  exhibit  the  half 
sinewave  mode  shape  for  each  bay  with  a  phase  shift  of  7i  between  each  bay  and  no 
constraining  effects  of  the  bays  on  one  another.  Significantly,  though,  the  modes  of 
the  complete  system  at  approximately  2500  radians/s  and  less  so  at  approximately 
3500  radians/s  contain  a  significant  contribution  from  the  fundamental  mode  for 
each  bay. 

Figure  2  shows,  for  grazing  incidence,  the  forced  response  in  the  middle  of  the 
centre  bay  with  the  single  mode  contribution  (the  first  term  in  equation  (2.2.15)),  the 
constraint  contribution  (the  second  term  in  equation  (2.2.15))  and  the  total  response. 
It  is  only  by  including  the  constraint  terms  that  one  can  obtain  the  response  in  the 
system  at  the  whole  system  resonances  (approximately  2500  and  3500  radians/s). 
Figure  3  clearly  shows  the  effect  of  the  angle  of  incidence  on  the  contribution  of  the 
first  three  modes  of  the  centre  bay  for  the  acoustic  field  incident  at  0°  (normal)  to  the 
beam  where  response  in  the  second  mode  (one  full  sine  wave  for  each  beam)  cannot 
occur.  Figure  4  compares  the  total  response  for  the  two  extreme  cases  0^  and  90® 
incidence,  showing  that  the  second  mode  of  the  complete  system  does  not  respond 
in  the  former  case.  Note  also  that  the  fundamental  response  for  0®  incidence  is  also 
lower  as  effectively  excitation  in  adjacent  bays  is  self-cancelling  but  with  three  bays 
there  is  no  total  cancellation.  Figure  5  gives  a  better  insight  into  the  response  for  90° 
excitation  with  the  first  mode  of  the  whole  system  dominated  by  the  fundamental 
individual  beam  modes,  the  second  and  third  individual  bay  modes  contribute  to 
the  second  and  third  modes  of  the  complete  system  although  at  frequencies  well 
below  their  individual  natural  frequencies. 
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4.0  Conclusions 


The  Lagrange  multiplier  technique  appears  to  be  a  very  valuable  approach  for 
analysing  constrained  structures  in  terms  of  the  modes  of  the  unconnected 
substructures.  Whilst  the  number  of  modes  required  for  convergence  is  reasonably 
high,  the  numerical  solution  is  very  efficient  and  the  forced  response  can  be 
separated.  This  latter  property  provides  a  very  useful  insight  into  how  the 
structural  response  can  be  from  direct  subsystem  excitation  or  excitation  due  to  the 
constraint  effects  of  other  attached  structures  which  are  also  excited.  Hence  a 
development  of  the  approach  for  acoustic  fatigue  investigations  may  be  a  very 
useful  consequence.  Likewise,  one  can  change  part  of  a  combined  structure  and 
reformulate  the  problem  in  a  very  straightforward  manner. 


Future  developments  may  include  predictions  for  non-linear  response  calculations 

or  the  coupling  of  a  linear  and  non-linear  structure  together. 

References 

1.  Cha,  P.D.  and  Wong,  W.C.,  A  novel  approach  to  determine  the  frequency 
equations  of  combined  dynamical  systems.  Journal  of  Sound  and  Vibration,  1999, 
219(4),  689-706. 

2.  Bishop,  R.E.D.,  Gladwell,  G.M.L.  and  Michaelson,  S.,  The  Matrix  Analysis  of 
Vibration,  Cambridge  University  Press,  London,  1965. 

3.  Meirovitch,  L.,  Analytical  Methods  in  Vibrations,  MacMillan  Company,  New 
York,  1967. 

4.  Rayleigh,  Theory  of  Sound,  Volume  1,  MacMillan  Company,  1877. 

5.  Dowell,  E.H.,  Free  vibrations  of  a  linear  structure  with  arbitrary  support 
conditions.  Journal  of  Applied  Mechanics,  1971, 38, 595-600. 

6.  Dowell,  E.H.,  Free  vibrations  of  an  arbitrary  structure  in  terms  of  component 
modes.  Journal  of  Applied  Mechanics,  1972, 39, 727-732. 

7.  Dowell,  E.H.,  On  some  general  properties  of  combined  dynamical  systems. 
Journal  of  Applied  Mechanics,  1979, 46, 206-209. 

8.  ESDU  International,  London,  Series  on  Vibration  and  Acoustic  Fatigue. 


319 


Normalised  cumulative  response 
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Figure  1 :  Comparison  of  the  normalised  cumulative  fundamental  mode  contribution  to 
the  mean  square  response  when  using  10(dotted  line),  20(dashed  line)  and  50(solid 
line)  modes  per  bay  for  a  three  bay  multi-supported  beam.  Beam  properties  El  =  172.5 
Nm^,  pA  =  0,0785  kg/m  and  bay  length  equal  to  0.5  m.  Excitation  is  acoustic  plane 
wave  at  90°  to  the  beam  normal  (grazing  incidence). 
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Figure  2:  Comparison  of  the  fundamental  mode  contribution  without 
constraint(dotted)  to  the  constrained  fundamental  mode  contribution(dashed)  and  the 
total  response  in  the  centre  of  the  middle  bay,  using  50  modes  per  bay  for  a  three  bay 
multi-supported  beam.  Beam  properties  El  =  172.5  Nm^ ,  pA  ==  0.0785  kg/m  and  bay 
length  equal  to  0.5  m.  Excitation  is  acoustic  plane  wave  at  90°  to  the  beam  normal 
(grazing  incidence).  Note  that  the  second  mode  of  the  complete  system  at 
approximately  2350  radians/s  exhibits  a  node  at  this  position. 
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Figure  3:  Comparison  of  the  fundamental  mode  contribution(dotted)  to  the  second 
mode  contribution(solid)  and  the  third  mode(dashed)  in  the  middle  bay  using  50  modes 
per  bay  for  a  three  bay  multi-supported  beam.  Beam  properties  El  =  172.5  Nm  ,  pA  = 
0.0785  kg/m  and  bay  length  equal  to  0.5  m.  Excitation  is  acoustic  plane  wave  at  0°  to 
the  beam  normal  (normal  incidence).  Note  that  the  second  mode  is  not  excited  directly 
by  the  acoustic  excitation  in  this  direction,  only  through  the  coupling  introduced  in  the 
constraint  equations. 
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Figure  4:  Comparison  of  the  spatial  and  temporal  mean  square  displacement  response 
of  the  middle  bay,  using  50  modes  per  bay  for  a  three  bay  multi-supported  beam,  for 
acoustic  excitation  normal  to  the  beam(dotted)  and  at  grazing  incidence(solid).  Beam 
properties  El  =  172.5  Nm^ ,  pA  =  0.0785  kg/m  and  bay  length  equal  to  0.5  m.  Note 
that  the  second  mode  is  not  excited  directly  by  the  acoustic  excitation  in  the  former 
case. 
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Figure  5:  Comparison  of  the  fundamental  mode  amplitude(solid)  to  the  second  mode 
(dashed)  and  the  third  mode(dotted)amplitudes  in  the  middle  bay,  using  50  modes  per 
bay  for  a  three  bay  multi-supported  beam.  Beam  properties  ET  =  172.5  Nm^ ,  pA  ~ 
0.0785  kg/m  and  bay  length  equal  to  0.5  m.  Excitation  is  acoustic  plane  wave  at  90° 
to  the  beam  normal  (grazing  incidence). 
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THE  SUPERPOSITION  -  GALERKIN  METHOD  FOR  FREE  VIBRATION 
ANALYSIS  OF  COMPLETELY  FREE  RECTANGULAR  PLATES 


By 
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1.  Introduction 

It  is  now  well  accepted  that  the  superposition  method  provides  a  highly  accurate 
means  for  obtaining  the  free  vibration  frequencies  and  mode  shapes  of  rectangular  plates. 
It  has  been  successfully  applied  to  both  isotropic  and  orthotropic  thin  plates  with  various 
combinations  of  classical  edge  conditions  [1][2].  It  has  also  been  utilized  to  analyze  thick 
plates  and  laminated  plates  utilizing  the  Mindlin  Theory[3]. 

It  remains  a  fact,  nevertheless,  that  work  involved  in  applying  this  method 
increases  significantly  when  we  move  from  thin  isotropic  to  orthogonal  plates.  An  even 
much  more  significant  increase  in  work  is  encountered  when  moving  to  the  analysis  of 
plates  utilizing  the  Mindlin  Theory.  This  is  because  of  the  much  greater  number  of 
possible  forms  of  solution  for  the  force  driven  “building  blocks”  employed,  when  the 
Mindlin  Theory  is  utilized. 

It  was  in  recognition  of  these  observations  that  the  author,  some  years  ago, 
introduced  the  superposition-Galerkin  method.  This  latter  method  differs  from  the 
traditional  superposition  method  only  in  the  means  whereby  solutions  are  obtained  for 
the  force  driven  building  blocks.  Now,  instead  of  solving  directly  the  governing 
differential  equation  controlling  building  block  response,  the  Same  response  is  obtained 
by  means  of  the  Galerkin  method.  The  savings  in  the  work  required  was  found  to  be 
dramatic  for  the  orthographic  thin  plate  problems  and  plate  problems  resolved  by  means 
of  the  Mindlin  theory.  Results  of  investigations  of  both  of  these  types  of  problems  are  to 
be  found  in  reference  [4]. 

It  will  be  noted  that  the  work  of  these  references  pertained  to  plates  with 
combinations  of  clamped-simply  supported  edge  conditions,  only.  It  was  found  that, 
unfortunately,  completely  free  plates  could  not  be  analysed  at  that  time  by  the 
superposition-Galerkin  method.  This  was  because  of  the  requirement  of  the  Galerkin 
method  that  each  term  in  the  series  representing  the  building  block  response  must  satisfy 
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all  prescribed  boundary  conditions.  It  was  found  impossible  to  meet  these  conditions 
when  analyzing  completely  free  plates  because  of  the  mixed  derivatives  which  appeared 
along  the  boundaries  of  Ae  force  driven  building  blocks.  Accordingly,  an  attempt  to 
analyze  completely  free  plates  by  the  superposition-Galerkin  method  was  reluctantly 
abandoned. 

It  is  now  found  that  by  an  alternate  and  judicious  choice  of  building  blocks,  none 
of  which  contains  mixed  derivatives  along  its  driven  edge,  an  analysis  of  the  completely 
free  plate  is  achievable  by  the  superposition-Galerkin  method.  This  is  found  to  be  true  for 
both  the  thin  plate  problems  and  problems  requiring  the  Mindlin  theory.  The  objective  of 
this  paper  is  to  explain  how  these  goals  were  achieved. 

2.  Mathematical  Procedure 

2. 1  The  completely  free  thin  orthotropic  plate. 

It  was  decided  to  choose  the  orthotropic  plate  for  demonstration  purposes  as  it 
includes  the  isotropic  plate  as  a  special  case.  In  the  interest  of  being  concise  we  will 
examine  only  the  fully  symmetric  modes  for  this  plate  problem.  It  will  be  obvious  to  the 
reader  that  other  modes  in  the  set  are  easily  handled. 

Analysis  of  this  plate  vibration  problem  by  the  traditional  superposition  method  is 
achieved  by  following  steps  described  in  detail  in  Ref,[5].  In  this  earlier  publication  we 
described  the  analysis  of  the  completely  free  orthotropic  plate  resting  on  point  supports. 
It  will  be  obvious  that  if  we  simply  delete  the  portion  of  the  eigenvalue  matrix  related  to 
the  concentrated  point  supports  we  will  have  the  matrix  related  to  the  present  problem. 

Fully  symmetric  modes  are  analyzed  by  means  of  a  superposition  of  the  building 
blocks  shovm  in  Figure  1.  where  only  one  quarter  of  the  full  plate  is  analyzed.  Edges  with 
adjacent  small  circles  are  given  slip-shear  support,  i.e.,  there  is  zero  vertical  edge 
reaction  along  these  edges  and  slope  taken  normal  to  them  is  also  zero. 

The  first  building  block  has  zero  vertical  edge  reaction  along  its  driven  edge.  This 
edge  is  driven  by  a  distributed  harmonic  moment  represented  schematically  in  the  figure. 
The  amplitude  of  this  distributed  moment  is  represented  in  dimensionless  form  as, 

0,1,2 

The  solution  for  the  amplitude  of  the  building  block  response  is  expressed  as, 

m=0.1.2 


Substituting  equation  2.  Into  the  governing  differential  equation  the  space  variables  are 
separated  and  we  obtain. 
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¥:''(;;)+ a, Y^'(;7)+a2Y(^)=0 


(3) 


where  the  Roman  superscripts  indicate  the  order  of  differentiation  with  respect  to  the 
coordinate  r\.  The  coefficients  aj  and  02  are  given  by 

tti  =  and  02  =  DXY^^  {(ra7t)U^} 

This  is  a  fourth  order  ordinary  differential  equation  for  which  the  form  of  the 
possible  solutions,  which  depend  on  the  coefficients  in  the  equation,  are  well  known. 
Each  form  of  the  solution  contains  four  unknowns  which  must  be  evaluated,  two  of 
these  unknowns  are  eliminated  in  view  of  the  fact  that  functions  YJr\)  must  be 
symmetric  with  respect  to  the  ^  axis.  The  possible  forms  of  solution  become, 

A^cosh;0„;7+ 

Y„(?7)  =  A,coshy5„77+  B„cosh;^„77 

and 

¥^(77)=  A„smR77sinhS77+  B^cosRTTcoshS;; 

where  all  symbols  are  as  defined  in  reference.  [5],  Two  boundary  conditions  are 
available  for  establishing  the  unknowns,  A^,  and  They  are,  using  the  known 
expressions  for  plate  vertical  edge  reaction,  and  bending  moment,  as  well  as  equations  1 
and  2, 


y:(7)+vvx(7)=o/,., 


(5) 


and 

Y„(;7)+v«>X(^)=-E„  (6) 

Enforcing  the  boundary  conditions  as  expressed  by  equations  5  and  6,  one  can 
readily  eliminate  the  unknowns  from  equations  4  and  thus  obtain  the  response  of  the  first 
building  block  in  terms  of  the  driving  coefficients,  E^  ,  [5].  Solution  for  the  second 
building  block  is  inferred  ifrom  the  first  through  a  proper  interchange  of  co-ordinates  and 
one  is  now  ready  to  complete  the  free  vibration  analysis  of  the  plate  by  the  superposition 
method.  This  involves  superimposing  the  two  building  block  solutions,  expanding  the  net 
bending  moment  along  the  edges,  ti=1,  and  ^=1,  in  a  cosine  series,  and  requiring  each 
term  in  these  two  series  to  vanish.  We  thus  arrive  at  the  required  set  of  homogeneous 
algebraic  equations  relating  the  unknown  driving  coefficients,  E„,  from  which  the 
eigenvalue  matrix  for  the  problem  is  constructed.  Eigenvalues  and  mode  shapes  are 
obtained  by  following  well  established  procedures[5]. 

Let  us  turn  now  to  the  problem  of  obtaining  the  forced  response  of  the  moment 
driven  building  blocks  by  the  Galerkin  method.  Returning  to  equation  2  we  wish  to 
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expand  the  functions  Y„('n)  in  series  form,  where  each  term  in  the  series  must  satisfy 
exactly  the  prescribed  boundary  conditions.  There  is  no  problem  choosing  a  series  whose 
terms  are  symmetric  about  the  origin.  The  insurmountable  difficulty  arises  when  we  try 
to  select  this  same  series  so  that  each  term  satisfies  equations  5  and  6.  It  is  the  problem 
of  meeting  these  conditions  that  so  far  has  precluded  application  of  the 
superposition-Galerkin  method  to  analysis  of  the  completely  free  plate. 

Let  us  now  focus  attention  on  the  set  of  building  blocks  of  figure  2.  Here,  the  first 
and  second  pair  of  building  blocks,  respectively,  replace  the  first  and  second  building 
blocks  of  figure  1. 

The  first  building  block  of  figure  2  is  driven  by  an  applied  harmonic  moment, 
however,  unlike  the  first  block  of  figure  1,  lateral  displacement  along  the  edge,  ti=1,  is 
forbidden.  The  second  building  block  of  figure  2  is  driven  by  a  distributed  harmonic 
vertical  edge  reaction  along  the  edge,  t]=1,  slope  taken  normal  to  this  edge  is  forbidden. 
This  latter  condition  is  indicated  in  the  figure  by  two  solid  dots  joined  by  a  straight  line. 

Two  important  observations  are  to  be  made  here.  One  is  that  no  mixed  derivatives 
are  encountered  when  enforcing  boundary  conditions  along  the  driven  edge  of  either 
building  block.  A  Galerkin  type  solution  can  therefore  be  obtained  for  the  forced 
response  of  each  building  block.  Secondly,  the  two  building  blocks  compliment  each 
other  as  follows.  The  first  building  block  permits  the  application  of  any  desired  moment 
to  the  driven  edge  even  though  it  will  leave  some  residual  vertical  edge  reaction  along 
this  boundary.  The  second  building  block  permits  the  application  of  any  desired  vertical 
edge  reaction  along  the  driven  edge  but  vrill  leave  some  residual  bending  moment  along 
this  boundary.  It  will  be  appreciated,  however,  that  by  superimposing  the  two  building 
blocks  we  can  ultimately  impose  a  condition  of  zero  net  bending  moment  and  zero  net 
vertical  edge  reaction  along  the  edge,  ri=l,  of  the  superimposed  set.  We  are  thus  ready  to 
solve  the  problem  of  free  vibration  analysis  of  the  completely  free  orthotropic  plate  by 
the  superposition-Galerkin  method. 

Solutions  for  both  building  blocks  are  taken  in  the  form  of  equation  2.  The 
applied  bending  moment  is  expressed  as  in  equation  1.  Using  established  formulations 
for  dimensionless  bending  moments  and  vertical  edge  reactions,  the  boundary  conditions 
to  be  applied  at  the  driven  edge  of  the  first  building  block  become, 

0  (7) 

and 

Y:(/7)/,=,=  -E„  (8) 

For  the  second  building  block  the  corresponding  boundary  conditions  become, 

Y„(77) /,,.=  ©  (9) 
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and 


y:(^)4..= -e, 


(10) 


One  can,  of  course,  obtain  the  exact  solution  for  the  response  of  the  above 
building  blocks  following  the  procedure  described  earlier.  Corresponding  solutions  can 
be  obtained  for  the  third  and  fourth  building  blocks  of  Figure  2.  and  all  four 
superimposed  in  order  to  obtain  the  eigenvalues  for  the  completely  free  orthotropic  plate. 
This,  in  fact,  has  been  done  and  it  was  found  that  the  eigenvalues  obtained  using  either 
set  of  building  blocks  (those  of  figure  1,  or  those  of  figure  2)  were  identical 

We  turn  now  to  the  main  objective  of  the  paper,  i.e.,  demonstrating  how  solutions 
for  the  building  blocks  of  figure  2  can  be  obtained  by  the  Galerkin  me&od.  We  recall 
that  each  term  in  the  proposed  series  must  be  symmetic  with  respect  to  the  origin. 
Consider  for  the  flmctions  YJy\)  associated  with  the  first  building  block  the  series 
expansion 


Y„(7)- 


I  E. 


Nl,3,5 


cos(i  -  l);g7 
2 


(11) 


It  will  be  noted  that  with  addition  of  the  polynomial  terms  at  the  end  of  equation 
1 1,  all  of  the  required  boundary  conditions  (eqns.  7  and  8)  are  satisfied  by  each  term  in 
the  series. 

Turning  to  the  second  building  block  it  is  found  that  the  following  series 
representation  also  fullfills  the  required  conditions. 


Y„(77)  = 


E,cosim]+  E„ 

^=0,1^ 


(12) 


From  here  on  the  standard  Galerkin  procedure  is  followed  to  establish  the 
unknown  coefficients,  Ej,  as  a  function  of  E„,  for  any  term  YJj\)  of  the  response. 
Concentrating  on  the  first  building  block  of  figure2,  we  differentiate  equation  11,  term- 
by-term  and  substitute  in  the  governing  differential  equation(3).  Let  us  say  we  utilize  kk 
terms  in  the  series  of  equation  11.  There  will  then  be  kk  unknowns,  Ej,  in  the  quantity, 
Q,n,  obtained  upon  carrying  out  the  above  substitution.  We  then  expand  this  quantity,  Q^, 
which  will  be  a  fimction  of  q,  in  an  appropriate  series  of  kk  terms  and  set  each 
coefficient  in  this  new  series  equal  to  zero.  Here,  it  is  appropriate  to  utilize  a  series 
identical  to  that  of  equation  1 1,  for  this  latter  expansion.  In  this  way  we  take  advantage 
of  orthogonality  of  the  trigonometric  terms  in  the  series.  We  thus  arrive  at  a  set  of  kk 
non-homogenous  algebraic  equations  relating  the  quantities,  Ej,  and  the  driving 
coefficient  E^,.  Utilizing  standard  computer  subroutines  we  can  solve  these  equations  and 
obtain  a  linear  relationship  between  each  Ej,  and  The  response  of  the  building  block 


329 


to  any  driving  term,  E„,  is  thus  known.  In  a  similar  manner  the  response  of  the  second 
building  block  is  obtained.  The  Galerkin  procedure  as  employed  here  is  described  in 
detail  in  an  earlier  publication  [4]. 

Again,  the  response  of  the  third  and  fourth  building  blocks  of  figure  2  are 
obtained  by  means  of  the  above  procedure  after  introducing  changes  in  coordinates,  etc., 
as  discussed  earlier. 

With  the  solutions  known  the  four  building  blocks  are  superimposed  and  the 
eigenvalue  matrix  is  obtained  by  expanding  the  net  bending  moments  and  vertical  edge 
reaction  along  the  edges,  t|=1,  and  ^==1,  in  appropriate  series  and  requiring  the 
coefficients  in  these  new  series  to  vanish.  Verification  of  the  present  superpostion- 
Galerkin  method  has  been  obtained  by  comparing  results  obtained  in  this  manner  with 
results  obtained  by  means  of  exact  solutions  to  the  building  block  responses  as  discussed 
earlier.  Advantages  of  the  present  method  will  be  discussed  later. 

2.2  Analysis  of  the  completely  free  M indlin  plate. 

A  thorough  analysis  of  this  plate  problem  by  the  traditional  superposition  method 
was  presented  in  reference^].  It  is  therefore  not  necessary  to  repeat  a  description  of  this 
analysis  here.  Only  a  brief  outline  of  the  related  mathematical  procedure  vrill  be  provided 
for  the  sake  of  completeness. 

Let  us  suppose  we  wish  to  analyze  the  fully  symmetric  modes  of  this  problem. 
We  may  accomplish  this  by  utilizing  the  building  blocks  represented  in  figure  1.  Now, 
however,  the  building  block  responses  are  considered  to  be  governed  by  the  three 
Mindlin  differential  equations.  These  equations,  in  dimensionless  form,  are  reproduced 
below. 


1  c^W  1  AVfc  „ 

^  <l>^  drf'  ^  ^  <j>  ^  ^  v-^ 


(13) 


V,  V, 

^  dtf  ^  <!> 


stv\ 


(14) 


(15) 


where  (|)i,=  h/a,  Vj  =  (l-v)/2,  Vj  =  (l+v)/2  and  =  6k^  (1-v). 

Associated  shear  forces,  bending  moments  and  twisting  moments  may  be  written 
as. 


330 


Qj-  =  .Q,  - 


<t>  ^  ' 


ai/^  va//^  a//^  ai/^ 


^  if^ 

0^  ^  (ft  a] 


Focusing  on  the  first  building  block  it  is  again  considered  to  be  driven  by  a 
distributed  harmonic  bending  moment.  The  driven  edge  is  free  of  transverse  shear  force 
and  twisting  moment.  The  other  three  edges  have  conditions  of  zero  rotation  of  the  plate 
cross-section  running  along  the  edge,  as  well  as  zero  transverse  shear  force  and  zero 
twisting  moment,  imposed. 

Amplitude  of  the  dimensionless  driving  moment  is  expressed  as. 


&n 


+  Vtf) 


3^ 


Z  COS(w;tD 

/w=0,l 


(16) 


The  dimensionless  plate  lateral  displacement  and  plate  cross-sectional  rotations 
are  expressed  respectively  as, 


ot>  00 

SO 

=  E  2„(;7)cos(/n;rD. 


(17) 


Here,  it  is  found  advantageous  to  consider  response  to  driving  terms  separately 
for  the  situation  when  m  is  equal  or  greater  than  1,  and  when  m  equals  0. 

Looking  first  at  the  situation  when  m  >  1,  and  substituting  equations  17  into  the 
governing  differential  equations  13-15,  it  is  found  that  the  variables  t\  and  ^  are  separable 
and  a  set  of  three  ordinary  differential  equations  involving  the  function  X^(ti),  Yoj(t|)  and 
ZJr\)  are  obtained.  This  set  of  coupled  ordinary  homogeneous  equations  is  expressed  in 
matrix  form  below  as. 


'  0 

0 

K. 

^ml 

0  ’ 

0 

^  + 

0 

0 

^m2 

y'n. 

‘  + 

0 

Yn, 

►  =  ^ 

0> 

0 

X. 

0 

0 

L  OT  J 

0 

(18) 
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where  coefficients  etc.,  are  defined  in  reference[3]. 

By  operating  on  this  set  of  equations  with  judiciously  selected  operators  and 
adding  and  subtracting  the  resultant  equations,  as  required,  the  functions  X^Cq),  Y„(q) 
etc.,  can  be  separated  out  and  solutions  for  each  function  obtained.  For  each  value  of  “m” 
a  total  of  six  unknowns  appear,  three  of  which  are  eliminated  because  symmetry  for  plate 
lateral  displacement  required  with  respect  to  the  ^  axis. 

Other  unknowns  are  evaluated  by  means  of  boundary  conditions  to  be  imposed 
along  the  driven  edge.  The  reader  will  already  appreciate  that  much  work  is  required  here 
to  separate  the  functions  and  to  enforce  the  boundary  conditions.  It  is  found  that  four 
forms  of  solution  are  possible  for  the  functions  witli  m  >  1.  It  will  be  seen  that  all  of  this 
work  is  eliminated  with  introduction  of  the  superposition  Galerkin  method. 

Computation  of  the  building  block  response  to  the  driving  term  with  m=0,  is  a 
little  less  burdensome.  This  is  really  a  “strip”  solution  and  only  two  governing 
differential  equations,  which  govern  the  parameters  W(^,q)  and  apply.  Two 

possible  forms  of  solution  for  the  response  are  found  to  exist.  With  the  response  of  the 
building  blocks  known,  that  of  the  second  building  block  obtained  again  through  a 
transformation  of  coordinates,  the  building  blocks  are  superimposed  and  eigenvalues  and 
mode  shapes  are  obtained  following  the  procedures  as  described  in  reference[3]. 

It  is  important  to  note  that  again,  solution  for  response  of  the  above  building 
blocks  cannot  be  obtained  by  the  much  simpler  Galerkin  method  because  of  the  mixed 
derivatives  appearing  in  boundary  conditions  to  be  enforced  along  the  driven  edges. 

We  next  look  into  the  analysis  of  the  same  problem  by  means  of  the  building 
blocks  of  figure  3.  The  first  three  building  blocks  of  this  set  replace  the  first  one  of  the 
previous  set.  All  building  blocks  have  slip  shear  conditions  as  defined  above,  imposed  on 
their  non-driven  edges. 

We  focus  attention  now  on  the  first  of  the  three  building  blocks.  Lateral 
displacement  and  cross-section  rotations  are  again  expressed  in  series  form  as  in 
equations  17.  We  begin  by  considering  the  case  where  m  >  1.  Moments  and  shear  force 
acting  along  the  driven  edge  are  expressed  as, 


M  =  vd) — ^ 

”  dn  ^ 

(19) 

^  1 

an 

(20) 

^  1 

(t>  an 

(21) 
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We  now  control  driving  moment  along  the  edge,  by  prescribing  the  first 
term  on  the  right  had  side  of  equation  19,  only,  thus 

duf  ^ 

=  E  (22) 

^  m=0,l 

Instead  of  setting  and  of  equations  20  and  21,  equal  to  zero  we  demand 
that  only  (3W/6r|)  and  of  equations  20  and  21,  respectively,  should  vanish. 

Obviously  there  will  be  residual  shear  force  and  twisting  moment  left  along  the  driven 
edge  of  the  first  building  block.  These  will  be  taken  out  later  by  the  second  and  third 
building  blocks.  It  is  important  to  note  that  the  boundary  conditions  described 
immediately  above  involve  no  mixed  derivatives.  A  Galerkin  type  solution  is  therefore 
achievable  for  this  building  block. 

The  following  series,  each  term  of  which  satisfies  exactly  the  prescribed 
boundary  conditions,  have  been  utilized  to  permit  a  Galerkin  type  solution  for  the  first 
building  block. 


cos(/  ”  l);r77  (23) 

i-I,2 

^nM)  =  E  cos(7  -  1)ot7  (24) 

and 

=  z  sin(2/-  l)-^;7+  E„tj  (25) 

/=!,2  ^ 

The  same  quantities  of  equations  19-21,  involving  no  mixed  derivatives,  are 
prescribed  for  the  second  and  third  building  blocks.  For  the  second  building  blocks  the 
quantity  (8W/^r|)  is  prescribed  in  a  series  form  Identical  to  that  of  equation  22.  For  the 
third  building  block  the  quantity  is  prescribed  as, 

LE„sm(m7r^  (26) 

^  m=l,2 

The  remaining  prescribed  quantities  are  set  equal  to  zero. 

For  the  second  building  block  the  following  series  representations  meet  the 
Galerkin  requirements. 


=11  E,  cos(;  -  \ 


(27) 
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(28) 


and 


Y„iri)=  '^EjC0%{j-\)7rn 
>1.2 


Z„(7)=  S£,sin(2/- 1)^77  (29) 

/=u  ^ 


Series  representations  utilized  for  the  third  building  block  functions  are, 


=  X  £.  cos(/  -  1)^  (30) 

7=1.2 

Y^ri)  =  S  cosO  -  1)«77+  (31) 

>1,2  ^ 

=  Z  sin(2/-  l)-^;;  (32) 

Computation  of  building  block  response  for  any  driving  coefficient,  is  easily 
achieved  by  following  standard  Galerkin  procedures.  The  above  serries  are  differentiated 
term-by-term,  as  discussed  earlier,  and  substituted  into  the  three  differential  equations. 
We  thereby  obtain  three  quantities  ,  each  a  function  of  r|,  which  we  may  designate  as 
Qmb  Qm2^  Qin3*  Thcse  quantitics  are  each  expanded  in  an  approriate  series  of  “KK” 
terms.  Setting  each  coeUficient  of  the  new  series  equal  to  zero  gives  rise  to  a  set  of  3  KK 
non-homogeneous  algebraic  equations  involving  the  3  KK  unknowns,  Ej,  Ej,  etc.,  and  the 
driving  coefficient  We  are  thus  able  to  obtain  these  unknowns  as  linear  functions  of 
Eqj.  The  reader  may  wish  to  examine  reference[4]  where  a  solution  was  obtained  in  a 
similar  fashion  for  the  fully  clamped  Mindlin  plate.  It  will  be  observed  that  the  main 
coefficient  matrix  associated  with  the  left  hand  side  of  the  above  sets  of  non- 
homogeneous  equations  is  identical  for  each  building  block,  for  any  value  ofni\  It  need 
be  computed  only  once. 

Returning  to  equations  17  and  the  situation  prevailing  when,  mK),  it  is  found  that 
only  the  first  two  building  blocks  are  involved.  We  are  now  considering  a  strip  solution. 

The  driven  edge  moment  and  shear  force  are  expressed  as, 


and 


(33) 


a, 


1  3V 


(34) 
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For  the  first  building  block  we  again  prescribe  the  quantity  (5v)/^/3ti)  as  given  by 
equation  22,  along  the  driven  edge.  We  also  set  the  quantity  (dW/aq)  equal  to  zero. 

These  conditions  are  met  by  utilizing  the  following  series  for  X„,(ti)  and  Z„(t|)  , 


=  Z  cos(/  -  \)jn]  (35) 

(=1,2 

and 

=  Z  Ej  sin(2y  -  l)-7+  E„t]  (36) 

For  the  second  building  block  we  prescribe  the  quantity  (5W/^)  by  means  of  a 
series  identical  to  that  of  equation  22.  The  quantity  (d^/yaq)  is  set  equal  to  zero. 

The  following  series  are  then  utilized  for  the  functions  of  equations  3  and  36  so 
that  required  boundary  conditions  will  be  satisfied, 


(»?)  =  Z  «>s(/ -  \)7rr] (37) 
and 

=  Z  sin(2y  (38) 

y=l,2  ^ 

The  evaluation  of  the  quantities  Ej,  Ej,  above  in  terms  of  the  driving  coefficient 
E„,  is  now  achieved  following  steps  described  for  the  case  with  m  >  1. 

In  all  of  the  solutions  discussed  for  fully  symmetric  mode  vibration  of  Mindlin 
plates  it  is  known  that  functions  representing  W(4,t|)  and  ^'^(4,^)  must  be  symmetric 
with  respect  to  the  ^  axis.  Functions  representing  the  quantity  'I',,(^,q)  must  be  anti¬ 
symmetric.  It  is  seen  that  all  these  conditions  are  satisfied. 

Finally,  to  obtain  eigenvalues  and  mode  shapes  for  the  Mindlin  plate  by  means  of 
the  supeiposition-Galerkin  method,  solutions  for  the  last  three  building  blocks  of  figure  3 
must  be  obtained  by  an  interchange  of  co-ordinates  as  discussed  earlier.  All  six  building 
blocks  are  then  superimposed  and  conditions  of  zero  net  bending  moment,  transverse 
shear  force,  and  twisting  moment  are  enforced  along  the  edges,  ti=1,  and  §=1,  of  the 
quarter  plate.  The  required  eigenvalue  matrix  is  thus  obtained. 

The  reader  will  appreciate  that  it  is  also  possible  to  solve  the  above  problem, 
utilizing  the  building  blocks  of  figure  4,  by  means  of  the  traditional  superposition  method 
where  exact  solutions  for  the  building  block  responses  are  obtained.  This  has,  in  fact, 
been  done  and  results  have  been  compared  with  those  obtained  by  the  superposition 
Galerkin  method,  as  described  immediately  above. 
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3. 


Discussion  of  results  and  conclusions 


Two  distinct  problems  have  been  resolved  here  for  the  first  time  by  means  of  the 
superposition-Galerkin  method.  They  constitute  analysis  of  the  fully  symmetric  free 
vibration  modes  of  the  thin  orthotropic  completely  free  plate  and  a  corresponding 
analysis  for  the  completely  free  Mindlin  plate.  In  each  case,  one  quarter  of  the  plate  has 
been  analyzed.  It  will  be  obvious  to  the  reader  that  by  adding  other  sets  of  building 
blocks  driven  along  the  edges,  r|=0,  and  §-0,  of  the  original  plate,  a  general  analysis  of 
the  modes  of  vibration  of  these  plates  is  readily  achievable.  Solutions  for  the  additional 
building  blocks  required  are  easily  inferred  from  the  solutions  discussed  above. 
Furthermore,  as  discussed  in  reference[3],  the  elements  of  the  eigenvalue  matrix  related 
to  these  additional  building  blocks  are  easily  obtained  from  those  already  computed  for 
the  building  blocks  of  Figure  3. 

It  should  be  pointed  out  that  on  utilizing  the  superposition-Galerkin  method  one 
must  not  only  chooze  the  number  of  building  block  driving  coefficients  “K”,  to  be 
utilized  but  one  must  also  chooze  a  value  for  “KK”,  the  number  of  terms  to  be  utilized  in 
the  Galerkin  series,  both  values  must  be  selected  so  as  to  give  the  desired  number  of 
significant  digits  in  the  computed  eigenvalues.  In  work  reported  here  it  is  found  that 
values  of  ‘‘K”  equal  to  about  seven  are  usually  sufficient  to  give  the  required 
convergence.  Values  of  the  quantity  “KK”  equal  to  several  times  “K”  are  usually 
required. 

Highly  accurate  eigenvalues  for  each  of  the  two  main  problems  discussed  were 
already  available  from  the  studies  conducted  by  the  traditional  superposition  method.  In 
both  cases,  solutions,  based  on  building  block  sets  selected  for  use  in  the  superposition- 
Galerkin  method,  (Figures  2  and  3)  were  also  obtained  by  the  traditional  method  simply 
for  verification  purposes.  It  is  gratifying  to  report  that  very  good  agreement  was  obtained 
when  all  results,  including  those  the  superposition-Galerkin  method,  were  compared. 
Some  of  these  computed  results  are  tabulated  in  Table  1. 


Orthotropic  Plate 

Mindlin  Plate 

DHX  =  DHY 

1.0 

1/2 

0.02 

0.2 

Mode 

B: 

B 

B: 

B 

B: 

A: 

B: 

1 

4.806 

4.806 

4.800 

4.800 

4.805 

4.805 

4.648 

4.648 

2 

6.106 

6.106 

6.048 

6.048 

6.103 

6.104 

5.863 

5.863 

3 

15.69 

15.69 

10.74 

10.74 

15.60 

15.66 

13.73 

13.73 

Table  1 .  Comparison  of  Eigenvalues  obtained  for  Fully  Symmetric  Modes  of  Thin 
Orthotropic  Square  Plates  (A  -  traditional  superposition  method,  B  -  superposition  - 

Galerkin  method) 
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It  is  of  critical  importance  to  note  that  the  superposition-Galerkin  method  offers 
vast  computational  advantages  which  become  much  more  pronounced  when  we  move 
from  the  thin  orthotropic  plate  to  the  Mindlin  plate.  These  advantages,  particularly  as 
they  relate  to  Mindlin  plate  problems,  have  been  discussed  in  reference[4].  They  may  be 
summarized  briefly  for  this  later  family  of  problems  as  follows, 

1.  The  numerous  possible  forms  of  solution  to  the  differential  equations  are  not 
needed  as  these  equations  are  not  solved  directly. 

2.  The  vast  manipulations  involved  in  uncoupling  the  coupled  ordinary  differential 
equations  is  completely  avoided. 

3.  The  vast  operations  related  to  enforcing  boimdaiy  conditions,  after  solutions  to 
the  equations  governing  building  block  response  have  been  solved,  are  completely 
eliminated 

4.  Only  trigonometric  functions  and  low  power  polynomial  terms  are  involved  when 
employing  the  superposition-Galerkin  method.  Computational  problems  which 
sometimes  arise  as  a  result  of  hyperbolic  functions  appearing  in  solutions  obtained  by  the 
traditional  superposition  method  are  eliminated. 

The  reader  will  be  aware  that  many  problems  related  to  free  vibration  of 
laminated  plates  are  solved  by  the  Mindlin  approach.  Completely  free  plate  problems  in 
this  later  family  are  now  amenable  to  solution  by  the  superposition-Galerkin  method. 


Figure  1.  Schematic  Representation  of  Building  Blocks  Utilized  in  Analysis  of  the 
Completely  Free  thin  Orthotropic  Plate  by  the  Traditional  Superposition  Method 
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a  O  G  C 


Figure  2.  Building  Blocks  Utilized  in  Analysis  of  the  Completely  Free  thin  Orthotropic 
Plate  by  the  Superposition-Galerkin  Method 


Figure  3.  Building  Blocks  Utilized  in  Analysis  of  the  Completely  Free  Mindlin 
Plate  by  the  Superposition-Gierkin  Method 
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Nomenclature 


a,b  edge  lengths  of  quarter  plate 

D  flexural  rigidity  of  Mindlin  plate 

D,,,  Dy  flexural  rigidities  associated  with  x-  and  y-  directions,  respectively  of 

orthotropic  plate 

D,  torsional  rigidity  of  orthotropic  plate 

DHX  =H/D^ 

DHY  =H/Dy 

DXY 

h  plate  thickness 

H  2H  =  v^D,,+VyDy+4D, 

M  bending  moment 

M^,  M^  dimensionless  bending  moments  associated  with  ^  and  t|  directions,  respectively, 
of  Mindlin  plate 

W  plate  lateral  displacement  divided  by  “a”. 
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x,y  distances  along  plate  edges  in  ^  and  ti  directions 

^  =x/a 

ri  =y/b 

eigenvalue  =  coa^/p/Dx  for  orthotropic  plate,  coaV p/D  for  Mindlin  plate 
©  circular  frequency  of  vibration 

p  mass  of  plate  per  unit  area 

V  Poisson’s  ratio 

v]  =(2-v) 

K*  Mindlin  shear  correction  factor 

Vx,Vy  Poisson  ratios  associated  with  x  and  y  directions,  respectively,  of 

orthotropic  plate 
<j)  =b/a 

=h/a 

pl^te  cross  section  rotations  associated  with  ^  and  r\  directions, 
respectively 
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Introduction 

In  this  paper  we  consider  modelling  the  dynamics  of  large  scale  struc¬ 
tures  using  a  numerical-experimental  substructuring  technique.  The  size 
and  complexity  of  many  structures  often  makes  accurate  predictive  mod¬ 
elling  of  dynamic  behaviour  difficult.  This  is  particularly  true  for  large  scale 
civil  engineering  structures  such  as  bridges  and  dams.  For  such  structures 
design  engineers  often  use  experimental  model  testing  of  the  structure  in 
addition  to  theoretical  and  numerical  modelling.  However,  because  of  size 
and  weight  limitations  full  scale  dynamic  testing  is  impossible  for  most 
large  structures.  As  a  result,  complex  experimental  test  results  have  to  be 
interpreted  with  the  additional  problem  of  scaling  between  the  model  and 
the  prototype. 

For  numerically  simulating  modular  structures,  or  those  with  a  high 
degree  of  self  similarity,  the  technique  of  substructuring  has  been  developed 
to  reduce  the  computational  workload  (see  for  example  [1]).  This  concept 
involves  subdividing  the  overall  structure  into  smaller  substructures,  and 
can  be  used  to  create  a  model  where  one  (or  more)  of  the  subdivided  parts 
is  a  physical  test  specimen.  Thus  the  model  of  the  overall  structure  is  a 
combination  of  a  numerical  and  an  experimental  model.  To  produce  such 
a  combined  numerical-experimental  model  some  part  of  the  two  systems 
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versity  of  Bristol,  Queens  Building,  University  Walk,  Bristol  BS8  ITR,  U.K. 
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must  be  synchronised  using  a  control  algorithm.  In  this  work  we  use  the 
“minimal  control  synthesis”  (MCS)  adaptive  control  algorithm,  developed 
at  Bristol,  which  can  be  used  without  having  to  carry  out  any  system 
identification  [2].  We  demonstrate  how  the  MCS  algorithm  can  be  used  to 
implement  substructuring. 

Numerical-experimental  substructuring  is  particularly  suitable  to  struc¬ 
tures  where  a  design  critical  element  can  be  identified.  Critical  elements 
are  those  which  are  most  difficult  to  characterise,  or  most  likely  to  fail 
during  dynamic  loading,  and  as  such  are  of  primary  interest  to  the  de¬ 
sign  engineer.  In  this  case  the  critical  element  would  be  modelled  using 
a  physical  test  specimen  while  the  remainder  of  the  structure  is  modelled 
numerically.  The  advantage  of  this  method  over  scale  model  testing  is  that 
the  critical  element  is  tested  at  full  size  and  the  problems  associated  with 
scaling  are  eliminated. 

For  systems  which  generate  dynamic  forces  by  inertia,  such  as  shak¬ 
ing  tables,  substructuring  must  be  implemented  in  real  time.  We  discuss 
how  this  can  be  achieved  using  the  MCS  algorithm  for  a  small  scale  ex¬ 
perimental  system.  We  demonstrate  the  concepts  associated  with  sub¬ 
structuring  using  a  numerical-experimental  example.  Finally  we  consider 
how  numerical-experimental  substructuring  can  be  applied  to  modelling 
soil-structure  interaction  problems,  often  encountered  in  earthquake  engi¬ 
neering. 


1  The  substructuring  concept 

Substructuring  is  a  method  used  to  divide  a  large  structure  into  several 
smaller  structures.  Often  this  has  computational  benefits,  and  can  be  used 
to  speed  up  simulations  of  an  otherwise  complex  structure.  Numerical- 
experimental  substructuring  extends  this  basic  concept  by  modelling  one 
(or  more)  of  the  substructures  experimentally.  In  this  current  work  we  will 
deal  with  systems  which  have  only  a  single  substructure.  Thus  we  refer  to 
the  structure  as  the  overall  system  we  wish  to  model,  the  substructure  as 
the  experimental  system,  and  the  numerical  model  as  the  remaining  sub¬ 
structures.  We  refer  to  the  numerical-experimental  model  for  the  structure 
as  the  substructured  model. 

Numerical-experimental  already  exist  in  the  form  of  pseudo-dynamic 
testing  [3,  4].  In  this  approach  delayed  time  scales  are  used,  so  that  loading 
is  applied  to  the  structure  quasi-statically.  The  concept  of  pseudo-dynamic 
testing  has  been  extended  to  real  time  scales  for  single  degree  of  freedom 
systems  (without  substructuring)  [5]  by  using  a  dynamic  actuator,  for  the 
purpose  of  testing  velocity  dependent  components.  In  real  time  substruc¬ 
turing,  such  as  this  current  work,  all  the  tests  are  carried  out  in  real  time 
[6]. 
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Figure  1:  Schematic  representation  of  numerical-experimental  substructuring  of  a  multi¬ 
storey  building. 


For  numerical-experimental  substructuring  to  be  effective,  there  must 
be  an  interaction  between  the  numerical  and  experimental  parts  of  the 
model.  This  is  achieved  using  a  transfer  system^  which  for  structural  testing 
would  typically  be  a  shaking  table,  reaction  wall  or  similar  test  facility.  The 
motion  of  the  transfer  system  must  be  controlled  to  follow  the  output  of 
the  numerical  model. 

An  example  of  modelling  a  multi-storey  building  is  shown  in  figure  1. 
Here  the  response  of  the  substructured  model  subject  to  some  base  excita¬ 
tion  g{t)  is  required,  and  the  dynamics  of  the  roof  is  the  area  of  particular 
interest.  Thus  an  experimental  model  of  the  top  storey  is  mounted  on  the 
transfer  system,  which  in  this  case  is  a  shaking  table.  The  rest  of  the  struc¬ 
ture  is  modelled  numerically.  The  sixth  floor  of  the  structure  is  where  the 
numerical  model  and  substructure  “join”.  To  provide  realistic  modelling 
the  motion  of  the  transfer  system  must  be  controlled  to  follow  the  motion 
of  the  sixth  floor  from  the  numerical  model.  The  interaction  between  the 
sixth  floor  and  the  roof,  is  represented  by  the  feedback  force  /(i),  which  is 
measured  experimentally,  and  used  in  the  numerical  computations.  Thus 
the  motion  of  the  sixth  floor  is  a  function  of  f{t)  and  g{t),  such  that  the 
motion  of  the  substructure  has  an  effect  on  the  dynamics  at  the  interface. 
Depending  on  the  complexity  of  the  modelling,  f{t)  would  typically  be  a 
vector  containing  forces  and  moments  for  each  axis  of  excitation. 
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Figure  2:  Schematic  representation  of  numerical-experimental  substructuring  using 
MCS  controller. 


2  Control  Strategy 

With  conventional  dynamic  testing  of  structures,  the  excitation  signal 
g{t)  is  applied  directly  to  the  model  being  tested.  In  this  case  the  task 
of  the  controller  is  to  track  g{t)  as  closely  as  possible.  However,  in  a 
substructuring  test,  the  required  motion  of  the  transfer  system  cannot  be 
known  in  advance,  as  it  is  dependent  on  the  numerical  model  and  feedback 
force  /(i).  As  a  result  the  demands  on  the  controller  cannot  be  studied 
in  advance.  Thus  the  use  of  an  adaptive  controller,  which  can  respond  to 
a  wide  range  of  possible  demand  signals  is  highly  desirable.  In  addition 
the  substructuring  process  means  that  the  transfer  system  must  follow 
the  output  from  a  numerical  model.  This  is  very  similar  to  the  “model 
reference”  adaptive  control  technique  [7]. 

As  a  result  we  have  chosen  to  use  the  MCS  algorithm  which  is  a  model 
reference  adaptive  control  algorithm.  MCS  has  the  additional  benefits 
of  requiring  no  system  identification  prior  to  use,  and  can  be  used  in  a 
decentralised  form  [8]. 

The  standard  MCS  algorithm  can  be  altered  to  control  the  transfer 
system  during  a  substructuring  test.  A  schematic  representation  of  a  sub¬ 
structured  model  using  MCS  is  shown  in  figure  2.  Here  we  see  that  the 
MCS  controller  uses  the  excitation  signal  g{t)  and  the  error  signal  as  the 
inputs  to  the  feed-forward  and  feedback  components  of  the  control  signal 
respectively.  The  key  alteration  of  the  method  is  that  the  standard  refer¬ 
ence  model  is  replaced  with  the  numerical  part  of  the  substructured  model. 
Then  the  relevant  part  of  the  numerical  model  (selected  to  have  the  same 
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Figure  3:  Schematic  representation  of  substructured  model  of  a  three  mass  oscillator. 


dimension  as  the  transfer  system)  is  used  as  the  reference  for  the  MCS 
controller.  The  effect  of  the  additional  dynamics  from  the  coupled  nature 
of  the  numerical  model  and  the  feedback  force  /  (t)  is  accounted  for  as  a 
disturbance  to  the  system. 

3  Small  scale  experimental  example 

We  can  demonstrate  the  substructuring  concept  using  a  small  scale 
experimental  example.  The  idea  of  using  small  scale  experimentation  is 
to  demonstrate  the  concept  of  numerical-experimental  substructuring,  as 
a  viable  modelling  technique.  This  process  also  highlights  some  of  the 
complexities  of  modelling  a  structure  via  substructuring. 

In  this  example,  we  wish  to  model  the  dynamics  of  a  three  mass  oscil¬ 
lator,  which  is  one  of  the  simplest  linear  system  we  can  use  to  demonstrate 
the  concept.  We  select  one  of  the  masses  to  be  the  substructure,  with  the 
remaining  two  masses  modelled  numerically.  A  schematic  representation 
of  the  substructured  model  for  this  system  is  shown  in  figure  3. 

In  this  figure  we  have  two  systems  of  two  coupled  masses.  The  first 
is  the  numerical  model  with  coordinates  zi  and  23.  This  is  acted  on  by 
the  excitation  signal  g{t)  and  the  feedback  force  fit).  The  second  set  of 
two  masses  represents  the  transfer  system,  with  coordinate  x,  to  which  the 
substructure,  coordinate  is  connected.  The  masses  mf,  are  connected 
by  springs  of  stiffness  ki  and  damped  by  viscous  dampers,  with  damping 
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Figure  4.  Experimental  results  from  the  substructured  three  mass  system.  Dashed  line, 
output  from  numerical  model  22.  Solid  line,  displacement  of  the  transfer  system  x. 
Calibration  15mm/VoIt.  System  Properties  ==  =  0.515kg,  ki  =  kt  =  2.43N/m 

and  Ci=ct^  2.4Ns/m. 


coefficients  q,  for  i  —  1,2,3.  The  coupling  in  this  example  occurs  only 
via  the  springs,  the  dampers  being  connected  to  the  ground  as  an  aid  to 
simplicity.  The  transfer  system  material  properties  are  denoted  by  rrit^kt 
and  ct,  and  would  typically  (although  not  in  this  simple  example)  be  quite 
different  from  the  model  properties.  For  the  experimental  part  of  the  sys¬ 
tem  we  have  used  a  two  mass  apparatus,  mounted  on  a  linear  bearing,  and 
connected  via  springs.  For  this  apparatus  the  masses  and  spring  forces  are 
equal,  such  that  rrii  —  rut  and  ki  =  kt. 

For  this  example  to  achieve  effective  modelling,  we  must  synchronise 
the  motion  of  2:2  and  x  using  the  control  algorithm.  If  this  is  achieved  then 
the  substructured  system  will  be  a  close  representation  of  a  three  mass 
system.  The  issues  of  controller  stability  and  effective  synchronisation 
have  been  discussed  in  detail  by  [9].  The  substructuring  system  can  be 
shown  to  be  stable  using  the  passivity  concept  [10].  Here,  we  will  assume 
that  the  control  algorithm  is  suitably  stable  and  robust  for  our  purposes. 

The  experimental  system  was  controlled  using  simple  and  inexpensive 
hardware.  A  486  Personal  Computer  running  RedHat  Linux  5.1  provided 
the  computational  interface.  The  displacement  and  velocity  of  each  mass 
was  recorded  using  LVDT  transducers  and  tachometers  respectively.  These 
signals  were  read  via  a  Amplicon  PC30AT  card,  which  was  also  used  to 
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Figure  5.  Experimental  results  from  the  substructured  three  mass  system.  Dashed  line, 
output  from  numerical  model  2^2  •  Solid  line,  displacement  of  the  transfer  system  x. 


output  the  control  signal.  The  substructuring  algorithm  ran  at  a  sampling 
rate  of  512Hz,  using  the  Linux  real-time  clock.  At  each  sampling  interval, 
the  displacement  and  velocity  values  were  read.  The  feedback  force  f{t) 
was  then  computed  using  the  relation 

fit)  =  ks{z3  -  a:)  +  03.3:3,  (1) 

although  in  practise,  the  actual  measured  interaction  force  would  be  used. 
The  numerical  model  was  then  integrated  forward  one  time  step  using  the 
Runge-Kutta  algorithm,  and  the  control  algorithm  applied  to  the  output. 

A  typical  set  of  results  are  shown  in  figure  4.  Here,  the  excitation 
signal  is  a  sine  wave  0.1  cos(O.li),  and  the  output  from  the  numerical  model 
(dashed  line)  has  the  form  of  a  harmonic  function.  The  frequency  of  the 
excitation  signal  is  very  low,  this  was  to  remain  within  the  limitations  of 
our  control  hardware.  The  feedback  force,  /(t),  computed  during  this  test 
is  shown  in  figure  5. 

Thus  we  see  via  this  simple  demonstrative  example  that  it  is  possible  to 
form  a  numerical-experimental  model  of  a  dynamical  system.  We  envisage 
that  the  use  of  powerful  modern  computers  and  digital  acquisition  systems 
will  enable  the  substructuring  technique  to  be  applied  to  a  wide  range  of 
structural  modelling  situations. 
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Figure  6:  Schematic  representation  of  numerical-experimental  siibstructuring  of  a  multi¬ 
storey  building  using  two  transfer  systems. 


4  Large  scale  modelling  applications 

We  now  discuss  some  possible  future  applications  for  numerical-experimental 
substructuring.  It  is  interesting  to  note  that  for  the  three  mass  example, 
our  choice  of  substructure  (the  end  mass)  simplified  the  problem  signif¬ 
icantly.  If  we  had  required  the  middle  mass  to  be  the  substructure  we 
would  need  two  transfer  systems.  For  example,  consider  the  multi-storey 
building  problem  again.  If  we  are  interested  in  the  dynamics  of  any  other 
than  the  top  storey,  we  need  two  transfer  systems.  This  is  shown  in  figure 
6.  Here,  one  transfer  system  is  the  shaking  table,  as  before,  but  in  addition 
a  set  of  actuators  is  required  as  a  second  transfer  system.  The  use  of  two 
transfer  systems  has  applications  for  testing  where  multiple  support  input 
is  required  [11]. 

This  is  also  encountered  in  a  typical  soil-structure  interaction  problem. 

In  figure  7  we  show  a  single  transfer  system  method  for  modelling  a  simple 
soil-structure  interaction  problem.  However,  it  is  more  likely  that  the  de¬ 
sign  engineer  is  interested  in  the  dynamics  of  the  soil,  and  so  this  should  be 
modelled  experimentally.  This  scenario  is  shown  in  figure  8.  This  type  of 
test  could  be  carried  using  a  shear  stack  apparatus  [12],  which  can  be  used 
to  test  soils  on  a  shaking  table.  In  this  arrangement  the  building  is  repre¬ 
sented  as  a  plate  on  the  soil,  attached  to  actuators  mounted  from  above. 

The  building  is  modelled  as  a  simple  rigid  block,  although  more  complex 
models  could  be  incorporated.  For  example,  individual  pile  foundations 
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Figure  7:  Experimental  results  from  the  substructured  three  mass  system.  Dashed  line, 
output  from  numerical  model  Z2  -  Solid  line,  displacement  of  the  transfer  system  x. 


could  be  attached  to  actuators  to  represent  the  soil-structure  interaction. 

The  advantage  of  using  a  shaking  table  for  these  tests  is  that  inertial 
forces  are  developed  in  the  experimental  structure  (in  this  case  a  soil  mass), 
rather  than  being  estimated  as  in  the  pseudo-dynamic  tests.  Thus  it  is  in¬ 
tended  that  the  initial  proof  of  concept  work  on  numerical-experimental 
substructuring  presented  here,  will  be  extended  to  shaking  table  facilities 
[13].  This  will  allow  us  to  gain  valuable  insight  into  the  behaviour  of  struc¬ 
tural  elements  within  large  scale  structures,  when  subjected  to  dynamic 
forces. 


5  Conclusions 

In  this  paper  we  have  discussed  the  concept  of  numerical-experimental 
substructuring.  This  technique  can  be  used  to  model  the  dynamics  of  crit¬ 
ical  elements  in  structures.  To  do  this  we  require  the  use  of  a  model  ref¬ 
erence  adaptive  control  algorithm.  The  technique  has  been  demonstrated 
using  a  small  scale  experimental  model.  Future  applications  to  modelling 
large  scale  structures,  particularly  soil-structure  interaction  problems,  have 
been  discussed. 

One  key  point  requiring  future  research,  is  determining  the  accuracy 
of  the  substructured  model.  In  other  words,  how  do  we  know  if  the  the 
substructured  model  is  a  close  representation  of  the  overall  structure?  Es¬ 
sentially  we  need  to  use  the  error  signal  from  the  control  algorithm  as  a 
monitoring  technique.  Developing  this  technique,  and  the  application  of 
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Figure  8:  Experimental  results  from  the  substructured  three  mass  system.  Dashed  line, 
output  from  numerical  model  Z2.  Solid  line,  displacement  of  the  transfer  system  x. 


substructuring  to  shaking  table  testing  will  form  the  basis  of  our  future 
research  on  this  subject. 
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In  the  mid-frequency  range,  small  differences  in  the  properties  of 
different  realisations  of  a  structure  lead  to  different  vibrational 
responses.  A  stochastic  approach  to  vibration  analysis  is  thus  required, 
the  aim  being  to  predict  the  response  statistics.  In  this  paper  a  local 
modal  perturbational  (LMP)  method  is  described,  the  response 
statistics  being  fotmd  for  very  little  cost  above  that  required  to  perform 
the  analysis  of  the  baseline  system.  A  system  comprising  two  coupled 
rods  in  axial  vibration  is  considered  as  an  application.  The  discrete 
frequency  and  frequency  average  behaviours  of  a  sample  of  systems 
are  compared  to  the  baseline  response  and  to  SEA  predictions. 

1.  UNCERTAINTY  AND  MID-FREQUENCY  VIBRATIONS 

Different  physical  realisations  of  a  manufactured  product,  while 
similar,  inevitably  differ  in  detail.  This  inherent  variability  in  the 
properties  of  the  system  produces  consequent  variability  in  dynamic 
response.  The  dynamic  variability  becomes  larger  at  higher 
frequencies,  especially  in  complex,  built-up  structures,  because  of  the 
increasing  sensitivity  of  the  dynamic  behaviour  to  even  small 
variations  in  system  properties.  A  number  of  factors  can  cause  this 
variability.  These  include  normal  manufacturing  variations  in 
component  dimensions,  material  properties,  joint  properties  etc., 
variations  in  environmental  conditions  such  as  ambient  temperature, 
aging,  wear,  and  variations  in  operating  conditions.  In  a  similar 
manner,  numerical  predictions  are  subject  to  uncertainty  in  the 
physical  and  geometric  properties  or  the  boimdary  conditions  of  a 
given  system:  these  caimot  be  known  exactly. 

The  effects  of  rmcertainty  and  variability  influence  the 
engineer's  choice  of  analysis  method.  At  "low  frequencies"  the  effects 
of  variability  are  small  and  a  deterministic  method  of  vibration 
analyses  is  normally  used:  this  typically  involves  a  global  modal 
analysis  of  the  system,  often  using  finite  element  analysis  (FEA)  with 
the  properties  of  the  system  assumed  to  be  known  exactly.  The  result 
of  this  deterministic  analysis  is  an  estimate  of  the  "exact"  system 
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response.  At  "high  frequencies",  on  the  other  hand,  the  effects  of 
variability  are  large  and  a  stochastic  approach,  such  as  statistical 
energy  analysis  (SEA)  [1],  should  be  adopted.  In  SEA  the  system 
properties  are  assumed  to  have  a  high  degree  of  uncertainty,  and 
estimates  are  made  of  the  average  response,  the  average  being  taken 
over  system  properties,  amongst  other  things. 

In  the  "mid-frequency"  range  neither  approach  is  entirely 
satisfactory:  a  single,  "exact",  deterministic  analysis  is  not  able  to 
describe  the  behaviour  of  all  possible  realisations  of  the  system  with 
acceptable  accuracy,  but  high  frequency  methods  are  too  broad-brush 
and  lose  all  detail  of  the  behaviour.  A  stochastic  approach  is  required 
but  some  detail  must  be  retained.  The  aim  is  to  predict  the  statistics  of 
the  responses  of  similar,  but  different,  realisations  of  the  system,  the 
properties  of  which  vary  randomly  but  with  only  a  moderate  degree  of 
uncertainty.  These  statistics  include  the  response  of  the  baseline 
system  (the  engineer's  "best  guess"),  the  mean,  variance  and  so  on. 

Thus,  in  this  context,  the  low-,  mid-  and  high  frequency  regimes 
are  related  to  the  degree  of  dynamic  variability  that  exists,  and  the 
appropriate  analysis  methodology  varies  accordingly. 

In  this  paper  a  local  modal  perturbational  (LMP)  approach  to 
mid-frequency  vibration  analysis  is  described  with  specific  application 
to  a  system  comprising  two  end-coupled  rods  in  axial  vibration.  In  the 
next  section  some  aspects  of  low-  and  high  frequency  vibration 
analysis  are  reviewed  and  the  example  system  described.  Then  the 
LMP  method  is  outlined.  The  discrete  frequency  and  frequency 
average  behaviours  of  a  sample  of  systems  are  compared  to  the 
baseline  response  and  to  SEA  predictions.  Ensemble  statistics  are 
estimated:  these  statistics  include  the  mean  response,  percentiles,  etc. 

2.  LOW  AND  HIGH  FREQUENCY  ANALYSIS 

2.1.  Low  frequency  analysis  of  the  baseline  system:  global  modes 
and  CMS.  The  deterministic,  low  frequency  analysis  of  the  baseline 
system  follows  the  steps  indicated  in  Figure  1(a).  It  is  computationally 
efficient  to  use  component  mode  synthesis  (CMS)  [2]:  the  system  is 
divided  into  subsystems  which  are  modelled  in  terms  of  their  local 
modes;  the  baseline  response  is  found  by  assembling  the  subsystems 
and  solving  for  the  global  modes  of  vibration.  This  subsysteming 
approach  is  quite  natural  in  built-up  structures  and  is  in-keeping  with 
the  SEA  philosophy.  As  will  be  seen  below,  using  CMS  has  a  further 
advantage  when  uncertainty  is  included,  because  variations  in  the 
properties  of  the  individual  subsystems  are  usually  statistically 
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independent,  the  subsystems  being  manufactured  by  different 
processes  or  manufacturers  and  then  later  assembled. 

In  this  paper  the  subsystem  modes  are  of  two  types:  the  fixed 
interface  component  modes  are  the  (mass  normalised)  modes  of  vibration 
when  the  interfaces  are  clamped,  while  the  constraint  modes  are  the 
deformed  shapes  when  each  boundary  degree  of  freedom  (DOF)  is 
given  a  imit  displacement  (or  rotation),  with  the  other  boimdary  DOFs 
remaining  fixed.  The  constraint  modes  are  required  to  couple  together 
the  motions  of  the  subsystems.  The  component  modes  will  often  be 
foimd  using  FEA.  The  physical  response  is  approximated  by  assuming 
that  only  a  finite  number  of  these  modes  give  significant  contributions 
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where  q^  are  the  fixed 
interface  modal  DOFs  and  q^ 
are  the  constraint  modes. 
The  equations  of  free 
vibration  can  then  be  written 
in  the  form 

Mq  +  Kq  =  0  (2) 


very  cheap] 


Response^ 

statistics 


^  perturbation 
global  modal  properties 

1  modal 
summation 
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Figure  1.  Mid-frequency  analysis 
using  (a)  local  and  global  modes 
and  (b)  LMP  method. 
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where  the  mass  and  stiffness  matrices  are 


M  = 

I 

r 

;  K  = 

O'  K. 

The  submatrices  are  as  follows:  is  a  coupling  mass  matrix,  and 

are  constraint  mass  and  stiffness  matrices,  is  the  ;th  fixed 

interface  modal  eigenvalue  (square  of  the  local  natural  frequency)  of 
the  zth  subsystem  ordered  in  an  appropriate  way,  diag(.)  represents  a 
diagonal  matrix,  I  is  the  identity  matrix  and  0  is  a  matrix  of  zeros  of 
appropriate  dimension. 

The  global  modal  properties  follow  from  equation  (2).  The 
eigensolution  results  in  the  global  eigenvalues  A^  and  the  global  mode 
shapes  (|)^,  which  relate  the  component  modal  DOFs  q  to  the  global 
modal  DOFs.  The  forced  response  is  then  found  in  terms  of  a  sum  of 
modal  contributions  in  the  normal  way. 

2.2.  High  frequency  analysis:  SEA.  In  an  SEA  model  [1]  the  system  is 
divided  into  subsystems  and  the  response  described  in  terms  of  the 
time  and  (for  broadband  excitation)  frequency  averaged  subsystem 
energy  E.  The  average  is  also  implicitly  taken  over  an  ensemble  of 
systems  with  different  properties  and  over  all  possible  excitation 
points.  Various  approximations  are  made,  most  notably  those  required 
to  express  the  coupling  power  between  two  subsystems  in  terms  of  the 
coupling  loss  factor 

SEA  provides  broad-brush,  average  predictions,  giving  no 
information  about  either  the  spatial  distribution  of  energy  within  a 
subsystem,  the  detailed  variation  of  this  energy  with  frequency  or  the 
dependence  of  this  energy  on  spatial  distribution  of  the  excitation. 


2.3.  The  two-rod  system.  Figure  2  shows  the  system  comprising  two 
end-coupled  rods.  Each  rod  forms  one  subsystem  and  undergoes  axial 


/I 


Rodl 


■> 


Rod  2 

“I 


->  ^2 


Figure  2.  System  comprising  two  rods  undergoing  axial  vibration. 


356 


vibration.  The  density,  cross- 
sectional  area,  length  and  elastic 
modulus  of  each  rod  are  pi,  Au  /,■ 
and  Ei  respectively.  The 
properties  of  the  baseline  system 
for  which  numerical  results  are 
presented  are  given  in  Table  1. 

The  two  rods  are  identical  except 
for  their  lengths.  Time  harmonic  Table  1.  Physical  and  geometric 
excitation  acts  on  rod  1  at  =  properties  of  baseline  system 

0.245  h  and  the  response  foimd  is  (arbitrary  units), 

the  velocity  of  rod  2  at  X2  =  0.745  h- 

These  points  are  such  that  aU  the  local  modes  whose  natural 
frequencies  lie  in  the  frequency  range  under  consideration  are  excited 
or  respond  (although  some  very  weakly). 

A  spring  of  stiffness  Kc  is  attached  to  the  junction  between  the 
rods.  Its  stiffness  is  such  that  the  impedance  of  the  coupling  spring 
equals  the  characteristic  impedance  of  the  rods  at  a  frequency  (O  =  20. 

2.3.1.  CMS  of  the  two-rod  system.  The  ;th  fixed  interface  (mass 
normalised)  mode  shape  and  natural  frequency  for  the  fth  rod  are 
given  by 


More  details  can  be  foimd  in  [3].  The  constraint  mode  shapes  are 


(5) 


and  are  found  by  prescribing  a  unit  displacement  at  the  end  x,  =  0  and 
X.  =  1.  respectively.  For  this  system  the  vector  of  component  modal 
degrees  of  freedom  q  (equation(l))  is  defined  by 


where  and  are  the  amplitudes  of  the  fixed  interface  modes  in 

rods  1  and  2  respectively,  only  a  finite  number  of  these  modes  being 
retained.  Also  qc  is  the  displacement  of  the  interface  where  the  two 
rods  are  connected,  this  being  where  the  end  of  subsystem  1  at  x,  =  f  is 
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connected  to  the  end  of  subsystem  2atx,  =  0.  The  submatrices  of  M 
and  K  can  be  found  straightforwardly  (e.g.  [3]). 

2.3.2.  SEA  of  the  two-rod  system.  Each  rod  forms  one  subsystem,  with 
the  parameters  in  a  conventional  SEA  model  [1]  being 


h  P 


2m,a)(l-Ty2)’  '  1  +  M 


r  =  - 


K. 


P  = 


2Af^i 


(7) 


0) 


where  riy  is  the  coupling  loss  factor,  to  the  centre  of  the  frequency  band 
under  consideration,  n,(to)  the  modal  density  of  subsystem  i,  1^  the 
power  transmission  coefficient  of  the  coupling  and  the  parameter  n  the 
ratio  of  the  impedances  of  the  spring  and  rod 

2.3.3.  Numerical  examples.  Following  the  component  mode  synthesis, 
72  and  42  fixed  interface  subsystem  modes  were  retained  for  rods  1 
and  2  respectively.  Thus  there  are  115  elements  in  the  global 
component  modal  vector  q  of  equation  (6).  The  global  modes  were 
foimd  using  Matlab  and  60  retained  for  later  response  calculations. 

The  response  (magnitude  of  the  velocity  squared)  of  the  baseline 
system  is  shown  in  Figure  3.  Clear  resonances  can  be  seen  in  the 
discrete  frequency  response.  The  asymptotic  modal  density  of  the 
system  is  w(co)  “  1,  while  the  bandwidth  of  the  )th  mode  is 
A  =  (OjT]  ~  jr\ .  Thus  the  modal  overlap  M  =  nA  =  0.01  (y  is  smaller  than 

1  in  the  frequency  range  shown.  The  general  level  of  the  response 
tends  to  be  lower  m  certain  frequency  bands.  First,  these  may  be  where 
the  excitation  point  is  close  to  an  integer  multiple  of  half  a  wavelength 
from  the  fixed  end  at  xi  =  0;  now  the  excitation  point  tends  to  lie  close 


Figure  3.  Response  of  baseline  system:  discrete  frequency 
and  (+)  third  octave  averages;  —  SEA  predictions. 
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to  nodal  points  of  the  modes  which  are  resonant  in  these  frequency 
ranges.  These  frequency  ranges  are  around  integral  multiples  of  w  = 
6.5.  Secondly,  similar  mode  shape  coherence  effects  occur  aroimd 
integral  multiples  of  (y  =  11  when  the  response  point  is  close  to  an 
integer  multiple  of  half  a  wavelength  from  the  fixed  end  at  X2  =  h. 
Third  octave  band  frequency  averaging  removes  the  resonant 
behaviom  at  higher  frequencies,  when  more  modes  are  contained  in 
each  band. 

SEA  predictions  for  this  system  are  smooth,  showing  no 
resonant  detail  whatsoever.  SEA  overpredicts  the  response  (i.e.  it 
predicts  the  wrong  average,  the  system  being  strongly  coupled),  and 
fails  to  predict  broad  trends  with  frequency. 

3.  MID-FREQUENCY  LMP  ANALYSIS 

In  the  mid-frequency  range  there  is  imcertainty  in  the  system's 
properties.  In  principle,  a  Monte  Carlo  simulation  can  be  performed: 
the  properties  are  allowed  to  vary  randomly  and  the  CMS  of  the 
previous  section  is  repeated  many  times  to  estimate  the  statistics  of  the 
response.  The  computational  cost  would  normally  be  immense. 

The  most  computationally  expensive  steps  in  the  analysis  are 
indicated  in  Figure  1(a)  and  are:  (1)  solving  the  subsystem  eigenvalue 
problems  for  the  component  modes  and  (2)  solving  the  assembled 
model  for  the  global  modes  of  vibration.  In  the  LMP  approach 
indicated  in  Figure  1(b)  these  steps  are  removed  and  the  response 
statistics  estimated  in  the  following  ways: 

1)  Variability  is  assumed  to  exist  in  the  local  modal  properties  of  each 
subsystem  rather  than  in  their  physical  properties  (i.e.  material  and 
geometric  properties)  directly.  Of  course  the  two  are  related,  since 
the  physical  properties  uniquely  define  the  local  modal  properties. 
However,  including  variability  in  this  manner  avoids  having  to  re¬ 
solve  for  the  local  modes  each  time. 

2)  A  perturbational  relationship  is  found  that  relates  the  global  and  local 
modal  properties.  This  avoids  having  to  solve  the  global 
eigenvalue  problem  for  every  member  of  the  sample. 

3)  A  Monte  Carlo  simulation  is  then  used  to  estimate  the  statistics. 

The  LMP  approach  is  described  in  more  detail  in  [3]  and  [4]  with 
regard  to  the  estimation  of  frequency  response  fimctions  and  energy 
influence  coefficients.  It  is  computationally  very  efficient.  Once  Ae 
analysis  of  the  baseline  system  is  performed,  the  response  of  each 
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member  of  the  sample  and  the  response  statistics  can  be  estimated  at 
very  little  cost. 

3,1.  Variability  in  subsystem  properties.  The  modal  properties  in 
each  subsystem  are  assumed  to  vary  randomly  with  some  assumed 
statistical  distributions,  mean  values,  variances,  covariances  and  so  on. 
Here  the  following  assumptions  are  made.  It  is  reasonable  to  assume 
that  the  properties  of  one  subsystem  are  independent  of  those  of  the 
other  subsystems,  since  typically  the  subsystems  are  manufactured  by 
different  processes  and  then  later  assembled.  In  many  practical  cases, 
it  is  also  reasonable  to  assume  that  the  properties  of  the  interfaces  are 
deterministic  (i.e.,  and  are  deterministic)  and  that  the  subsystem 
coupling  mass  matrices  are  deterministic.  Thus  the  constraint 
modes  are  assumed  deterministic.  The  subsystem  component  modal 
natural  frequencies,  however,  are  assumed  to  vary  randomly. 
Consequently  in  equation  (3)  the  mass  matrix  M  is  deterministic  and 
so,  too,  are  all  the  elements  of  K  except  for  those  diagonal  entries  which 
correspond  to  the  fixed  interface  eigenvalues  , 

For  simplicity,  it  is  assumed  here  that,  for  each  member  drawn 
from  the  ensemble,  the  7th  eigenvalue  in  the  zth  subsystem  is  given  by 

(8) 

where  the  mean  value  is  the  value  assumed  for  the  baseline  system 
and  where  and  are  small  random  variables  with  zero  mean, 

Gaussian  distribution  and  with  specified  variances.  The  perturbation 
of  A^'^  in  equation  (8)  arises  from  two  sources.  First,  there  are  fully- 
correlated  variations  in  all  the  fixed  interface  eigenvalues  for 
subsystem  i  as  defined  by  .  Physically  this  might  arise,  for  example, 
because  of  uncertainties  in  the  elastic  modulus  of  the  material  from 
which  the  subsystem  is  constructed,  the  result  of  which  is  that  all  the 
eigenvalues  of  that  subsystem  change  by  the  same  proportion. 
Secondly,  there  are  uncorrelated  variations  in  the  individual 
eigenvalues  as  defined  by  the  7  random  variables  .  These  might 

perhaps  arise  from  spatially  dependent  variations  in  geometric  or 
materials  properties  within  a  subsystem.  It  is  not  known  how  realistic 
these  assumptions  are:  certainly  in  general  one  must  define  variances 
and  covariances  between  all  the  subsystem  eigenvalues. 
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3.2.  First  order  perturbation.  Suppose  there  is  a  variation  Sjj.  in  some 
parameter  n  on  which  M  and  K  in  equations  (2,3)  depend.  In  [5]  it  is 
shown  that,  to  first  order,  the  variation  in  the  kth.  global  eigenvalue  is 


dK  3M 
d^i  ‘  dfi 


(9) 


where  (1)^  is  the  A:th  eigenvector.  Now  let  Sju  =  Spij  be  a  perturbation  in 

the  ;th  component  modal  eigenvalue.  Under  the  previous 
assumptions,  none  of  the  elements  of  M  or  K  vary  except  for  that 
diagonal  element  of  K  which  corresponds  to  the  /th  component  modal 
eigenvalue.  Thus  the  total  perturbation  in  the  kth  global  eigenvalue  is 


Sfij  (10) 

j 

Similarly  a  perturbation  in  the  ;th  component  modal  eigenvalue 
produces  a  perturbation  in  the  fcth  global  eigenvector  given  by  [5] 


riT 


Sfij 


(11) 


The  total  first-order  perturbation  in  (l)^  is  given  by  summing  the 
contributions  from  perturbations  in  each  component  mode. 

3.3.  Monte  Carlo  simulation.  A  Monte  Carlo  simulation  is  finally 
used  to  estimate  the  statistics  of  the  responses  of  the  ensemble  by 
choosing  at  random  a  sample  of  systems.  For  each  member  in  the 
sample  the  parameters  e  are  chosen  at  random,  the  component  modal 
eigenvalues  formd  and  the  perturbation  relations  used  to  estimate  the 
global  eigenvalues  and  eigenvectors.  The  global  response  is  then 
found  by  summing  contributions  from  the  perturbed  global  modes. 

3.4.  Numerical  examples.  A  Monte  Carlo  simulation  was  performed 
using  a  sample  of  200  members.  All  the  parameters  e  are  assumed  to 
be  Gaussian  with  zero  mean  and  standard  deviations  equal  to  0.02. 
The  standard  deviation  of  the  imcertainty  dcOj  in  the  ;th  global  natural 

frequency  coj  is  then  approximately  dcOj  ~0.02(Oj.  This  amoimt  of 
variability  has  been  chosen  to  demonstrate  the  effects  of  variability  in 
system  properties  and  to  show  the  transition  from  low  to  Wgh 
frequency  behaviour. 
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The  discrete  frequency  responses  of  20  members  of  the  sample 
are  shown  in  Figure  4(a).  At  low  frequencies  the  responses  of  all 
members  are  almost  the  same;  this  is  the  low  frequency  region  where  a 
deterministic  analysis  of  the  baseline  system  provides  acceptably 
accurate  estimates  of  the  responses  of  all  possible  systems.  At  higher 
frequencies  the  dynamic  variability  increases  substantially.  However, 
there  are  still  broad  trends  in  the  response  at  higher  frequencies.  Figure 
4(b)  shows  third  octave  averages.  If  frequency  averages  are  taken  the 
variability  persists,  but  is  substantially  reduced.  The  variability  at  low 
frequencies  can  be  attributed  primarily  to  the  fact  that  very  few  modes 
lie  in  each  band,  at  moderate  frequencies  also  to  dynamic  variability, 
but  at  higher  frequencies  is  very  much  less  than  for  discrete  frequency 
response  because  there  are  many  modes  in  each  third  octave  band. 

An  "acoustic  limit"  or  "uncertainty  horizon"  can  be  identified  as 
the  frequency  above  which  the  typical  uncertainty  in  a  specific  natural 
frequency  (say,  plus  or  minus  one  standard  deviation)  becomes  equal 
to  the  average  modal  spacing.  For  this  system,  this  occurs  at  around 
the  25th  natural  frequency.  Here,  for  example,  the  25th  natural 
frequency  of  one  member  system  may  occur  at  a  higher  frequency  than 
the  26th  natural  frequency  of  another  member  of  the  ensemble. 


Figure  4.  Responses  of  20  different  realisations  of  the  system: 

(a)  discrete  frequency;  (b)  third  octave  averages;  -  -  -  SEA  predictions. 
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Figure  5.  Ensemble  statistics:  (a)  discrete  frequency:  mean,  10th 
and  90th  percentiles;  (b)  third  octave  averages:  mean,  minimum 
and  maximum;  —  SEA  predictions. 


Beyond  the  acoustic  limit  the  amoimt  of  variability  in  the  ensemble  is 
large  enough  (in  a  dynamic  sense)  for  there  to  be  no  real  value  in 
making  deternunistic  predictions. 

Figure  5  shows  estimates  of  various  response  statistics  obtained 
using  the  LMP  method.  The  LMP  estimates  agree  very  closely  with 
those  based  on  200  full  global  modal  analyses  (not  shown)  but  are 
obtained  for  very  little  cost.  The  mean  and  quartiles  in  particular  show 
very  close  agreement.  The  main  differences  arise  in  estimating  the 
'tails'  of  the  distribution  of  discrete  frequency  responses,  for  example 
their  minimum  and  maximum  values.  This  is  due  to  the  difficulty  in 
capturing  the  outlying  resonant  and  antiresonant  responses  equally 
with  a  sample  of  only  moderate  size  (200  members),  since  these 
responses  occur  rarely.  The  variability  in  discrete  frequency  response 
increases  with  increasing  frequency  because  the  dynamics  become 
increasingly  sensitive  to  uncertainty  in  the  system's  parameters,  the 
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modal  overlap  being  fairly  small.  At  higher  frequencies  the  resonant 
frequencies  of  individual  systems  become  more  spread  out,  so  that  the 
ensemble  statistics  as  a  whole  do  not  show  distinct  resonant  peaks, 
even  though  every  single  ensemble  member  does  so. 

Figure  5(b)  shows  some  statistics  for  third  octave  averages.  The 
absence  of  resonant-like  behaviour  in  the  ensemble  statistics  at  higher 
frequencies  can  be  attributed  also  to  the  fact  that  each  third  octave  now 
contains  a  significant  number  of  modes.  However,  there  is  still  a 
significant  spread  of  responses  and  noticeable  differences  between  SEA 
predictions  and  the  mean  third  octave  response. 

4.  CONCLUDING  REMARKS 

Different  analysis  methods  are  appropriate  in  different  frequency 
regimes  because  of  uncertainties  in  the  properties  of  the  system.  In  the 
mid-frequency  range  a  stochastic  method  is  required.  The  LMP 
approach  described  in  this  paper  provides  estimates  of  ensemble 
response  statistics  at  very  little  cost  above  that  of  the  analysis  of  the 
baseline  system.  While  some  variability  in  the  properties  of  the  system 
is  assumed,  the  variability  is  not  as  large  as  that  assumed  in  a  high 
frequency,  statistical  method  such  as  SEA:  some  of  the  broader  features 
of  the  systems'  responses  are  retained.  The  method  is  particularly 
appropriate  if  all  subsystems  have  small  or  moderate  variability. 
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ABSTRACT 

Most  analytical  and  numerical  investigations  on  the  transverse  vibration  of 
beams  with  large  displacements,  and  subjected  to  transverse  harmonic  forces, 
only  find  odd  harmonics  in  the  response.  However,  experimental  research 
indicates  that  the  second  harmonic  is  also  excited  and  in  this  paper  an 
explanation  for  its  excitation  is  sought.  Two  possibilities  are  explored.  The 
first  is  to  consider  the  longitudinal  inertia,  usually  neglected,  and,  therefore, 
quadratic  and  cubic  non-linearities  will  coexist  in  the  equations  of  motion.  The 
second,  is  to  add  small  perturbations,  characteristic  of  experimental  work,  to 
the  harmonic  excitation  and  analyse  the  ensuing  vibration. 

1.  INTRODUCTION 

As  the  amplitude  of  vibration  displacement  of  a  beam  with  fixed  ends 
increases,  the  stiffness  increases  due  to  the  effect  of  the  longitudinal  forces 
and  the  beam  vibrates  in  the  non-linear  regime.  Multi-frequency  response  to 
harmonic  excitation,  variation  of  the  natural  frequency  and  of  the  normal 
mode  with  the  vibration  amplitude  are  well-known  consequences  of 
geometrical  non-linearity  [1-8]. 

The  geometrical  non-linear  vibration  of  thin  beams  has  been  widely 
studied.  In  reference  [2]  large  vibration  amplitudes  of  beams  clamped  at  both 
ends  (cc)  were  investigated  by  applying  Hamilton’s  principle.  Harmonic 
motion  was  assumed  and  the  displacement  was  expanded  in  the  form  of  a 
finite  series.  In  reference  [3]  the  non-linear  vibration  of  beams  was  studied 
using  the  finite  element  method  (FEM),  and  1:3  internal  resonances  were 
found.  In  reference  [4]  the  hierarchical  finite  element  method  (HFEM)  was 
applied,  and  it  was  demonstrated  that  this  method  requires  far  fewer  degrees  of 
freedom  than  the  /i-version  of  the  FEM,  a  major  advantage  in  non-linear 
analysis.  1:3  and  1:5  internal  resonances  were  detected  in  cc  and  simply 
supported  (ss)  beams.  Only  odd  harmonics  are  present  in  the  response  in 
references  [2-4],  and  many  other  references  where  the  same  occurs  could  be 
added  to  this  list. 

In  reference  [5]  the  FEM  and  a  time  domain  numerical  integration  scheme 
were  used,  and  it  was  found  that  the  vibration  of  ss  and  cc  beams  in  their  first 
non-linear  mode  can  be  defined  by  an  expansion  of  its  odd,  symmetric,  linear 
modes.  The  longitudinal  inertia  was  neglected  in  works  [2-5];  consequently,  the 
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equations  of  motion  constitute  a  system  of  Duffing’s  equations  (i.e.,  with  a  cubic 
non-linearity). 

References  [2-5]  lead  one  to  conclude  that  the  geometrical  non-linear 
vibration  of  cc  and  ss  beams  only  includes  odd  harmonics,  and  that  in  the 
neighbourhood  of  the  first  non-linear  mode,  the  shape  of  vibration  is  symmetric. 
However,  in  an  experimental  investigation  of  the  geometrical  non-lincar 
vibration  of  a  beam  clamped  at  both  ends  [1],  it  was  found  that  the  second 
harmonic  is  also  excited.  Moreover,  the  response  of  the  beam  to  a  transverse 
harmonic  force  applied  in  the  middle  of  its  span  was  influenced  by  higher 
order  even,  thus  antisymmetric,  modes  of  vibration.  A  numerical  investigation 
including  the  second  harmonic  was  carried  out,  only  to  find  out  that  its 
amplitude  is  zero.  Again,  equations  of  the  Duffing  type  were  used. 

In  this  work,  an  explanation  for  the  presence  of  even  hannonics  in  the 
geometrical  non-linear  vibrations  of  beams  is  sought.  When  the  excitation  is 
purely  harmonic,  the  second  harmonic  is  not  present  in  the  solution  of  Duffing’s 
equation  [6].  This  suggests  two  possibilities  to  explore.  The  first  one,  is  to 
consider  the  in-plane  or  longitudinal  inertia,  which  is  usually  neglected.  In  this 
way,  equations  of  motion  with  quadratic  and  cubic  non-linearities  are  obtained. 
The  second,  is  to  consider  excitations  not  purely  harmonic.  In  fact,  due  to  the 
characteristics  of  experimental  work,  a  small  constant,  offset,  force  and/or  a 
longitudinal  excitation  may  be  attached  to  the  harmonic  force. 

2.  BEAM  EQUATIONS  OF  MOTION 

The  principle  of  virtual  work,  d’Alembert’s  principle,  and  the  HFEM  are 
applied  to  derive  the  equations  of  motion  in  the  time  domain.  The  HBM  is 
used  to  map  these  equations  into  the  frequency  domain  [4]. 

A  beam,  its  local  and  global  co-ordinate  systems  are  shown  in  Figure  1. 
Only  vibrations  of  the  beam  in  the  plane  x-z  are  analysed.  ^  is  a  non- 
dimensional  element,  or  local,  co-ordinate;  x,  y  and  z  are  global  co-ordinates. 
The  full  beam  is  modelled  with  only  one  element,  therefore  the  relation  between 

and  X  is  given  by: 


Elastic  and  isotropic  beams  with  uniform  thickness  are  investigated.  Low 
order  modes  are  analysed,  and  thus  transverse  shear  deformations  and  rotatory 
inertia  are  neglected.  The  transverse  displacement,  w,  is  large  when  compared 
with  the  beam  thickness  -  leading  to  geometrical  non-linearity  -  but  is  very 
small  compared  with  the  length,  L,  of  the  beam.  Hence,  the  beam  analogue  of 
von  Karman’s  plate  theory  [7]  can  be  applied,  i.e.,  the  in-plane,  or 
longitudinal,  displacement,  u,  and  the  transverse  displacement  m’  are  given  by 
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w(x,z,/)  =  and  w(x,z,/)=  vi^^(x,r), 


(2) 


In  this  equation  the  superscript  ^  denotes  the  middle  plane  and  the  derivative 
with  relation  to  x. 

The  strain-displacement  relationship  is: 


-zw , 


(3) 


where  is  the  linear  in-plane  strain,  1/2  is  the  non-linear  in-plane  strain 
and  is  the  curvature  of  the  beam.  The  vector  {d},  formed  by  the 
displacement  components  and  mP,  is  expressed  as  a  function  of  the  in-plane, 
J ,  and  out-of-plane,  J ,  hierarchical  shape  functions: 


{d}= 


0  1 

0 


(4) 


where  {qp}  and  {g^^}  are,  respectively,  the  vectors  of  generalised  in-plane  (or 
longitudinal)  and  transverse  nodal  displacements.  The  set  of  shape  functions 
used  is  given  in  [4].  Neglecting,  for  the  moment,  the  work  of  the  damping 
forces,  the  principle  of  virtual  work  can  be  written  as: 

dW„+dW,+dlV^^=0,  (5) 


where  dWy  and  bWex  are,  respectively,  the  work  done  by  the  inertia, 
internal  elastic  forces  and  external  forces. 

The  virtual  work  of  the  inertia  forces  -  defined  following  d’Alembert's 
principle  -  is  given  by: 

8^,  {5^}''  {^}c/Z  =  -{8^}''[M]j^j , 


where  p  is  the  mass  per  unit  volume,  b  is  the  width  of  the  beam,  {g}  is  the 

vector  of  generalised  displacements  and  |^|  is  the  vector  of  generalised 

accelerations.  The  mass  matrix  [M],  formed  by  the  in-plane  [Mp]  and  bending 
[Mb]  mass  matrices  [8]. 

The  variation  5  IT j/  is  the  symmetric  of  the  variation  of  the  elastic  potential 
energy,  and  may  be  expressed  as 
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where  [A^i]  is  the  linear  stiffness  matrix  formed  by  the  in-plane,  and 

bending,  [K\b],  linear  stiffness  matrices;  the  non-linear  stiffness  matrices  [Ko] 
and  [Aa]  are  linear  functions  of  the  generalised  transverse  displacements,  and 
[Ka]  is  a  quadratic  function  of  those  displacements. 

If  Poi{t)  represents  a  concentrated  transverse  force  acting  at  the  point  x=a}, 
a  transverse  distributed  force,  a  concentrated  longitudinal  force 

acting  at  the  point  andP^,y(x,/)  a  longitudinal  distributed  force,  the  virtual 
work  of  the  external  forces  is  given  by 

=  J  K/  )+  ^0,/  (x,  /  Vl 

+  =  +(5^7;,)'  KO)!- 

where  {^,,(/)}  and  {p^{l)  are  the  vectors  of  generalised  external  forces  applied 
in,  respectively,  the  transverse  and  longitudinal  directions  and  8(x-x^)  is  a 
spatial  Dirac  delta  function. 

Damping  will  be  assumed  to  be  mass  proportional  and  hysteretic.  It 
depends  on  the  damping  factor  p,  which  is  given  by 

P  =  X  a ,  (^) 

where  co^i  is  the  fundamental  linear  frequency  and  a  the  loss  factor. 

Inserting  equations  (6),  (7)  and  (8)  in  equation  (5),  and  adding  mass 
proportional  hysteretic  damping,  the  following  two  coupled  systems  of 
equations  of  motion  are  obtained: 

l*/.!{9.)  +  i[«.l{9.)  +  fc.]+[X,]){,.)  +  fcfe„j.  S.!.  (!•) 

CO 

Because  the  longitudinal  inertia  was  not  neglected,  the  equations  of  motion 
have  quadratic  -  and  -and  cubic  -  -  non-linearities. 

Periodic  response  is  of  the  form: 

X  {M'c;}cos(/(ti/)+{M',,}sin(/o)/),  (^2) 

.=0,.,2 

where  k  is  the  number  of  harmonics  used.  Equation  (12)  is  inserted  into  the 
equations  of  motion  (10)  and  (11)  and  the  HBM  is  employed  in  order  to  derive 
the  equations  of  motion  of  in  the  frequency  domain.  These  are  of  the  form: 


{F}  =(-ffl'[M]  +  [C]  +  [Fi]  +  [™({w})]){w}-{P}  =  {0},  (13) 

where  [M]  represents  the  mass  matrix,  [C]  the  damping  matrix,  [KL\  the  linear 
stiffness  matrix  and  the  non-linear  stiffness  matrix.  The  equations 

of  motion  (13)  are  solved  by  a  continuation  method  [3-4],  The  total  number  of 
degrees  of  freedom  of  the  model  is  n={2k-^\)po+{2k-^\)pi,  where  po  and  pi  are, 
respectively,  the  numbers  of  out-of-plane  and  in-plane  shape  functions  used. 

3.  STABILITY  STUDY 

Since  only  the  stable  solutions  are  physically  meaningful,  the  stability  of  the 
steady-state  solutions  should  be  investigated.  To  carry  out  this  study,  a  small 
disturbance  is  added  to  the  solutions 


and  the  evolution  of  is  analysed.  If  it  increases  with  time,  then 

the  solution  is  unstable  [6]. 

Inserting  the  disturbed  solution  (14)  into  equations  (10)  and  (11),  expanding 
the  non-linear  terms  by  means  of  Taylor  series  around  and  and 
ignoring  terms  of  order  higher  than  8{g^  and  8{g,J,  the  following  coupled 
systems  of  equations  are  obtained: 

K]5fe.}  +  ^[«.l5fe.)+Kl6b.)  +  %(ysfe.)  (15) 

It  is  quite  complex  to  obtain  the  evolution  of  from  the  system  of 

equations  (15)  and  (16)  and  a  simplification  will  be  suggested.  Because  the 
transverse  displacements  are  more  important  than  the  longitudinal,  only  the 
system  of  equations  (16)  is  considered.  Also,  since  the  variation  is  of  a 
lower  order  than  8{^„,},  the  term  is  neglected. 

Consequently,  the  approach  proposed  in  the  following  paragraphs  should  be 
used  with  caution  when  the  vibration  displacements  are  large.  With  these 
assumptions  equation  (16)  results  in: 
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(17) 


.^™5{,„)=W 

Matrices  9([^4]{i7„  })/3{9., }  and  5([^3]{i?  }  are  periodic  functions  of 

time  and  can  be  expanded  in  a  Fourier  series.  If  }  is  of  the  form  (17)  with 
k=3,  then  we  have  the  following  expansions: 

+  [ph\  \  cos((oO+  {phi]  sin(coO  +  \ph:^  cos(2m/)  (]  g) 

5k.,.  1 

+  [phn]  sin(2fo0]  +  \phf]  cos(3a)/)+  \ph(^  sin(3(t)0. 

5([-^JK,1)  +  \ph\\  cos((oO+  \ph2]  sin(coO]  +  [p^.vsl  (19) 

5k„.} 

cos(2(o/)+[pA:34]  sin(2o3/)  +  \phi\  cos(3co?)+  \ph(]  sin(3o)/), 

where  \phi\  and  \phi\  are  Fourier  coefficients. 

Multiplying  equations  (17)  by  the  transpose  of  the  modal  matrix  [5]  and 
using  modal  co-ordinates  {^},  one  arrives  at: 

{8^}  +  ^[/]{8t)  +  [ffl]  ]{8^}  -h[5]'  ([pM  +  i\phi]  +  \phx\)  cos((or) 

+  {\pkAi]  +  \pkn\)  sin(coO  +  (^^43]  +  Iph^])  cos(2a)0  +  ([ptu]  + 

\phA\)  sin(2ffl/)  -t  {[phi]  +  [p^ss])  cos(3co0  +  {Iphf^  +  [p/c36]) 
sin(3®/))  [B]{8^}  =  {0} 

where  j  is  the  diagonal  matrix  of  linear  natural  frequencies. 

The  solution  of  (20)  is  of  the  form: 

{8^}  =  e"'f^{Z),}cos(;cot)-F  ^{a,}sin(icot)l  (21) 

V  /=0  /=!  J 

Inserting  (21)  into  (20)  and  applying  the  HBM  results  in  an  eigenvalue 
problem  which  defines  the  characteristic  exponents  X.  If  the  real  part  of  any 
X  is  positive,  then  the  solution  is  unstable. 
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4.  NUMERICAL  RESULTS  AND  DISCUSSION 

The  geometrical  non-linear  vibrations  of  aluminium  beams  clamped  at  both 
ends  are  analysed.  Their  Young  modulus  is  £=7xl0'^  N/m"  and  the  mass 
density  is  p=2778  Kg/m\  All  the  beams  have  the  same  width  and  length, 
which  are,  respectively,  />=20  mm  and  Z=580  mm.  Following  the  convergence 
studies  carried  out  in  reference  [8],  four  out-of-plane  and  eight  in-plane  shape 
functions  will  be  used.  These  are  enough  to  investigate  the  first  two  modes  of 
vibration  and  give  a  reasonable  approximation  for  the  third  and  fourth  modes. 
The  model  has  84  degrees  of  freedom. 

The  longitudinal  inertia  is  more  important  when  the  thickness  of  the  beam 
is  larger.  Therefore,  beams  with  the  following  different  thicknesses  will  be 
investigated:  /z,=2  mm  (Beam  1),  /22=20  mm  (Beam  2)  and  /?^,=50  mm  (Beam 
3).  Beam  3  is  quite  thick  and  is  studied  here  in  order  to  ascertain  the  effect  of 
longitudinal  inertia;  however,  a  correct  analysis  of  Beam  3  might  require  the 
use  of  Timoshenko’s  beam  theory.  The  first  linear  natural  frequencies,  of 
these  beams  are  respectively  192.755  rad/s,  1927.55  rad/s  and  4818.87  rad/s. 
With  Po=^,  the  relation  between  0^2  and  co^i  is  co^2/co^i=2.757  and  the  relation 
between  00^3  and  0^.1  is  co^^/co^-, =5.704. 

Applying  purely  harmonic  forces,  transversely  and  concentrated  in  the 
middle  of  the  beams,  Figure  2,  which  represents  the  amplitude  of  the  first 
harmonic,  was  obtained.  The  amplitudes  of  those  forces  are  0.05  N,  150  N  and 
10'’  N,  in  Beams  1,  2  and  3,  respectively. 

Regardless  off  the  thickness  of  the  beams,  only  the  first  and  the  third 
harmonics  are  present  in  the  response.  As  an  example,  Figures  3  and  4 
represent  the  deformations  of  Beam  2  associated  with  these  harmonics.  Both 
harmonics  have  symmetric  shapes  and  the  influence  of  the  longitudinal  inertia 
is  negligible.  The  same  occurs  in  Beams  1  and  3.  Because  the  frequency  is  not 
a  parameter  in  the  continuation  method,  results  are  not  always  compared  at 
exactly  the  same  frequencies. 

Although  it  is  not  shown  here  for  the  sake  of  conciseness,  the  first  and  the 
third  harmonics  are  also  the  only  harmonics  present  in  the  response  when  the 
beams  are  excited  by  transverse  harmonic  forces  at  a  quarter  of  their  length 
(position  defined  by  x-L/4). 

In  a  second  analysis,  a  transverse  excitation  with  a  constant  term  of  30  N 
and  a  harmonic  term  with  amplitude  equal  to  300  N,  referred  to  as  ‘constant 
plus  harmonic  excitation’,  was  applied  in  the  middle  of  Beam  2.  The  variation 
of  the  amplitude  of  the  first  harmonic  with  the  frequency  of  excitation  is 
displayed  in  Figure  5.  The  constant  term  and  the  first  three  harmonics  were 
excited.  The  shapes  at  three  different  frequencies  of  vibration  are  shown  in 
Figure  6,  where  it  is  visible  that  the  longitudinal  inertia  has  a  negligible  effect. 
The  constant  term  and  the  first  harmonic,  have  a  shape  similar  to  the  first  linear 
mode.  The  second  harmonic  has  a  shape  that  is  initially  similar  to  the  first  linear 
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mode,  but  afterwards  it  is  also  influenced  by  the  third  linear  mode.  1  he  third 
hannonic  is  determined  by  both  the  first  and  third  modes.  All  the  harmonics 
have  a  symmetric  shape. 

Finally,  an  excitation  with  transverse  and  longitudinal  components,  both 
harmonic,  was  applied  in  the  middle  of  Beam  2.  The  relation  between  F2  and 
Fy  is  this  occurs  in  an  experimental  analysis  if  the  direction  of 

excitation  has  a  small  misalignment  (6°)  with  relation  to  the  transverse 
direction.  Figures  7-10  represent  the  deformations  of  the  constant  term,  the 
first,  second  and  third  harmonics.  The  influence  of  the  longitudinal  inertia  is 
negligible  in  the  calculation  of  the  first  harmonic.  There  is  an  expected 
constant  deformation,  but  the  second  harmonic  is  also  excited.  Both  the 
constant  term,  the  second  harmonic  and,  for  larger  amplitudes,  the  third 
harmonic  have  different  values  if  the  longitudinal  inertia  is  and  is  not 
considered.  In  the  Figures  shown,  the  constant  term  and  the  second  harmonic 
have  a  shape  similar  to  the  second  mode  shape  and  at  some  frequencies  of 
vibration  a  shape  similar  to  the  fourth  mode  shape  was  encountered.  Thus, 
with  this  type  of  external  force,  antisymetric  modes  are  excited.  The  excitation 
of  the  second  mode  occurred  after  w/o)f,i=1.38,  indicating  that  its  excitation 
occurs  because  the  frequency  of  the  second  harmonic  is  close  to  the  second 

natural  frequency  ((co^2/f^^i)/2==2. 757/2-1. 38). 

In  Figure  1 1,  a  result  of  a  stability  study  is  displayed,  and  one  can  see  that  for 
moderate  amplitudes  of  vibration  (around  half  the  thickness  of  the  beam)  the 
simplified  approach  proposed  in  section  3  gives  plausible  results.  However,  this 
is  not  true  for  larger  vibration  amplitudes. 

For  larger  amplitudes  of  vibration,  information  from  the  approach  proposed 
in  section  3  and  from  the  signal  of  the  Jacobian  matrix  determinant,  as  in  [4], 
can  be  used  to  carry  out  an  accurate  stability  study.  This  method  was  applied  to 
obtain  Figure  12.  The  unstable  solutions  on  the  upper  part  of  the  curve  arc 
instabilities  of  second  order  [6]:  they  occur  on  the  neighbourhood  of  /2  and 
the  characteristic  exponents  are  complex  conjugates  with  a  positive  real  part. 

5.  CONCLUSION 

It  was  demonstrated  that  when  the  excitation  is  transverse  and  harmonic,  only 
odd  harmonics  occur  in  the  geometrical  non-linear  response  of  Bernoulli-Eulcr 
beams.  This  happens  even  when  considering  the  longitudinal  inertia  of  quite 
thick  beams.  On  the  other  hand,  if  the  excitation  is  a  transverse  harmonic  and 
with  a  small  constant  term,  an  expected  constant  term  and  the  second 
harmonic  are  present  in  the  response.  In  both  of  the  fonner  cases,  the 
longitudinal  inertia  can  be  neglected.  Consequently,  the  longitudinal 
displacements  can  be  obtained  from  equation  (10)  and  the  system  of  equations 
(11)  results  in  a  system  of  equations  of  the  Duffing  type. 
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When  the  excitation  has  a  transverse  and  a  small  longitudinal  term  the 
response  includes  a  constant  term  (or  constant  deformation),  odd  and  even 
harmonics.  With  an  excitation  frequency  close  to  the  first  natural  frequency,  the 
constant  term  and  the  even  harmonics  have  an  antisymetric  shape,  whilst  the  odd 
harmonics’  shape  is  symmetric.  When  the  excitation  has  a  transverse  and  a 
longitudinal  term,  and  if  accurate  solutions  are  needed,  the  longitudinal  inertia 
should  not  be  neglected  and  thus  the  equations  of  motion  have  quadratic  and 
cubic  non-linearities. 

One  possible  explanation  for  the  appearance  of  even  harmonics  in 
experimental  analyses  was  hence  found:  not  purely  transverse  or  not  purely 
harmonic  excitations. 

A  simplified  study  of  the  stability,  where  both  the  longitudinal  and  the 
transverse  displacements  are  considered,  was  proposed.  It  gives  accurate 
results  for  moderate  non-linearities,  namely  for  vibration  displacements  of  the 
order  of  half  the  beam’s  thickness. 
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Figure  1.  Beam,  local  and  global  co-ordinate  systems 
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Figure  2.  Response  to  transverse  harmonic  excitation  at  x=0,  with  (+) 
and  without  (o)  in-plane  inertia. 


Figure  3.  First,  a),  and  third,  b),  harmonics  of  Beam  2,  at  co/co^, =1.0014, 
co/o3;j=1.5155  and  co/ cO/, =2.0310,  without  in-plane  inertia.  Harm,  excitation. 


Figure  4.  First,  a),  and  third,  b),  harmonics  of  Beam  2  at  00/00^1= 1.00 14, 


Ciyco,.i= 1.5040,  co/co,.i=2.0247,  with  in-plane  inertia.  Harmonic  excitation. 
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Figure  5.  Response  to  harmonic  plus  constant  excitation,  at  x=0,  Beam  2, 
with  (+)  and  without  (o)  in-plane  inertia. 


c)  Second  harmonic  d)  Third  harmonic 

Figure  6.  Harmonic  coefficients'  of  Beam  2  in  the  following  orders: 

a)  and  c)  w/ cOj=1.0016,  co/co, =2. 0194,  co/ co, =1.5046 

b)  and  d)  co/Wi=l-00f 6,  oo/ co, =1.5046,  co/co, =2.0194 

with  (++)  and  without  (-)  in-plane  inertia,  constant  plus  harm,  excitation. 


a)  co/cO|=l  .6563  with  (++)  and  without  b)  with  to/coi=l  .6875  (++)  and  without 

C0/C0i=1.6562  (-)  in-plane  inertia  co/co i=l. 6876  (-)  in-planc  inertia 

Figure  7.  Constant  term  of  Beam  2,  transverse  and  longitudinal 
harmonic  excitation. 
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c)  with  co/cO;.i=1.8128  (+)  and  without  O)/ co^^=1.8212  (-)  in-plane  inertia 


Figure  8.  First  harmonic  at  co/ C0;ri=1.6563,  a)/o);^=1.6875,  co/ca^^=1.8212. 
Beam  2  with  (++)  and  without  (-)  in-plane  inertia,  harmonic  transverse 
and  longitudinal  excitation. 


Figure  9.  Second  harmonic,  Beam  2  with  (++)  and  without  (-)  in-plane 
inertia,  transverse  and  longitudinal  harmonic  excitation. 
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Figure  9  c).  As  in  Figure  9,  but  oVcO/i  =1.8212. 


Figure  10.  Third  harmonic  0)/  C0;r^=1.6563,  co/ (jL)jr^=1.6875,  co/  co^j  =1.8212,  Beam 


Figure  11.  Stable  (+)  and  unstable  Figure  12.  Stable  (+)  and  unstable 
(o)  solutions.  (o)  solutions. 
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ABSTRACT 

The  geometrical  non-linear  vibration  of  an  aluminium  beam  clamped  at  both 
ends,  is  experimentally  investigated  with  the  goal  of  verifying  the  occurrence  of 
internal  resonances.  The  beam  is  excited  transversely  with  a  harmonic  excitation 
and  the  deflection  of  the  first  and  higher  harmonics  analysed  in  order  to  detect 
the  mode  shapes  involved.  1:3  and  1:5  internal  resonances  between  the  first  and 
higher  order  modes  and  between  the  second  and  higher  order  modes  are  found. 

1.  INTRODUCTION 

The  non-linear  mode  shape  of  a  beam  vibrating  with  large  displacements  and 
clamped  at  both  ends  changes  with  the  amplitude  of  vibration  because  of  two 
main  reasons.  The  first  is  the  fact  that  the  longitudinal  forces  stiffen  the  beam, 
causing  a  smooth  variation  of  the  mode  shape.  Several  authors  have 
demonstrated  this,  both  theoretically  and  experimentally  [1-4].  The  second 
reason  is  modal  coupling.  The  response  of  a  non-linear  beam  excited  at  a 
certain  frequency  involves  the  frequency  of  excitation  and  some  of  its 
harmonics.  Because  the  natural  frequencies  change  with  the  vibration 
amplitude,  they  can  become  commensurate  (i.e.,  related  by  /WjC0,+m2CO2+  ...  + 
/w„(o„=0,  where  are  integers)  and  energy  can  be  interchanged  between 
different  modes  of  vibration.  If  this  phenomenon,  known  as  internal 
resonance,  occurs,  then  the  vibration  is  defined  by  the  coupled  modes  and  the 
non-linear  mode  shape  changes  considerably  along  the  period  of  vibration. 

Internal  resonances  between  the  first  mode  and  higher  order  modes  have 
been  detected  in  numerical  and  analytical  analyses  of  the  geometrical  non¬ 
linear  vibration  of  beams  [1,  5,  6].  The  multi-modal  vibrations  and  strong 
variation  of  the  mode  shape  during  the  period  of  vibration,  which  result  from 
internal  resonance,  were  also  clearly  demonstrated  by  analytical  and  numerical 
methods  [1]. 

In  this  work,  the  geometrical  non-linear  vibration  of  an  aluminium  beam 
clamped  at  both  ends  is  investigated,  with  the  goal  of  experimentally  verifying 
the  occurrence  of  internal  resonances. 
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2.  MEASUREMENTS  AND  ANALYSIS 
2.1  Experimental  details 

Experimental  work  was  carried  out  on  a  slender  beam  of  dimensions 
585x30x3  mm,  made  of  an  aluminium  alloy.  This  beam  was  clamped  at  its 
ends  in  two  steel  blocks,  which  were  screwed  to  a  heavy  steel  table.  An 
electromagnetic  exciter  was  attached  to  the  beam  by  means  of  a  drive  rod 
and  of  a  force  transducer.  The  signal  sent  to  the  shaker  was  generated  by  the 
analyser  and  amplified  by  a  power  amplifier.  Figure  1  represents  the 
experimental  set-up. 

A  slow  frequency  sweep  was  performed  to  identify  the  non-linear 
phenomena  of  interest.  In  order  to  avoid  transients,  some  time  was  given 
before  collecting  data  after  each  increment  in  frequency.  The  beam  was 
divided  into  seventeen  points  (Figure  2).  However,  due  to  the  symmetry  of 
the  system,  most  often  measurements  were  only  taken  along  half  span  (points 
1  to  9). 

The  resonance  frequencies  change  with  the  amplitude  of  vibration,  and 
sub-harmonic  and  super-harmonic  resonances  may  be  important.  Therefore, 
it  may  be  misleading  to  try  to  detect  which  modes  are  involved  in  the 
response  with  a  basis  on  the  power  spectra  alone.  By  measuring  the  shapes 
associated  with  each  harmonic,  the  modes  involved  in  the  response  were 
detected  with  more  certainty. 


\ 


Figure  1 .  Experimental  set-up. 


Excitation  point 


Accelerometer 


Figure  2.  Measurement  points. 
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The  accelerometer  mass  is  4.8  g  and  the  force  transducer’s  is  30  g  (part  of  its 
weight  is  supported  by  the  shaker  though).  Since  the  weight  of  the  portion  of 
the  beam  between  clamps  is  147.6  g,  the  mass  of  the  transducers  has  a 
meaningful  influence  on  the  results.  This  is  reflected  on  the  different 
estimations  obtained  for  the  natural  frequencies  using  a  hammer  -  therefore 
without  a  force  transducer  connected  to  the  beam  -  and  using  the 
electromagnetic  exciter  (Table  1).  The  position  of  the  transducers  also 
influenced  the  natural  frequencies,  and  thus  the  ones  tabulated  are  average 
ones. 


Table  1.  Natural  Frequencies  (Hz). 


Natural  Frequency 
(rad/s) 

Hammer 

Electromagnetic 

exciter 

(0,1 

47 

39.5 

126 

118 

245 

232.5 

(0,4 

366.9 

The  first  four  linear  modes  and  the  seventeen  points  where  the 
accelerometer  was  fixed  are  represented  in  Figure  3. 


Figure  3.  First  four  linear  mode  shapes 

2.2  Modal  coupling  between  the  first  and  higher  order  modes 

In  order  to  detect  modal  coupling  between  the  first  and  higher  order  modes, 
the  beam  was  excited  transversely  at  its  mid  span  with  sine  excitations.  Three 
excitation  amplitudes  were  applied:  0.25,  0.5  and  0.8  N. 
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These  values  should  be  considered  as  approximated  ones,  because  there  was 
no  closed-loop  system  to  absolutely  guarantee  that  the  force  applied  by  the 
shaker  was  constant  during  the  frequency  sweep  and  because  of  the  force 
transducer’s  inertia. 

Figures  4-6  represent  the  displacement  amplitudes  of  the  first,  third  and 
fifth  harmonics  of  the  response,  when  the  excitation  amplitude  is  respectively 
0.25,  0.5  and  0.8  Newton.  The  displacements  are  shown  at  point  9,  which  is 
located  at  the  middle  of  the  beam,  and  at  point  5,  where  the  amplitudes  of  the 
second  and  third  mode  shapes  are  large  (Figure  3).  h  represents  the  thickness 


of  the  beam. 
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a)  First  harmonic  amplitude. 
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b)  Third  harmonic. 
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c)  Fifth  harmonic 

Figure  4.  First  three  harmonic’s  amplitude,  excitation  amplitude  F=  0.25  N. 
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Analytical  and  numerical  analyses  of  geometrical  non-linear  beam 
vibration,  under  the  action  of  a  transverse  harmonic  force,  only  predict  odd 
harmonics  in  the  response,  and  we  will  concentrate  on  these  ones.  However,  it 
should  be  pointed  out  that  there  are  actually  some  even  harmonics  in  the 
response.  Probably,  this  occurs  because  it  is  very  difficult  to  apply  a  force  that 
is  purely  harmonic  and  apply  it  exactly  in  the  transverse  direction.  Small 
deviations  from  an  exact  harmonic  and  transverse  excitation  cause  the 
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Figure  5.  First  three  harmonic’s,  F=0.5  N. 
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b)  Third  harmonic. 
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Figure  6.  First  three  harmonic’s,  F^O.8  N. 


The  first  harmonic  increases  slightly  with  the  force  amplitude.  On  the  other 
hand  the  third  and  fifth  harmonics  increase  very  much.  The  “bending”  of  the 
curve,  a  characteristic  of  non-linearity,  is  particularly  visible  in  Figure  6a.  Due 
to  hard  spring  effect,  this  bending  occurs  towards  the  right. 

In  Figure  7a  the  shapes  assumed  by  the  first  and  third  harmonics,  when  the 
excitation  frequency  is  equal  to  38.5  Hz  and  the  excitation  amplitude  is  0.25 
N,  are  shown.  Since  the  modes  are  symmetric  or  antisymmetric,  only  one  half 
of  the  beam  is  displayed.  The  first  harmonic’s  shape  is  similar  to  the  first 
linear  mode  shape  and  the  third  harmonic’s  shape  seems  to  be  defined  by  the 
second  mode  and  by  the  first  one. 
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Figure  7b  displays  the  shape  of  the  same  harmonics,  when  the  excitation 
frequency  is  equal  to  40  Hz  and  the  excitation  amplitude  is  0.8  N.  The  first 
harmonic’s  shape  is  similar  to  the  first  linear  mode  shape.  The  third 
harmonic’s  shape  is  defined  by  the  second  mode  (the  maximum  amplitude  of 
vibration  occurs  at  point  five)  and  by  the  first  one,  but  the  importance  of  the 
second  mode  is  much  greater  now  than  in  Figure  7a. 

When  the  excitation  frequency  is  38.5  Hz  (Figure  7a)  and  40  Hz  (Figure 
7b),  the  third  harmonic  occurs  at,  respectively,  118.5  Hz  and  120  Hz,  i.e., 
close  to  the  second  linear  frequency.  Due  to  this  and  to  the  coupling  caused  by 
the  non-linearity,  the  second  mode  of  vibration  is  excited  by  the  first.  Since  the 
non-linearity  increases  with  the  amplitude  of  excitation,  the  second  mode  is 
more  excited  in  the  second  case. 


a)  First  harmonic.  b)  Third  harmonic. 

Figure  7a.  Shapes  of  the  first  and  third  harmonics.  Excitation  amplitude  F==0.25  N 
and  excitation  frequency  00=38.5  Hz 


a)  First  harmonic.  b)  Third  harmonic. 

Figure  7b.  Shapes  of  the  first  and  third  harmonics.  F=0.8  N,  co=40  Hz. 

In  Figure  8  the  shapes  assumed  by  the  first  harmonic  at  39.5  Hz  and  by  the 
fifth  harmonic  at  197.5  HZ,  when  the  excitation  amplitude  is  0.8  N  are  shown. 
The  first  harmonic’s  shape  is  similar  to  the  first  linear  mode  shape.  The  fifth 
harmonic’s  shape  seems  to  be  defined  mainly  by  the  third  (the  maximum 
amplitude  of  vibration  occurs  at  point  four)  and  first  modes.  The  third  linear 
natural  frequency  of  vibration  occurs 
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around  220  Hz,  i.e.  close  to  the  fifth  harmonic.  When  the  beam  is  vibrating 
with  large  displacement  amplitudes,  the  non-linearity  has  a  substantial  effect, 
and  the  third  mode  of  vibration  is  strongly  excited  by  the  first  mode  due  to  a 
1:5  internal  resonance.  In  terms  of  displacements  this  is  slightly  more 
important  than  the  1  ;3  internal  resonance  formerly  discussed.  The  1 :5  internal 
resonance  has  a  much  greater  effect  than  the  1:3  one,  if  we  consider  the 
accelerations  instead. 


Figure  8.  First  and  fifth  harmonics  along  one  half  of  the  beam,  F=0.8  N. 


2.3  Modal  coupling  between  the  second  and  higher  order  modes 

In  order  to  detect  modal  coupling  between  the  second  and  higher  order  modes, 
the  beam  was  transversely  excited  at  point  five,  with  a  harmonic  excitation 
and  with  frequencies  around  the  second  natural  frequency.  The  displacements 
associated  with  the  first  and  higher  harmonics  were  analysed. 

In  Figure  9  the  frequency  spectra  of  the  response  when  the  excitation 
amplitude  is  0.25  N  (as  before,  this  value  is  approximated)  is  shown. 
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Figure  9.  First  and  third  harmonic’s,  F  0.25  N,  point  9. 
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Figure  10  shows  the  shape  of  the  first  and  third  harmonics,  for  a  frequency 
of  excitation  equal  to  113  Hz.  The  first  harmonic  is  linked  with  the  second 
mode,  and  the  third  with  the  fourth  mode.  With  this  frequency  of  excitation 
the  third  harmonic  is  339  Hz,  and  consequently 
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the  fourth  mode  is  excited  by  the  second  due  to  a  1 :3  internal  resonance. 


0.00015 


b)  Third  harmonic. 


Figure  10.  Shapes  of  the  first  and  third  harmonics  along  one  half  of  the  beam. 


F=0.25  N. 


3.  CONCLUSIONS 

A  clamped-clamped  beam  was  excited  transversely  with  a  sine  excitation  and 
the  deflection  of  the  first  and  higher  harmonics  analysed  in  order  to  detect  the 
modes  involved  in  the  response. 

A  1:3  internal  resonance  between  the  first  and  second  modes  and  a  1:5 
internal  resonances  between  the  first  and  third  modes  were  found.  A  1:3 
internal  resonance  between  the  second  and  fourth  mode  was  also  detected. 
These  results  qualitatively  agree  with  the  ones  from  reference  [1],  with  the 
exception  of  the  1:3  internal  resonance  between  the  first  and  second  modes, 
which  was  not  predicted  in  that  reference. 

The  internal  resonances  occur  due  to  the  coupling  caused  by  the  non¬ 
linearity.  The  non-linearity  increases  with  the  vibration  amplitude,  and,  as 
expected,  the  internal  resonance  effect  is  more  important  for  larger  vibration 
amplitudes. 

However,  it  is  apparent  that  internal  resonances  occur  quite  easily,  and  they 
are  already  present  at  moderate  amplitudes  of  vibration.  This  confirms  that 
caution  is  necessary  in  analytical  works,  when  assuming  that  the  dynamic 
behaviour  of  a  structure  may  be  modelled  by  a  very  restricted  number  of  linear 
modes. 

It  was  found  that  internal  resonance  of  order  n  may  exist  when  the  ratio  of 
the  natural  frequencies  of  the  interacting  modes  is  close,  but  slightly  different, 
from  n.  By  other  words,  where  the  subscripts  kl  and  k2  represent 

two  different  modes,  but  there  is  some  margin  in  the  signal  “  =” .  Possibly,  the 
explanation  for  this  lies  in  the  fact  that  one  should  add  to  the  coupling  caused 
by  the  non-linearity,  some  coupling  caused  by  damping. 
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Abstract 

An  investigation  of  large  deflections  of  elastic-plastic  beams  and  plates  are 
investigated  by  the  pseudo-normal  mode  superposition  method  is  presented. 
The  geometrical  nonlinear  versions  of  the  Mindlin  plate  theory  and  the 
Timoshenko  beam  theory  was  used  in  the  analysis.  The  results  obtained 
numerically  for  the  responses  of  beams  and  circular  plates  were  compared  with 
published  experimental  and  numerical  results  as  well  as  with  existing  analytical 
solutions. 


1.  Introduction 

The  problems  of  the  response  of  thin-walled  structures  such  as  beams  and 
plates  subjected  to  large  dynamic  loads  are  important  in  engineering  practice. 
Their  detailed  investigations  are  a  research  subject  for  many  investigators.  The 
correct  solution  of  these  problems  requires  accounting  for  the  material 
nonlinearities  as  well  as  the  geometrical  effects  at  the  modeling  of  the 
deformation  process. 

For  moderately  thick  beams  and  plates  subjected  to  large  dynamic  loads, 
which  lead  to  arising  of  plastic  strains,  the  transverse  shear  forces  exert  an 
important  influence  on  the  behavior  of  the  structures.  Some  of  the  often  used 
small  deflection  theories  which  take  into  account  the  shear  deformation  and 
rotatory  inertia  are  the  Timoshenko  beam  theory  and  the  Mindlin  plate  theory. 

The  objective  of  this  study,  being  an  extension  of  [1]-  [3],  is  to  specify  the 
influence  of  large  transverse  deflections  on  the  dynamic  response  of  moderately 
thick  elastic-plastic  beams  and  plates  within  the  context  of  the  nonlinear 
versions  of  the  Timoshenko  beam  theory  and  the  Mindlin  plate  theory. 

The  pseudo-normal  mode  superposition  technique  was  used  in  [1]  to 
investigate  the  axisymetrically  forced  vibrations  of  circular  plates  described  by 
the  small  deflections  Mindlin  plate  theory.  The  yield  criterion  used  in  this  paper 
is  expressed  in  terms  of  bending  moments  only,  thus  neglecting  the  influence  of 
the  shear  forces  in  the  plastic  yielding.  Moreover,  this  assumption  does  not 
allow  to  observe  the  propagation  of  the  plastic  zone  along  plate  thickness, 
which  could  be  important  for  many  applications. 
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This  disadvantage  was  overcome  in  [2]  where  this  method  was  adopted  for 
solving  the  dynamic  response  of  thick  elastic-plastic  beams.  Two  types  of  yield 
conditions  have  been  considered  there:  when  the  yield  surface  is  a  function  of 
the  bending  and  transverse  shear  stresses,  and  when  the  yield  surface  is  a 
function  of  the  bending  stresses  only. 

In  [3]  the  pseudo-normal  mode  superposition  method  was  extended  for  a 
large  deflection  analysis  of  elastic-plastic  Mindlin  circular  plates  but  assumed 
that  the  relationships  between  the  in-plane  stress  resultants  and  the  strains 
remain  elastic. 

In  this  paper  the  internal  inconsistency  of  the  model  used  in  [3]  is  overcome, 
and  the  method  is  developed  for  large  deflections  of  beams  and  plates  taking 
into  account  elastic-plastic  relationship  between  all  stresses  and  strains. 
Damping  coefficients,  which  are  assumed  to  be  proportional  to  the  mass  terms, 
are  also  introduced  into  the  governing  equations. 

The  developed  algorithm  and  computer  programs  are  used  to  investigate  the 
forced  vibrations  of  elastic-plastic  beams  and  plates  subjected  to  pulse  loading. 
The  comparisons  with  existing  numerical  and  experimental  solutions  are 
provided  in  order  to  estimate  the  method's  applicability.  Some  comparisons  are 
made  with  the  exact  formulas  for  rigid  plastic  solutions  [4]  for  the  impulse 
loaded  plates. 


2.  Basic  equations 


2.  L  Plate  equations 

The  governing  equations,  describing  the  motion  of  a  moderately  thick  circular 
plate  with  radius  R  subjected  to  a  pulse  load  p(r,t)  symmetrically  disposed 
about  an  axis  perpendicular  to  the  plate  and  passing  through  its  center  may  be 
written  in  the  form 


dN,  N,  -  N, 
— - - 

dr  r 


du  d^u 


dM,  ^  ^  av|/ 

dr  r  dt  12  dt^ 


r<R,  t>0; 


^Qr  Qr  xr  ( 1  ^ 

^  +  —  + - + - ^ - c  , - ph — ^ 

r  \dr  r  dr)  dr  dr  dt  dP' 


(1  a-c) 
-P{rj) 


In  Eqns  (1),  and  Nf  are  the  radial  and  the  circumferential  stress  resultants 
per  unit  length  in  the  mid-plane  of  the  plate  respectively,  and  Mf  are  the 
corresponding  bending  moments,  Qf^  is  the  transverse  shear  force  per  unit 
length,  u  and  w  are  the  radial  and  transverse  displacements,  \|/  is  the  angular 
rotation,  p  is  the  material  density,  h  is  the  plate  thickness,  r  is  the  radial 
distance  of  points  in  the  middle  plane  and  t  is  the  time.  With  Ci  and  02  are 
denoted  the  damping  coefficients  which  are  assumed  to  be  proportional  to  the 
mass  terms  ph  and  ph^/12,  respectively. 
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The  strain  and  curvature-displacements  relationships  associated  with  the 
mid-plane,  which  consider  large  displacements  and  shear  can  be  expressed  as 

0  _  5m  1  0  "  0  Sw 

dr  dr  j  r  dr 


K°=-^ 

'  dr  ’ 


(2a-e) 


2.2  Beam  equations 

The  governing  equations,  used  for  describing  the  motion  of  a  beam  with  length 
L,  thickness  h  and  width  b  are 

dN  du  „  d^u 


dNdu  d^u  ^ 

dx  ^  dt  dt'^ 

5A/  5\|/  jd^xi/ 

^  +  e-C2^-p/^  =  0 
dx  dt  df' 


0<x<L,  t>0 


(3  a-c) 


50  /  d^w 

- +A^  - r 

dx  [dx^ 


dN  dw  dw  d^w 

dx  dx  dt  dt^  ^  ’ 


where  F=hh  is  the  area  of  the  beam  cross-section  and  l=bUt\2. 

The  strain  and  curvature-displacements  relationships  associated  with  the 
mid-axes  of  the  beam  which  consider  large  displacements  and  shear  can  be 
expressed  as 


0  du  \(  dw 
e”  =  — +—  — 
dx  2l5x 


0  dw 

dx 


dx 


(4  a-c) 


2. 3.  Constitutive  equations 

Taking  into  account  the  circumstance  that  the  beam  equations  can  be 
considered  as  a  variant  of  the  plate  equations  further  the  equations  concerning 
the  plate  will  be  shown  mainly. 

Denoting  by  S  the  stress  vector  S  =  and  by  s  the  vector  of 

strains  e  =  +zk®,£'“  +zA:®,/(z)£-^ J  ,  the  constitutive  equations  for  the 

plate  can  be  presented  in  the  following  form: 

S=[D]s  (5) 

where  in  the  case  of  an  elastic  material 
^  Vv4  0 
[Z)]  =  [D^]=  v^  ^  0 

0  Q  kG 
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is  the  elastic  matrix,  f(z)  is  a  function  describing  the  distribution  of  the  shear 
strains  along  the  thickness,  G  is  the  shear  modulus  and  k  is  a  constant.  In  all 
following  considerations  it  is  accepted  that  f(z)  =  l-4z^/h^. 

The  bending  moments,  the  shear  force  and  in-plane  stress  resultants  are 
expressed  by  the  stresses  as  follows 

hl2  h/2  hl2 

jo^zciz,  M^-  0,  ^ 

-h!2  ~hl2  -h!2 

h!2  hf2  ^ ' 

N^-  Nf-  jo ^dz 

-h/2  -h/2 


Based  on  the  von  Mises  criterion  the  yield  surface  including  the  shear  and 
the  bending  stresses  is  expressed  as 

(t)(S)  =  {ct^  +af  -a,a,  +3a;}'''  -o^  >0, 

where  ap  is  the  yield  stress  in  simple  tension. 

After  yielding,  during  infinitesimal  increment  of  the  stresses,  the  changes  of 
strains  are  assumed  to  be  divided  into  elastic  and  plastic  parts 

Ab  =  A6^+A8^  (9) 

where 


Ae 


AS 


(10) 


By  using  Eqns  (8),  (9)  and  the  associated  flow  rule  [5],  following  Yamada 
and  others  [6],  the  following  explicit  expression  between  increments  of  stresses 
and  strains  is  obtained 


AS  =  [Z)"^]As 

where  ]  is  the  elastic-plastic  matrix: 


[dS 


(11) 


(12) 


2,4.  Boundary  and  initial  conditions 

The  dynamic  plate  (beam)  response  is  studied  in  the  case  of  two  kinds  of 
boundary  conditions: 

u(0j)^u(R,t)=w(R,t)^0  and  M(R,t)=0  (13  a-d) 

for  a  simply  supported  in-plane  fixed  plate  and 

u(0j)^u(Rj)^w(Rj)=0  and  (14  a-d) 

for  a  clamped,  in-plane  fixed  plate. 

The  initial  conditions  are: 

w(r,0)=w0(r),  M'(r,0)  =  w®(r). 

\|/(r,0)=v|/'>(r),  vi/(/-,0)  =  (15  a-d) 
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3.  Solution  of  the  problem 

3. 1.  Reorganizing  of  equations  of  motion 
Let  the  total  time  interval  T  on  which  the  dynamic  response  is  desired,  be 
divided  into  sequence  of  time  increments  [4  and  /=  Making  Eqn  (1) 

dimensionless  as  regards  R-r  =  rlR,  u^ulR,w=wlR,  d.nA  then  omitting 
the  bars,  neglecting  the  mid-plane  inertia  effects  and  by  using  Eqns  (3)-(7),  the 
governing  equations  can  be  written  in  the  following  form: 

1  5m  u  _  p 

dr^  r  dr  “ 


5^v(/  ^  1  5vj; 
dr  ^  r  dr 


d'w  I  dw  5v|/ 
dr ^  r  dr  dr 


+  H/  —  ^^2 


--aX^ — —  =  G[,  (16a-c) 


-P  +  GP+G2" 


where  (x=h^/12R\  }^=QhI^/D,  f,=iGhFi/D,  D=E}i /[12(l-v )],  p=pR^/D, 
di=  c{R}/D,  d2=C2^/D  and  k  =5/6.  In  Eqns  (16)  G^  denotes  the  expression 


GuirdM)  =  - 


l-v(  dw 


2r  \dr 


dw  d 

+  ~r - 

dr  dr^ 


_gy4W,-AA^7)  .5 - - - !_  („) 

and  by  G2  ,G[  ,G2  are  denoted  the  components  of  the  vectors  GJ0,G2) 
and  Gp(G/’,G^)  which  may  be  called  nonlinear  force  vectors  due  to  finite 
displacements  and  inelastic  strains,  correspondingly. 

They  are  presented  as: 

Dr^a^  dr  dr  J 


— y  Nf 


-  +  ANf' 


.■  d^w^*'  dNl  dEw^*'-^  dw>^ 

'■> - 1 - 1 - 1 _ r _ _ _ 


=  Z  J  (18a-c) 

;=0  -hl2 

AGf’-^  =  L([Z)"]A8^-"'’0-L([Z)‘^^]Ae'^'0 

where  Ae’^’’'  =  8(r,ti.^i) - s(r,tj) ,  etc.  and  by  L  the  differential  operator  is 
denoted  on  the  left  hand  side  of  Eqns  (lb,c),  multiplied  by  D"'.  In  Eqn  (17)  by 
is  denoted  in-plane  stress  resultant  obtained  by  using  elastic  matrix  [D‘]  and 
by  TV®’’  -  stress  resultant  obtained  by  using  elastic  matrix  [D^p] 
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The  corresponding  governing  equations  for  beams  are: 


^  ,  ...1  ^  ,2^^ 


— +  Pa'  —  +  MI  -dj- 


=  Gf, 


d^w  d\iJ  dw  2SW  - 

P  — ^  +  — - rf,- =-p  +  QP  +ql 

Kdx^  dxj  ^  dt  dt^ 


(16  a-c) 


where,  X‘=pL  /E  ,  ^=kG/E,  p^pL/EF  ,  cxL  /EF,  d2^  C2L  /EL 
.  dwd'^w^ 


Gu{rJi^])  =  ■ 


dx  dx^  EF^.dx' 


Sr . 


(17)' 

dx^  j 

(18a)' 

3. 2.  Use  of  mode  superposition 

Regarding  G^f  as  a  known  function,  Eqn  (16  a)  and  (16  a)’  can  be  solved 
directly  and  its  solutions  are: 

u{r)  =  ^-  ^  +  (19) 


u{x)  =  x  k+]g;{^)ce,  -  j^G:{^)d^, 


correspondingly,  where  the  constant  K  is  determined  from  the  boundary 
condition  u(\,t)^0. 

The  l.h.s.  of  Eqns  (16  b,c)  are  linear  forms  and  therefore  the  mode 
superposition  method  can  be  used  for  their  solution. 

Thus,  the  generalized  displacements  vector  v  -  {a  \|/,  wj  ^  is  expanded  as  a 

sum  of  the  product  of  the  vectors  of  pseudo-normal  modes  and  the  time 
dependent  fiinctions  qn(t)  as 

=  (20) 

n 

Substituting  Eqn  (20)  into  Eqns  (16  b,c),  multiplying  by  Vm(r),  integrating 
the  product  over  the  plate  surface,  invoking  the  orthogonality  condition  (see 
[1]  and  [2])  and  assuming  a  proportional  damping 


i.e.  27r| -Hip^^l)rdr  ~  the  equations  for  qft)  will  uncouple  in 


the  form: 
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q„{t)  +  2i,„(ii„q„  q„{t)^Kit\  (21) 

where  cOn  are  the  natural  frequencies  of  the  linear  elastic  (undamped)  Mindlin 
circulate  plate  (Timoshenko  beam),  are  modal  damping  parameters  and 


FM  =  2iir^jyl (r)  [P(r,0  +  G(7-,0]  rdr 


0 


(22a-c) 


P(r,0  =  (0-?)",  G  =  G^+G, 

The  initial  conditions  defined  by  Eqns  (15)  are  transformed  also  in  terms  of 
q„iO),  and  q„(Q) 


1  1 

q°  =  27tj  (wV„  +a\\i°\\jjrcir,  q°  =  27tj  (w°w,.  +a\^°xi/Jrdr  (23a-d) 
0  0 

Using  the  methodology  developed  by  Kukreti  and  Issa  [7]  the  pseudo-load 
vector  {P  +  G}  is  interpolated  by  a  quadratic  polynomial  of  time,  i.e. 

P(r,T)+G(r,T)=A(r)+B(r)x+C(r)x^,  0<x</  (24) 

where  x=  ti+i-  ti .  Denoting 

Po('')  =  P(^.OX  I*i(0  =  P(u»2/),  P2(?-)  =  P(/',/) 

Gq(/')  =  G(r,0),  G^(r)  =  G(r,ml),  G2(f)  =  G(r,/)  0<m<l 

the  expressions  for  constants  A,  B  and  C  are  developed  in  terms  of  Pj ,  Gj 
(i=l-i-3).  The  general  solution  of  Eqn  (21)  is  : 

('c)  =  +  ^2.4°  +  Fir.a„  +  F2„  b„  +  F2„c„  (25) 

where 

Fi„  =  k„  (co  COSO  X  +  y  „  sin  o  x), 

E2„=k„  sino„^x. 


Fi„  =  -A:„o  (o  COSO  X  +  Y „  sin o  x  -  ) 

F2n  =  2^„ Y  „o  (o  COSO  „^x  +  Y „  sin o  x  -  A;* )  -  k„(a  (sin  o 
F^n  =  ^k„yl<i>~\k;^  -o„^  coso„^x-Y„  sino„^x)  + 

2^„o  [o  COSO  „jx  +  3y „  sino  -  (1  +  2y „t)A:;’ ]  +  x^o 

Y„=^„o„,  o^^  =o^ -Y^  =0^(1-^^), 

k„  /o„^ 

and 


(26a-e) 
X  —  zk~^ ) 

n  ''  n  / 


(27  a-c) 


1  1  1 

a„  =  27iJ a  rdr,  h„  =  27t j v^B  rdr,  c„  =  2nj y^Crdr.  (28  a-c) 
0  0  0 

The  numerical  algorithm  used  in  the  present  paper  is  a  natural  extension  of  the 
one  used  in  [3]  and  will  be  briefly  presented  in  this  paper. 

At  every  time-step  [ti,ti+i]  using  the  initial  conditions  obtained  from  the 
previous  time-step,  the  vectors  of  displacements  u  and  strains  s  are  evaluated. 
At  the  first  iteration  we  assume  that  the  strain  changes  are  purely  elastic,  and 


395 


the  deflection  w  is  described  by  the  small  deflection  theories.  Then  trial 
stresses  are  computed  and  the  resulting  stress  state  is  checked  for  yielding.  For 
the  points  that  have  yielded  the  vector  Gp  is  formed  and  for  all  points  Gu(r)  is 
evaluated.  At  the  following  iteration  steps  one  computes  vector  Gl  ,  based  on 
the  obtained  from  the  previous  iteration  step  displacements  u  and  on  the 
membrane  forces  N  obtained  by  a  numerical  quadrature.  The  criterion  for 
convergence  of  the  iteration  process  is: 

(r,  x)  -  G^  {r,  'c)||/||g^  (r ,  t)|[  <  tolerance,  x  =  w/,  x  =  /  (29) 

where  ||G||  denotes  the  Euclidean  norm  of  the  vector  G  while  k+1  and  k 
are  the  numbers  of  the  current  and  the  previous  iteration,  respectively. 

The  integrals  of  Eqns  (7),  (19),  (22),  (23)  and  (28)  are  evaluated  by  numerical 
quadrature  following  the  Simpson  rule. 

4.  Results  and  discussion 

In  previous  works  [1-3],  a  number  of  numerical  calculations  were  accomplished 
for  beams  and  plates  subjected  to  rectangular  and  triangular  pulses.  In  those 
examples  pulse  durations  were  comparable  or  larger  than  the  first  period  of  free 
vibrations  and  the  elastic  part  of  the  total  strain  was  considerable.  It  transpires 
that  the  application  of  mode-superposition  approach  for  such  kind  of  problems 
yield  fast  and  economic  solutions. 

In  this  paper  a  considerable  part  of  the  numerical  calculations  proposed, 
concerns  short  pulses  with  large  amplitudes,  which  could  be  interpreted  as 
impulse  loading.  It  transpires  that  for  loading  it  is  necessary  to  consider  a  large 
number  of  modes  in  the  expansion  Eqn  (20),  very  small  time  steps  and 
therefore  considerable  machine  resources.  In  spite  of  that,  numerical  examples 
of  problems  for  which  numerical  or  experimental  results  exist  were 
accomplished  in  order  to  verify  the  method  extension  proposed  here.  The 
numerical  calculations  were  realized  by  a  specially  created  FORTRAN 
computer  code. 

A  comparison  between  the  dynamic  response  of  the  plate  center  obtained 
experimentally  by  T.  Duffey  and  S.  Key  in  [8]  and  those  obtained  by  the 
approach  proposed  here  is  shown  in  Fig.  1. 

The  object  is  a  very  thin  (h/R  =  0.0208,  R=  0.762  m)  1022  steel  plate 
(E=2.1xlO*kPa,  v=0.3,  Oo  =  5.58x10^  kPa  ,  p=  7.85x10"  kg/m")  loaded  by  a 
large  pulse  load  on  the  internal  circle  with  radius  r'  =  Ry3.  The  plate  material  is 
elastic-plastic  with  linear  strain  hardening  (  H/E=0.015  ).  The  load  is  modeled 
as  a  rectangular  pulse  with  amplitude  p=  1.07895x10^  kPa  and  duration  x= 
0.000001  s.  The  damping  is  assumed  to  be  12  %  of  the  critical  damping,  and  15 
pseudo-normal  modes  are  included  into  expansion  Eqn  (20).  The  load  applied 
causes  deflections  with  a  magnitude  more  than  five  times  larger  than  the  plate 
thickness.  The  results  obtained  in  the  case  of  an  equivalent  impulse  with 
Vo=87.63  m/s  show  a  discrepancy  and  a  pour  convergence  of  the  numerical 
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algorithm  due  to  the  omission  of  the  higher  modes  in  the  model.  Neglecting  the 
mid-plane  inertia  effect,  in  our  opinion,  could  lead  also  to  discrepancies 
compared  to  experimental  results. 

0.61 - 1 - 1 - 1 

w,  in. 


0.4 


Figure  1.  Time  history  of  the  plate  center  deflection  obtained:  1  - 
experimentally  by  Duffy  and  Key  [  8  ];  2  -  obtained  by  present  solution  . 

In  Fig.  2  a  comparison  is  shown  of  the  plate  center  deflections,  obtained  by 
using  small  deflection  plate  theory,  large  deflection  plate  theory  with  damping, 
large  deflection  plate  theory  without  damping,  and  rigid-plastic  large  deflection 
solution  [3].  The  calculations  are  accomplished  for  thick  mid-steel  simply- 
supported  plate  (E=2,06.10*kPa,  v=0.3,  p=  7,85.10^  kg/m^  Oo  =4,88.10^  kPa 
H/E=0.02  )  with  h/R=0.15  (R  =  1  m),  loaded  by  a  rectangular  pulse  with 
duration  Xo=0.0002  s  and  amplitude  po  =  200000  kPa.  The  damping  is  20  %  of 


Figure  2.  A  comparison  of  the  plate  center  deflection  obtained:  1  -  by  SDPT;  2 
-  LDPT  (damped  solution);  3  -  LDPT  (undamped  solution);  4  -  rigid-plastic 
solution. 

The  rigid-plastic  solution  is  obtained  by  using  the  formula: 
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Wf  ///  =  {(l  +  2?i/3)‘'^  -l}/2 

where 

'k^QhWlR^  !  M,h,  M,=o,h^‘IA 
and  initial  velocity  Vo  is  connected  with  pulse  parameters  as  Vo=pcto/ph. 

It  could  be  considered  that  the  agreement  between  the  analytical  solution 
and  numerical  results  is  good  and  this  conclusion  confirms  the  applicability  of 
rigid-plastic  methods  of  analysis  of  such  kind  of  loaded  structures.  The 
comparison  between  curves  1  and  2  shows  the  importance  of  taking  into 
account  the  geometrical  nonlinearity  at  the  modeling.  The  inclusion  of  damping 
is  very  important  as  well  as  it  can  be  seen  comparing  curves  2  and  3 . 

In  Figure  3  a  comparison  can  be  made  between  the  present  solution,  ” 
inconsistency  "  solution  [3]  and  the  analytical  rigid-plastic  solution.  The  plate 
material  and  the  geometrical  parameters  are  the  same  as  in  the  above  example 
but  the  pulse  duration  is  larger  and  the  pulse  amplitude  is  smaller  -  to=0.0005  s, 
po  =  93575  kPa.  The  damping  is  1 1  %  of  the  critical  damping.  It  must  be  noted 
that  the  agreement  between  the  rigid-plastic  solution  and  the  present  solution  is 
better  than  the  rigid-plastic  solution  and  "inconsistency"  solution.  The 
discrepancy  between  these  solutions  is  larger  for  shorter  pulses  with  large 
amplitude. 


0.000  0.004  t,  sec.  o.Offi 


Figure  3.  A  comparison  of  the  plate  Figure  4.  Plate  center  deflection  for 
center  deflection  obtained  by:  1  -  simply  supported  aluminum  plate.  1  - 

present  solution,  2  -  "inconsistency"  the  present  solution;  2  -  the  rigid 

solution  [3];  3  -  rigid-plastic  solution  plastic  solution 

The  results  for  central  deflection  obtained  for  moderately  thick  simply- 
supported  aluminum  plate  (E=  6,86.10’  kPa,  v=0.3,  p=  2,733.10^  kg/m^  oo  = 
2.426  .  10^  kPa,  H/E=0.5)  with  h/R=0.66  obtained  by  the  method  proposed  - 
1  and  rigid-plastic  solution  -  2  can  be  seen  in  Figure  4.  The  plate  is  subjected 
to  a  pulse  load  with  duration  Xo=0.0004  s  and  pulse  amplitude  po  =25000  kPa. 

The  influence  of  the  plate  thickness  on  the  maximal  elastic  and  elastic-plastic 
deflections  obtained  by  small  deflections  plate  theory  (SDPT)  and  large 
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deflection  plate  theory  (LDPT)  can  be  seen  in  Figure  5.  Plates  with  five 
different  thickness  are  considered  and  each  of  them  is  loaded  with  step-pulses 
with  five  different  dimensionless  amplitudes.  The  results  show  that  with 
increasing  pulse  magnitude,  the  difference  between  elastic  and  elastic-plastic 
solutions  increases  but  the  difference  between  the  results  obtained  by  SDPT 
and  LDPT  decreases.  This  effect  could  be  explained  with  the  fact  that  for 
thicker  plates  the  influence  of  the  membrane  forces  on  the  response  is  smaller 
than  the  influence  of  the  bending  moments  and  transverse  shear. 

The  results  obtained  for  beams  are  compared  with  those  obtained  in  [9]  by  a 
modified  form  of  the  central  difference  predictor  scheme.  They  concern  small 
deflection  beam  theory.  A  simply  supported  beam  is  subjected  to  a  step 
pressure  of  0.625po,  where  po  is  the  static  collapse  load  of  the  beam.  Young 
modulus  is  E=  2.068  xl0*kPa,v=0.3,  p=  7.8x10"  kg/m^  and  Oo  =3.44737  xlO^ 
kPa. 
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Figure  5.  The  influence  of  the  plate 

Figure 

6.  A  comparisons  between 

thickens  on  the  maximal  elastic  and 

elastic-perfect  plastic  (  Curve  1)  and 

elastic-plastic  deflections  obtained  by 

elastic- 

plastic  with  linear  strain- 

SDPT  and  LDPT 

hardening  (Curve  2)  responses 

obtained  by  present  solution  and 
Marur  &  Kant  solutions 

The  curves  denoted  with  1  concern  elastic  perfectly  plastic  material  and 
curves  denoted  with  2  refer  to  elastic-plastic  material  with  linear  strain 
hardening  and  H/E=0.25.  The  damping  is  5%  of  the  critical  damping.  The  good 
agreements  between  the  solutions  confirm  the  applicability  of  the  approach 
proposed  to  predict  responses  of  elastic-plastic  beams  dynamically  loaded. 
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5.  CONCLUSIONS 

The  pseudo-normal  mode  superposition  method  was  used  for  studying  the 
behavior  of  elastic-plastic  circular  plates  and  beams  subjected  to  a  pulse  load 
within  the  context  of  geometrically  nonlinear  version  of  the  Mindlin  plate 
theory  and  the  Timoshenko  beam  theory. 

The  method  used  herein  was  based  on  the  analytical  definition  of  the 
vibration  modes  of  an  "assumed  linear  elastic  undamped"  structure,  on  the 
exact  solving  of  the  ordinary  differential  equations  as  regards  time,  and  on  an 
iterative  procedure  for  determination  of  nonlinear  load-vectors.  In  this  paper 
the  internal  inconsistency  of  the  elastic-plastic  model  proposed  in  [3]  is 
overcome.  Numerical  examples  of  highly  nonlinear  problems  are  provided  and 
a  comparably  good  agreement  with  existing  results  is  observed.  For  such 
problems,  however,  the  method  requires  very  small  time  step  and  large  number 
of  eigen  modes  to  be  included  in  the  calculations  and  the  attractivity  of  the 
method  decreases. 
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ABSTRACT 

The  main  purpose  of  this  paper  is  the  presentation  of  a  semi- 
analytical  method  for  the  prediction  of  the  non-linear  forced  response  of 
beams  to  harmonic  excitation  forces  using  a  multi-mode  approach. 
Various  types  of  excitation  forces  such  as  distributed  and  concentrated 
are  considered.  The  governing  equation  of  motion  is  obtained  and  can  be 
considered  as  a  multidimensional  form  of  the  DufiSng  equation.  Using 
the  harmonic  balance  method,  the  equation  of  motion  is  converted  into 
non-linear  algebraic  form.  Numerical  solutions  are  obtained  using 
iterative-incremental  procedures.  The  non-linear  frequency  and  the  non¬ 
linear  modes  are  determined  at  large  amplitudes  of  vibration.  The  basic 
function  contribution  coefficients  to  ^e  displacement  response  for 
various  beam  boimdaiy  conditions  are  calculated.  The  percentage  of 
participation  for  each  mode  in  the  response  is  presented  in  order  to 
appraise  the  relation  to  higher  modes  contributing  to  the  solution. 

INTRODUCTION 

The  use  of  beams  and  plates  is  extensive  in  various  engineering 
structures  and  they  are  often  subjected  to  dynamic  loading.  Dynamic 
loads  are  sometimes  harmonic  in  nature  or  they  may  be  idealized  as 
harmonic  excitations.  The  steady-state  response  under  these  loads  is  of 
great  interest  in  aerospace  and  mechanical  engineering  and  other  related 
fields.  The  study  of  the  free  and  forced  vibration  of  geometrically 
nonlinear  beams  involves  obtaining  solutions  of  the  governing  non¬ 
linear  partial  differential  equations  for  which  exact  solutions  are  not 
available.  Numerical  methods  are  the  only  alternative  to  obtain  general 
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solutions.  A  review  of  literature  and  a  survey  of  various  approaches  for 
non-linear  vibration  analysis  of  beams  and  plates  has  been  recently 
presented  by  Azrar,  Benamar  and  Wolfe  in  a  review  paper  [1], 

In  the  study  of  linear  vibration,  the  technique  of  modal  analysis  is  an 
appropriate  and  an  efficient  procedure.  The  use  of  eigenmodes  leads  to  a 
system  of  uncoupled  differential  equations  that  can  be  treated 
separately.  For  non-linear  vibration,  multimode  analysis  leads  to  a 
coupled  non-linear  system  involving  the  contribution  of  various  modes. 
Using  the  harmonic  balance  method,  Benamar,  Betmouna  and  White 
[2,3]  reduced  the  non-linear  free  vibration  problem  to  a  set  of  non-linear 
algebraic  equations.  However,  althou^  the  above  model  succeeded  well 
in  analyzing  the  effect  of  large  vibration  amplitudes  on  the  mode  shapes 
of  beams  and  plates,  it  was  restricted  in  a  sense  that  only  the  free 
response  problem  was  considered  in  the  formulation.  A  semi-analytical 
approach  for  the  non-linear  dynamic  forced  response  has  been 
developed  and  applied  to  large  amplitude  forced  vibrations  of  beams 
[4,5,6]. 

Based  on  the  investigations  presented  in  [6],  the  present  paper 
concerns  the  contribution  of  higher  modes  to  the  non-linear  deflection 
shapes  and  the  bending  moment  in  the  free  and  forced  cases.  Solution 
teclmiques  are  also  presented  in  order  to  obtain  an  automatic  algorithm 
for  various  resonance  curves.  The  mathematical  formulation  for  the 
dynamic  response  of  beams  leading  to  a  multidimensional  Duffing 
equation  has  been  presented  in  [5]  and  is  briefly  reviewed  here.  The  use 
of  the  harmonic  balance  method  permitted  conversion  of  the  equation  of 
motion  into  a  non-linear  algebraic  system.  Solution  techniques  based  on 
continuation  methods  have  been  presented.  Various  types  of  excitation 
such  as  uniformly  distributed  and  concentrated  forces  are  considered. 
Numerical  solution  enabled  the  non-linear  frequency  response  function 
to  be  derived  as  the  beam  response  spatial  distribution  across  its  whole 
span,  depending  on  the  level  of  excitation,  and  involving  the 
deformation  of  the  deflection  shape,  due  to  the  nonlinearity.  The 
percentage  participation  for  each  mode  to  the  non-linear  deflections  and 
bending  moments  is  presented  in  order  to  appraise  the  relation  to  the 
higher  modes  contributing  to  the  solution. 

FORMULATION 


The  non-linear  effect,  produced  by  large  transverse  vibration 
amplitudes,  is  axial  stretching  of  the  mid-plane  of  the  beam.  This  effect 
is  modeled  by  a  non-linear  strain-displacement  relationship  of  the  von 
Karman  type.  The  axial  strain  8  and  the  curvature  K  are  defined  as: 


5U  uaw,2 

e  =  —  +  -( - y 

dx  2  5x 


K  = 


a^w 


(1) 
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where  U  and  W  are  the  axial  and  the  transverse  displacements 
respectively.  For  immovable  beams,  if  one  neglects  the  in-plane  inertia, 
the  non-linear  stretching  force  N  can  be  written  in  terms  of  transverse 
displacement,  W,  alone.  The  total  strain  energy  of  the  beam  is  given  by 
the  following  formulation  [2,5,6]: 


El 


'dx'  1  ^  ' dx 


Y)  dx 


(2) 


Neglecting  the  axial  inertia,  the  kinetic  energy  is  given  by: 


(3) 


The  out  of  plane  displacement  field,  W,  is  assumed  to  be  of  the  form  of 
the  modal  transformation: 


=  Z  qi(t)Wi(x)  (4) 

Z  =  1 

where  Wi(x)  are  the  basic  functions,  chosen  in  the  present  work  as  the 
beam  linear  modes  of  vibration.  The  modal  coefficients  qi(t),  are  time 
dependent  generalized  coordinates. 

Assume  that  the  structure  is  excited  by  a  force  F(x,t)  distributed 
over  the  spatial  range  Q  (Q  is  the  length  of  the  beam  or  a  part  of  it).  The 
physical  force  F(x,t)  excites  the  modes  of  the  structures  via  a  set  of 
generalized  forces  Fi(t)  depending  on  the  expression  for  the  force  F,  the 
excitation  point  when  F  is  a  concentrated  force,  the  excitation  length  for 
distributed  forces,  and  the  mode  considered.  The  generalized  forces  Fi(t) 
are  given  by: 

Fi(t)  =  ^  (5) 

in  which  Wj(x)  is  the  i*  mode  shape  of  the  structure  considered. 

Using  Lagrange’s  equation  and  matrix  formulation,  the  nonlinear 
differential  system  governing  the  forced  dynamic  behaviour  of  the 
beams  is: 


[MJW  +  [K]{q}  +  2  [B(q)]{q}  =  {F}  (6) 

where  [M],  [K],  [B],  {q}  and  {F}  are  the  mass  matrix,  the  linear  rigidity 
matrix,  the  no^inear  rigidity  tensor,  the  vector  of  generalized 
parameters  and  the  vector  of  generalized  forces  respectively. 

It  appears  that  the  model  presented  above  and  summarized  in 
equation  (6)  can  be  considered  as  a  multidimensional  form  of  the 
Duffing  equation  very  often  encountered  in  nonlinear  vibration  analysis 
of  structures.  It  is  worth  noting  here  that  the  theory  presented  in  [5] 
provides  a  means  of  calculating  the  cubic  nonlinearity  coefficient  in  the 
approximate  one  dimensional  Duffing  equation  for  beams  with  various 
boundary  conditions.  This  could  allow  numerical  solutions  to  be 
obtained  for  engineering  purposes,  which  would  be  valid  as  far  as  the 
single  mode  assumption  is  valid. 
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ALGEBRAIC  MODEL 


Consider  a  beam  excited  by  a  concentrated  harmonic  force  i^(x,t) 
applied  at  the  point  xo,  and  also  the  case  of  a  beam  excited  by  a 
distributed  harmonic  uniform  force  I^(x,t).  The  corresponding 
generalized  forces  Fi(t)  and  F^(t)  for  each  case  are  given  by: 

F,^(t)  =  F^  ^(xo)  cos(ci)  t)  =Jf  cos(ct)  t)  (7-a) 

Ff(t)  =F‘cos(6)t)  Wi(x)ck  =ffcos(cot)  (7-b) 

The  dynamic  equation  representing  the  forced  vibration  of  beams  is 
obtained  by  introducing  die  generalized  forces  (7)  into  equation  (6). 
Numerical  solution  of  this  equation  yields  the  steady  state  motion  of 
beams  for  various  excitations  and  boimdary  conditions. 

Following  the  approach  developed  in  [5,6]  the  nonlinear  response 
is  assumed  here  to  be  harmonic,  which  leads  to: 

qi(t)  =  Qi  cos(a)t)  for  i=l  to  n  (8) 

Introducing  (8)  into  equation  (6)  and  applying  the  harmonic  balance 
method  leads  to  [6]: 

([K]  -  a>^[M])  {A}  +  I  [B(A)]{A}  =  {F}  (9) 

A  =  {aj,  02, a„}' 

In  order  to  obtain  a  non  dimensional  formulation,  the  nonlinear 
parameters  have  been  defined  as  follows: 

Wi(x)=RM>i*(x*),  I^  =  I/S,  0)^/0)*^=  El/pSr* 

ki/ki-=EIS^/L\  rm/my  =pSl^L.  byu/biju  =EIie/L^  (10) 

where  ky*  ,  nty',  byu  and  ©*  are  the  nondimensional  generalized 
parameters. 

The  dimensionless  generalized  forces  f^i*  and  f^i  corresponding  to  the 
concentrated  force  at  xo  and  to  the  uniformly  distributed  force  on  the 
whole  beam  respectively  are  given  by: 

fi  =  F^  4^  W!*(xo*)  =  FORJC  Wi*(xo*)  (1 1-a) 

hlK 

/‘'i*  =  ^  dx*  =  FOR_D  £  Wi*(x*)  dx*  (11-b) 

By  substituting  notations  (10,  11)  in  equation  (9)  one  obtains  the 
following  nonlinear  algebraic  equation: 
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( [K*]  -  (0*  [M*])  {A}  +^[B*(A)]{A}  ={J*}  (12) 

To  solve  the  nonlinear  equation  (12),  incremental-iterative  methods  will 
be  used.  Some  continuation  methods  are  well  established  and  developed 
and  applied  in  structural  engineering.  The  most  popular  ones,  based  on 
the  Newton-Raphson  procedure,  are  the  load  control,  the  displacement 
control  and  arc  len^  methods  [7,8].  The  governing  equation  of 
nonlinear  forced  vibrations  of  beams  presented  above  is  written  as: 

G(A,  =  [K*].{A}  -  [M*].{A}  +  |  [B*(A)]{A}  -  {f*}  =  {0}  (13) 

where  G  is  the  residual  vector.  This  equation  represents  n  relations 
between  (n+1)  unknowns  (au  02,  03,...,  a„,  co*).  In  order  to  solve  this 
problem,  an  extra  equation,  noted  g(A,  co*)  =0,  can  be  introduced  to 
complete  the  system.  A  numerical  solution  of  the  following  extended 
system  by  using  the  Newtonian  algorithm  has  to  be  carried  out. 

G(A,  (o*)  =  0,  g(A,  &*J  =  0  (14) 

Iterative-incremental  methods  must  be  invariably  used  to  solve  the 
nonlinear  problem  (14).  The  solution  path  is  followed  incrementally 
proceeding  from  a  known  solution  (^A,  ^co*)  to  an  adjacent 
configuration.  Two  strategies  are  usually  followed  to  achieve 
equilibrium.  The  first  one  is  called  prediction,  being  a  procedure  from  a 
known  configuration  to  the  next  one;  and  the  second,  called  correction, 
consists  on  an  improvement  of  the  predicted  solution.  These 
configurations  presenting  the  prediction-correction  solution  are 
generally  performed  following  the  Newton-Raphson  procedure. 

Kt.AA  =  G(‘A.  +  4^  fA.  ‘a*).  A©*  (15) 

<7  CO 

where  A  A  and  Ao*  are  the  increments.  The  tangent  matrix  K,  and  the 
derivative  G,®  are  given  by: 

-K,  ^K'-‘co^1^+  ^[BYa,  ‘a,  .)  +  By  A.  U)+  By.,  ‘A,  ‘A)  ] 

3  G 

~^A,  ‘co*)  =  -2  ‘co*M\  ‘a  (16) 

o  0> 

where  A,  ‘A,  J  =  X  Z  \  \  ;  By  A,  U) 
j=i  7=1 

and  By.,  ‘A,  ^4)  =  X  X  ^ 

y=l  ^=l 


XE^: 
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The  last  formulations  can  be  simplified  by  using  the  symmetry  of  the 
tensor  b* ya.  Various  strategies  of  resolution  proposed  in  the  literature  for 
non-linear  static  problems  correspond  to  particular  choices  for  equation 
g(A.  a>V^0  [6-9]. 

For  the  load  control  method,  which  is  termed  here  frequency  control,  the 
additional  constraint  equation  is  g(A,  eo*)  =co*  -  C  =0,  where  C  denotes 
a  fixed  frequency.  For  displacement  control,  we  specify  a  value  of  one 
component  of  the  vector  A,  say  aj,  so  that,  g(A,(i)*)  =  aj-  aj.  The 
displacement  component,  which  should  be  controlled,  is  oj.  Ij  is  the 

value  of  the  prescribed  component  of  the  displacement.  The  frequency 
control  method  or  the  displacement  control  method  fail  when  a 
frequency  limit  or  a  displacement  limit  exists.  Using  alternatively  the 
increments  of  the  amplitude  of  the  displacement  or  the  frequency 
permits  successful  determination  of  backbone  curves  of  a  complex  shape 
[6].  The  shortcoming  of  the  latter  method  is  the  necessity  for 
modification  of  the  tangential  matrix  during  an  iteration  process.  The 
arc-length  methods  are  intended  to  enable  solution  algorithms  to  pass 
limit  points.  For  these  methods,  various  formulations  of  the  constraint 
equation  g(A,  (O*)  =  0  are  possible.  The  most  popular  methods  keep  a 
specific  arc-length  constant,  which  is  defined  by  Euclidean  norm  of  the 
general  displacement  and  frequency  [6-9].  They  are,  however,  not 
always  appropriate  for  all  problems.  The  particular  choice  for  the 
additional  equation  enjoys  a  great  popularity  in  view  of  the  wide  range 
of  applications. 


NUMERICAL  RESULTS 

There  are  many  parameters  that  can  be  varied  in  non-linear 
forced  vibrations  of  beams,  so  that  it  would  be  very  difficult  to  present 
and  compare  results  in  all  cases.  Only  a  few  typical  cases  are  selected  to 
illustrate  the  effectiveness  of  the  method.  Numerical  solution  of 
equation  (12)  gave  the  non-linear  frequency  and  the  contribution  of  each 
mode  involved  in  the  analysis.  Making  use  of  these  contributions,  the 
non-linear  mode  shape  and  bending  moment  are  easily  obtained  across 
the  whole  span  of  the  beam  .  Results  presented  in  Table  1  were  obtained 
for  non-linear  free  vibrations  of  a  C-C  beam  using  six  linear  beam 
functions  (3  Symmetric  and  3  anti-symmetric).  These  results  compare 
well  with  Shi  and  Mei's  results  [10],  obtained  using  a  finite  element  time 
domain  formulation. 

The  contributions  of  higher  modes  appear  to  be  relatively  small. 
However,  their  effects  on  the  curvatures,  and  hence  on  the  nonlinear 
bending  moment  estimates  may  not  be  negligible,  since  they  intervene 
via  their  second  derivatives,  which  involve  multiplication  by  Vj^,  the  Vj’s 
being  the  beam  parameters  [2,5,6]  (For  a  C-C  beam,  v,  are  solutions  of 
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ch(Vi)cos(Vi)  =  1).  In  order  to  examine  that  effect,  a  formulae  was  used 
to  estimate  the  percentage  of  participation  of  a  given  beam  function,  to 
the  curvature,  as  follows: 

n 

Participation  of  the  i**^  beam  function  =  lOOaiV?/^  riri 

i=l 

Percentages  of  the  participation  to  the  curvature  of  the  first  nonlinear 
mode  obtained  using  (17)  are  summarized  in  table  2.  It  can  be  seen  that 
while  the  percentage  of  participation  of  the  first  beam  function  to  the 
first  nonlinear  mode  given  in  table  1  remains  predominant  and  greater 
than  98%  for  values  of  the  dimensionless  amplitude  w/R  up  to  4,  its 
percentage  of  participation  to  the  curvature  is  only  86.72%  for 
w(centre)/R  =4  and  decreases  for  large  amplitudes.  This  shows  that  the 
influence  of  higher  modes  increases  with  the  amplitude  of  vibration  and 
the  necessity  to  take  into  account  various  modes  for  more  accurate 
resxxlts.  The  bending  moments  associated  with  fi'ee  vibration  of  a  C-C 
beam  at  various  amplitudes  are  presented  in  Figure  1.  This  figure  shows 
clearly  the  influence  of  the  non-linear  effects  especially  in  the  region  of 
the  clamps.  In  Figure  2  results  corresponding  to  a  clamped-simply 
supported  beam  are  presented  for  very  large  amplitudes. 

In  Table  3,  the  nonlinear  forced  response  of  a  C-C  beam  excited  at  a 
quarter  span  of  the  beam  is  considered  using  three  symmetric  and  three 
anti-symmetric  beam  functions  and  taking  FOR  C  =200.  The  ratios  of 
the  nonlinear  excitation  firequencies  to  the  linear  fi-equency  and  the 
modal  participation  to  the  response  of  each  involved  beam  basic 
function  are  given  for  positive  and  negative  amplitudes.  The  deflection 
moments  and  modal  participations  using  relationship  (17)  are  presented 
in  Table  4  for  the  same  amplitudes  as  in  Table  3.  The  influence  of  the 
higher  modes  appears  clearly  in  these  tables.  The  nonlinear  deflection 
shapes  of  a  C-C  beam  corresponding  to  the  same  amplitudes  and 
excitations  as  in  table  3  are  presented  in  Figure  3  for  negative 
amplitudes.  The  evolution  of  the  behaviour  of  the  beam  firom  the  first  to 
the  second  resonance  is  demonstrated. 

The  most  important  advantage  of  the  method  is  that  it  enables  the 
non-linear  forced  response  to  be  obtained  easily,  not  only  in  the  vicinity 
of  the  first  resonance  but  also  the  hi^er  ones.  Also,  the  nonlinear 
response  obtained  involves  contributions  of  many  modes,  which  allows 
nonlinear  effects,  such  as  deformation  of  deflection  shapes  and  hi^er 
rate  of  increase  in  bending  stresses,  compared  with  that  predicted  by  the 
linear  theory,  to  be  taken  into  accoimt.  In  figure  4,  the  first,  the  second, 
and  the  third  forced  resonance  curves  of  a  C-C  beam  under  a 
concentrated  harmonic  force  at  the  centre  are  presented.  These  results 
have  been  obtained  automatically  by  solving  equation  (14)  using  a 
iterative-incremental  procedure  based  on  the  Newton-Raphson  algorithm 
with  a  control  parameter. 
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Figure  2:  Non-linear  free  vibration  deflection  moments  associated  with 
the  first  non-linear  mode  shape  of  a  clamped-simply  supported  beam  at 
various  amplitudes:  1:  w(centre)/R=  1,  2:  w(centre)/R=  3, 

3:w(centre)/R=  5, 4:  w(centre)/R=  7,  5:  w(centre)/R=  10. 
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Figure  3.  Linear  and  non-linear  forced  vibration  deflection  shapes  of  a 
fully  clamped  beam  under  a  harmonic  concentrated  force  at  L/4  at 
“negative  amplitudes”.  (FOR_C=200.  L:  First  linear  mode,  the  other 
curves  correspond  to  the  numerical  results  given  in  table  3  for 
w(centre)/R  variant  from  -5  to  -0.2. 


Figure  4.  The  first,  the  second  and  the  third  resonance  curves  of  a  C-C 
beam  under  a  concentrated  harmonic  force  at  the  beam  centre  (FOR_C 
=  200) 
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Table  1.  Frequency-ratios  of  free  vibration  and  the  modal  participation  of  a  C-C  beam  at  various  amplitudes. 
Case  of  three  symmetric  and  three  anti-symmetric  modes 
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Table  3.  Frequency-ratios  of  non  linear  forced  vibrations  of  a  C-C  beam  under  a  harmonic  concentrated 
force  at  a  quarter  of  the  beam  using  three  symmetric  and  three  antisymmetric  modes  and  FOR_C=200. 
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Table  4.  Deflection  moments  and  modal  contributions  at  various  amplitudes  of  forced  vibrations 
of  a  C-C  beam  under  concentrated  harmonic  force  at  a  quarter. 
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Abstract 

The  connection  between  the  perturbation  series  and  Volterra 
series  for  a  SDOF  Duffing  oscillator  is  sketched  and  a  number  of 
Associated  Linear  Equations  (ALEs)  are  derived.  It  is  shown  how 
these  constructs  can  be  useful  in  proving  properties  of  both  forward 
and  inverse  Volterra  systems. 

INTRODUCTION 

There  are  numerous  methods  for  analysing  nonlinear  systems  avail¬ 
able  to  the  structural  dynamicist.  Unfortunately,  none  of  these  methods 
has  universal  applicability.  Rather,  the  dynamicist  relies  on  a  ’toolbox’  of 
approaches  and  selects  the  appropriate  tool  for  a  given  job.  One  popular 
approach  which  can  be  applied  for  weak  nonlinearities  at  low  levels  of  ex¬ 
citation  is  the  perturbation  approach  [1,  2].  Another  method  valid  in  the 
same  regime  is  Volterra  expansion  [3].  As  one  might  expect,  two  series 
techniques  with  similar  domains  of  validity  turn  out  to  be  rather  closely 
related  and  this  paper  explores  some  of  the  simpler  consequences  of  this 
relationship. 

It  is  shown  that  the  components  of  the  Volterra  series  are  related 
to  each  other  via  a  sequence  of  linear  differential  equations  -  the  associated 
linear  equations  or  ALEs.  These  linear  equations  prove  to  be  useful  tools 
in  proving  results  for  both  forward  and  inverse  Volterra  systems  and  their 
use  is  illustrated  here  by  constructing  the  inverse  Volterra  system  for  a 
Single  Degree- Of-Preedom  (SDOF)  Duffing  oscillator. 

The  layout  of  the  paper  is  as  follows:  Section  Two  introduces  the 
Volterra  series.  Section  Three  derives  the  first  two  of  the  ALEs  for  the 
Duffing  oscillator  and  Section  Four  shows  how  all  the  ALEs  follow  from 
the  perturbation  expansion  in  this  case.  Section  Five  illustrates  the  theory 
by  constructing  the  inverse  system  for  the  Duffing  oscillator  and  the  paper 
concludes  with  some  discussion  in  Section  Six. 
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THE  FORWARD  AND  INVERSE  VOLTERRA  SERIES 

It  is  known  that  many  nonlinear  systems  (those  satisfying  appropri¬ 
ate  smoothness  and  convergence  criteria)  or  input-output  process  x(t)  — > 
y{t)  or  y  =  H[x]  can  be  realised  as  a  Volterra  series  or  mapping  [3], 

yit)  =  yi{t)  +  y2{t)  +  ysit)  +  •  •  •  +  ynit)  + . .  -  (1) 

which  contains  a  potentially  infinite  number  of  terms  where, 

yn{t)=  r  •••/  dTi...dTnhn{Ti,...,Tn)x{t-Ti)...x{t-Tn)  (2) 

and  the  functions  hn  axe  referred  to  as  the  Volterra  kernels.  The  terms  in 
the  series  will  also  be  denoted  by  Hn[x]  =  yn- 

As  in  the  linear  case,  there  exists  a  dual  frequency- domain  repre¬ 
sentation  for  nonlinear  systems  based  on  the  Higher-order  Frequency  Re¬ 
sponse  Functions  (HFRFs)  or  Volterra  kernel  transformsy 
n  =  1, . . .  ,oo  which  are  defined  as  the  multi- dimensional  Fourier  trans¬ 
forms  of  the  kernels. 

...,Wn)=  ...  r°°dn  . . .  Kin, . . . 

J  —  QO  7  —  00 

(3) 

Suppose  that  the  terms  in  the  series  (1)  are  generalised  such  that, 

/+0O  y'+oo 

...  dn...dTn  Kin,  ...,  Tn)xiti-n)  .  .  .  xitn-Tn) 

-oo  7 — oo 

(4) 

(there  is  a  minor  abuse  of  notation  here,  but  the  meaning  of  the  terms  will 
always  be  clear  from  context)  so  that, 

ynit)  =  ynitut2,...,tn)\t,=i,  =  ...=i„=t  (5) 

and  the  multi-dimensioncJ  output  Fourier  transform  is  defined  by, 

/+00  /  +00  . 

...  dh...dtn  ynih,-  ■  ■  , 

-oo  7 — oo 

(6) 

then  it  can  be  shown  [3],  that, 

=  Hni^i, . .  .,i^n)Xi(jJi) . .  .Xiwn)  (7) 

where  Xiw)  is  the  input  spectrum. 
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The  series  y  —  H[x]  is  the  forward  Volterra  series  for  the  process 
x{t)  — y  y{t).  The  corresponding  inverse  series  will  have  the  property 
X  =  K[y]  so  that  K  o  H  is  the  identity  operator  or  x  =  JRr[fl’[x]].  (In 
general  it  is  only  possible  to  construct  inverse  systems  up  to  a  given  order 
of  nonlineaxity.  However,  in  the  example  given  here  it  will  prove  possible 
to  construct  an  exact  inverse  with  a  finite  Volterra  series  so  the  restricted 
definition  above  will  be  used.) 

ASSOCIATED  LINEAR  EQUATIONS 

From  this  point  on,  the  analysis  will  be  restricted  to  the  SDOF 
Duffing  oscillator  system,  i.e.  x(^)  and  y{t)  are  related  by  the  equation  of 
motion, 


my  +  cy  +  ky  +  ksy^  -  x{t)  (8) 

and  this  system  has  a  convergent  Volterra  series  for  low  enough  levels  of 
excitation  i.e.  for  low  values  of  the  RMS  of  x{t).  The  question  of  conver¬ 
gence  is  usually  an  important  issue;  however,  in  the  example  considered 
her,  the  final  result  is  not  dependent  on  the  convergence  of  the  series.  The 
Volterra  kernels  can  be  computed,  but  the  kernel  transforms  are  easier 
to  find  and  they  are  the  objects  of  interest  here.  Using  the  method  of 
haxmonic  probing  [4],  it  can  be  shown  that  [5], 


H^iw)  = 


1 

+  icu;  +  k 


(9) 


H3{wi  ,  W2,  Wa)  =  -ksHi  (wi  )Hi{w2)Hi{u3)Hi{ui  +uf2+  wa)  (10) 

The  first  ALE  is  obtained  from  the  Duhamel  relation, 

/OO 

dr  hi{T)x{t  —  t)  (11) 

-OO 

or  in  the  frequency- domain  (by  convolution), 

Yiicv)  =  Hi{w)X{uj)  (12) 

Working  back  from  (12)  to  the  time-domain  using  (9)  gives, 

myi  +  cyi  +  kyi  =  x{t)  (13) 

which  is  the  first  Associated  Linear  Equation  or  ALE. 

The  second  ALE  starts  from  the  third-order  version  of  equation  (7). 
(Because  there  is  no  even  term  in  the  nonlinearity  in  (8),  all  the  even-order 
Volterra  kernels  and  HFRFs  vanish  [5].) 
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(14) 


=  H3{u!i,W2,liJ3)X(wi)X(u)2)X(w3) 

Substituting  for  H3  from  (10)  gives, 

73(0;!, 0^2, 0)3)  =  -k3Hi{u;)Hi{w^)H^{u2)Hi{w3)X{w,)X{w2)X{u;3)  (15) 
where  w  =  Wi  +  a;2  +  U3.  From  (12)  it  follows  that, 

i3(a;i,a;2, W3)/fi(w)  ^  =  —k3Yi{(V\)Yi{u2)Yi{ii’3)  (16) 

or  by  (9), 

{-mu^  +  tew  +  k)Y3{u)i,u)2,i^2)  =  -A:3Fi(u;i)yi(ti;2)yi(a;3)  (17) 

Now,  change  variables  to  a;  =  wi  + 1*;2  +  013,  fii  —  W2  +  W3,  fi2  =  (1^3 
and  (17)  becomes, 

(-mu;^  +  icw  + A:)l^(a;-/ii,^i  -/t2,/i2)  =  -k3Yi(w  -  fii)Yi{ni  -  fi2)Yi{fi2) 

(18) 

and  according  to  equation  (6.3-12)  of  [3], 

\  yoo  AGO 

^3(<^)  =  7;r^/  /  dnid(i2Y3{u  -  fi2,fi2)  (19) 

yZTT j  J—ooJ —00 

so  multiplying  the  LHS  of  (18)  by  l/(27r)^  and  integrating  with  respect  to 
fii  and  fi2  yields, 

(— TTiu;^  +  icu)  +  k)Y3{uf)  (20) 

and  the  inverse  Fourier  transform  of  this  is, 

mys  +  cys  +  kyz  (21) 

The  same  sequence  of  operations  on  the  RHS  of  (18)  gives, 

_ rco  roo  roo 

/  /  du,dti^dfi2  e"^Yr{u,  -  |i^)Y^{^l,  -  ^i2)Y^{fl2)  (22) 

(27r)^y-oot/-ooJ-oo 

and  changing  variables  back  to  (cji,a;2,a;3)  gives  (the  Jacobian  is  unity), 
^  r  r  r  du2,dw2dw3  e'(‘^*+‘^+“’)‘yi(a;i)yi(u;2)yi(a;3)  (23) 

(ZTryJ-ooJ-ooJ-oo 
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and  the  integral  factors  and  becomes  simply, 


-  hyl  (24) 

Equating  (24)  with  the  LHS  in  (21)  gives  the  second  ALE, 

my3  +  0/3  +  ky3  =  -k3yl  (25) 

The  extraction  of  (24)  was  rather  cumbersome  and  the  derivations 
become  more  complicated  for  higher-order  ALEs.  Fortunately,  there  is  a 
much  more  direct  route  via  perturbation  einalysis  as  is  shown  in  the  next 
section. 

If  the  nonlinearity  is  on  the  input,  the  situation  is  somewhat  simpler. 
Consider  the  system, 


my  +  cy  +  Ay  =  f{x)  (26) 

where  /  is  an  analytic  function,  i.e., 

oo 

f{x)  =  (27) 

(it  is  assumed  that  there  is  no  constant  term,  this  will  be  dealt  with  in  a 
later  publication).  The  associated  ALEs  axe  simply. 


'myi  +  cyi  +  kyi  =  aiX^ 
For  excimple,  the  system. 


has  ALEs, 


my  +  cy  -\-ky  =  a^x  +  03a:® 


(28) 

(29) 


myi  +cyi+  kyi  =  aix,  mys  -|-  cys  -f  ky3  =  (30) 

Now,  by  linearity  of  the  differential  operator  on  the  LHS, 

m{yi  +  ys)  -|-  c(yi  -|-  ys)  -f  k{yi  -f  ya)  =  aj®  +  03®®  (31) 

and  comparing  this  with  (29),  uniqueness  of  the  solution  of  differential 
equations  [7]  gives, 

y{t)  =  yi{t)  +  ysit)  (32) 

as  required  for  this  system. 
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PERTURBATION  ANALYSIS 


The  connection  between  the  Volterra  series  and  perturbation  anal¬ 
ysis  is  known,  see  for  example  [6].  However,  the  analysis  is  given  here 
for  completeness  and  also  to  derive  the  required  results  for  the  Duffing 
oscillator  example. 

Assuming  that  ks  in  (8)  is  small  enough  to  act  cls  an  expansion 
parameter,  then  the  solution  of  the  equation  can  be  expressed  as  an  infinite 
series, 


y{t)  =  +  ...  (33) 

Once  (33)  is  substituted  into  (8),  the  coefficients  of  each  kl  can  be  projected 
out  to  yield  equations  for  the  To  order  one  has, 

^3  :  +  cy^^^  +  ky^^^  =  x(t) 

k^  :  my(^)  +  cy(^)  -f  ky(^)  +  =  0  (34) 

-f  cy^^^  +  ky^^^  +  =  0 

The  perturbation  method  is  iterative.  The  first  step  is  to  solve  the 
order  k^  equation.  This  is  the  standard  SDOF  linear  equation  and  the 
solution  is  simply, 

y(°\t)  =  f  dr  hi{T)x(t  -  r)  (35) 

J  —  OO 

where  hi{r)  is  the  impulse  response  of  the  underlying  linear  system. 

The  frequency  content  of  the  expansion  is  summed  up  by, 

y(w)  =  +  k3Y^'^\w)  +  klY^^\u;)  +  ...  (36) 

and  so  to  order 

r(°)(a;)  =  Hi{w)X{w)  =  yi(a;)  (37) 

where  Yi(<i^)  is  the  first  term  in  the  Volterra  expansion  for  the  spectrum. 
The  next  equation  is  to  order  from  (34).  Note  that  the  nonlinear 
term  is  actually  known  from  the  k^  calculation,  and  the  equation  has  a 
forced  linear  SDOF  form, 

+  ky^^^  =  (38) 

and  this  has  solution, 

2^(i)(i)  =  ^  f  dr  hi{t  -  T)y^^^\T)  (39) 

♦/— oo 

so  substituting  (35)  yields, 
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=  -J  dr  hi(t  -  t)  {^j  dTi  hi{T  -  Ti)x{ti)^  x 

U-oo^^^  ^l(7'  -  T2)x{T2)j  JLtz  hi{T  -  T3)®(r3)  j  (40) 

or, 

j,«(f)=-r  r  rdndT^dr^x 

J-OoJ^OoJ-’OO 

dThi{t  -  T)hi{T  -  Ti)hi{T  -  T2)hi{T  —  Ts)^  x{ti)x{t2)x{t3)  (41) 

so,  comparing  with  equation  (2),  it  appears  that, 

ysit)  =  k3y^^\t)  (42) 


/oo 

dThi{t  -  t)Ai(t  -  Ti)hi{T  -  r2)/ii(r  -  T3) 

‘OO 

(43) 

setting  t  =  0, 

/oo 

dThi{-T)hi{T  —  ri)Ai(r  -  r2)hi{r  -  r^)  (44) 

-oo 

and  finally  letting  ti  =  i  =  1, . . . ,  3,  one  obtains 

^3(^1, ^2,^3)  =  ^3  f  dTfti( — T)hi(T  ti')hi(T  ~\- t2')hi(T  +  t3)  (^5) 

./— OO 

As  a  check  it  is  useful  to  see  what  is  happening  in  the  frequency- 
domain.  The  appropriate  transformation  is  (from  (3)), 

/-l-oo  y+oo  y+oo 
-OO  */— oo  J—oo 

{^j  dTh\(^—T^h\[T  ti)hi{T  -\-t2)hi{T  + 13)^  (46) 

Now,  this  expression  factors, 

^?3(wi,a;2,a;3)  =  -*3  j  drfei(-T)  (^j  +  r))  x 

(^J^jt2e-^*^hi{t2  +  r))  +  r))  (47) 
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and  using  the  Fourier  trcinsform  shift  theorem  to  take  the  sequence  of 
transforms  gives, 


=  —k3Hi{u;i)Hi{u;2)Hi{iVs)Hi{u;i  +  a;2  +  ^*^3)  (48) 

which  agrees  with  the  harmonic  probing  result  (10)  cis  it  should. 

Carrying  the  calculation  to  higher  orders  is  straightforward  but  te¬ 
dious,  After  evaluating  and  it  becomes  clear  that, 

y2.+,{t)  =  k-y^-\t)  (49) 

so  the  higher-order  ALEs  can  be  taken  directly  from  (34). 

THE  mVERSE  VOLTERRA  SERIES  FOR  THE  DUFFING 

OSCILLATOR 

In  this  section,  the  ALEs  will  be  used  to  prove  an  interesting  result 
regarding  the  inverse  Volterra  series  for  the  Duffing  oscillator.  As  discussed 
in  Section  One,  this  is  the  series  which  satisfies  x  =  if  [y]  for  the  system 
in  (8).  In  diagrammatic  form, 


X 

->■ 


H 


K 


X 


or,  breaking  the  signals  down  into  the  relevant  components, 


so. 


Zi  =  Ki[y] 

and, 

00 

X  =  Y,Zi 

t=i 


(50) 


(51) 
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It  transpires  that  only  Zi  and  zs  are  needed,  and  according  to  [3], 
the  corresponding  components  of  K  axe  given  by, 

ifi  =  (52) 

and, 

K3  =  ^KioH3oKx  (53) 

Considering  Zii  according  to  the  first  ALE  for  the  Duffing  oscillator 

(13), 


2/1  =  Bi[x]  =»  X  =  Kx[yi]  =  myi  +  cyi  +  kyi  (54) 

and  therefore, 

Zi  =  Ki[y]  =my  +  cy  +  ky  =  x-  (55) 

by  equation  (8).  The  third  ALE  for  the  system  (25)  illustrates  the  decom¬ 
position, 


which  gives  a  breakdown  for  Z3  according  to  (53), 


and  according  to  (52)  this  collapses  to, 
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or, 


zz  =  kzy^  (56) 

So,  adding  (55)  and  (56),  one  finds  that, 

Zi-V  zz  =  x  (57) 

and  the  Volterra  inverse  therefore  terminates  at  order  three.  Equations 
(55)  and  (56)  further  show  that  the  inverse  can  be  implemented  in  block 
form  using  only  P  and  D  operations,  i.e.. 


and  it  is  clear  from  this  representation,  that  the  inverse  system  is  valid 
for  all  levels  of  excitation  of  the  original  Duffing  oscillator,  even  if  the  said 
oscillator  does  not  have  a  convergent  Volterra  representation. 

It  is  shown  above  that  the  third  ALE  is  equivalent  to  a  breakdown 
of  ITa  into  Jffi  components.  In  fact,  the  ALE  gives  the  corresponding 
decomposition  for  JTn*  For  example,  the  fifth  ALE  (from  (34)), 

mys  +  cys  +  ky^  =  -3A;|yi3/3  (58) 

gives. 
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where  the  decomposition  of  Hs  is  already  known. 

CONCLUSIONS 

The  conclusions  from  this  paper  are  simple.  A  decomposition  of  a 
nonlinear  system  into  a  system  of  associated  linear  equations  (ALEs)  is 
proposed  on  the  basis  of  the  Volterra  representation  of  the  system.  No 
new  results  are  presented  here;  however,  it  is  argued  that  the  ALEs  allow 
simpler  demonstrations  of  established  results  and  also  lend  themselves  to  a 
diagrammatic  representation  which  facilitates  analysis.  Further  work  will 
show  how  the  ALEs  are  used  in  the  generation  of  new  results;  namely  in 
the  analysis  of  inverse  systems  for  oscillators  with  DC  terms  and  for  the 
analysis  of  inverses  of  discrete  systems. 
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Abstract 

This  paper  presents  a  case  study  of  a  vibration  separator  sys¬ 
tem  with  vertical  sieve  surfaces.  Under  excitation  by  an  unbalance 
force  from  an  eccentric  axle,  the  system  displays  multi-frequency  vi¬ 
brations.  The  analysis  here  considers  a  two-dimensional  model  and 
states  the  extension  to  three-dimensions  and  the  expected  results. 
Cubic  and  quadratic  nonlinearities  for  the  system  arise  as  a  result 
of  interactions  between  the  coordinates  of  the  motion.  An  experi¬ 
ment  is  performed  on  a  real  separator  and  subharmonic  behaviour 
is  observed. 


INTRODUCTION 

This  paper  is  concerned  with  a  case  study  of  a  three-dimensional 
dynamical  system  which  has  been  proposed  and  patented  as  a  vibration 
separator  with  vertical  sieve  surfaces  [1].  In  addition  to  providing  insight 
into  the  behaviour  of  the  system,  the  analysis  is  of  pedagogical  interest 
as  the  equations  of  motion  incorporate  both  a  time-varying  mass,  and 
nonlinearity  as  a  result  of  interactions  between  spatial  coordinates. 

The  separator  was  designed  for  use  removing  sand  from  clay  solu¬ 
tion  in  the  porcelein  industry;  however,  it  is  applicable  in  any  situation 
where  sediment  must  be  removed  from  a  fluid.  The  machine  functions 
by  vibration  separation  of  solid  materials  through  vertical  sieve  surfaces. 
The  vibrations  are  induced  using  an  unbalanced  axle.  A  schematic  for  the 
separator  is  given  in  Figure  1. 

It  was  shown  in  [2],  that  multi-frequency  vibrations  could  be  ob¬ 
tained  under  single  frequency  excitation  from  several  unbalanced  ax:les  ro¬ 
tating  at  a  certain  multiple  of  the  resonant  frequency.  The  main  result  of 
this  paper  is  the  observation  that  multi-frequency  vibrations  can  be  ob¬ 
tained  under  excitation  by  a  single  unbalance  force  in  a  real  mechanical 
system,  namely  the  separator;  part  of  the  euialysis  is  outlined  in  support 
of  the  experimental  results. 
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Figure  1.  The  vibration  separator. 


This  paper  is  part  of  a  longer-term  investigation;  there  are  essen¬ 
tially  three  stages  to  the  overall  programme  of  study: 

1.  An  investigation  into  the  spatial  movement  of  a  single  mass  system 
in  two-dimensions.  First  with  constant  mass  and  then  with  a  time- 
varying  mass.  The  results  of  this  investigation  were  reported  in  [4]. 

2.  An  investigation  on  the  mechanisms  for  transferring  energy  between 
the  coordinates  via  the  nonlinear  linkages.  A  look  at  possible  ex¬ 
ploitation  of  the  nonlinearity  to  supress  components  of  the  multi¬ 
frequency  response.  A  proposed  method  for  the  control  of  the  vibra¬ 
tion  separator  and  the  analysis  of  the  multi-frequency  response  has 
also  been  the  subject  of  a  patent  [3]. 

3.  An  attempt  at  experimental  confirmation  of  the  analytical  results. 
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This  paper  partially  addresses  phase  3  of  the  programme  above.  The 
layout  of  the  paper  is  as  follows:  Section  Two  introduces  the  ideas  behind 
the  vibration  separator  and  discusses  a  simplified  two-dimensional  model, 
steady-state  vibration  results  are  presented  from  numerical  simulation  in 
Section  Three.  In  Section  Four,  the  three-dimensional  model  is  discussed  in 
a  truncated  form.  In  Section  Five,  the  actual  separator  system  is  described 
and  the  results  of  the  experimental  study  are  presented. 


THE  TWO-DIMENSIONAL  MODEL 

Following  the  philosophy  of  [5],  the  system  shall  be  regarded  as 
a  single-mass  dynamical  system  subject  to  spatial  stiffness  and  damping 
forces  which  restore  equilibrium  on  excitation  by  aji  external  force.  In  this 
section,  a  two-dimensional  approximation  to  the  motion  will  be  explored, 
and  a  schematic  for  the  system  is  shown  in  Figure  2. 


Figure  2.  Two-dimensional  spatial  model. 


The  body  is  considered  rigid  of  mass  M,  the  general  motion  will  be 
with  respect  to  fixed  coordinates  (y,  z)  in  two  dimensions.  (For  the  mo¬ 
ment,  angular  motion  is  not  considered  so  the  sense  of  rotations  is  unim¬ 
portant.)  Motion  is  relative  to  an  origin  0,  Where  needed,  a  coordinate 
system  (?/,  ()  moving  with  the  mass  M  could  be  employed. 

The  equations  of  motion  for  the  mass  moving  in  the  plane  {y,z)^ 
are  (retaining  terms  up  to  cubic-order)  derived  using  Lagriangian  methods 
in  [5,  6], 
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(1) 
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—  sm{u;t) 
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+  =  ^cosM)  (2) 

where  the  excitation  is  an  unbalance  force  of  magnitude  F  arising  from  an 
unbalanced  axle  rotating  in  the  (y,  z)  plane  with  circular  frequency  a;,  Cy 
and  Cz  are  the  total  viscous  dampings  associated  with  the  coordinates  y 
and  z,  iVy  and  are  natural  frequencies  associated  with  the  coordinates 
via  the  total  stiffnesses  ky  and  kz  i.e.  =  ky/m  and  =  kzfm.  The 
length  of  the  elastic  elements  (springs)  is  r.  Note  that  the  springs  are 
linear,  the  nonlinearity  in  the  equations  arises  as  a  result  of  projecting 
the  motion  of  the  springs  onto  the  two  coordinate  axes.  For  a  complete 
analysis,  the  equations  (1)  and  (2)  would  be  supplemented  by  an  equation 
for  the  angular  degree  of  freedom  0,  this  is, 


16  +  ced  +  keO  +  m{yz  —  yz)  —  M  (3) 

where  I  is  the  moment  of  inertia  and  M  is  a  driving  moment.  However, 
it  was  found  in  [6]  that  the  influence  of  the  angular  variable  in  the  two- 
dimensional  system  was  small  and  could  therefore  be  neglected  safely.  Note 
that  when  the  angular  variable  is  included,  the  simulation  problem  also 
becomes  rather  more  complicated  due  to  the  presence  of  the  spatial  accel¬ 
erations  in  its  equation  of  motion. 
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The  particular  system  under  study  here  is  the  vibration  separator; 
a  schematic  for  the  two-dimensional  motion  is  given  in  Figure  3,  the  actual 
three-dimensional  system  is  shown  in  Figure  1. 

Fluid  flows  in  at  the  top  with  an  inflow  velocity  u  and  out  at  the 
base  with  outflow  velocity  v  =  \^2gh,  where  g  is  the  acceleration  due  to 
gravity  and  h  is  the  vertical  distance  between  the  free  surface  of  the  fluid 
and  the  outflow  openings.  As  a  result,  the  system  has  a  time- varying  mass 
7n{t).  There  are  essentially  three  modes  of  movement: 

Filling  up.  The  mass  of  the  system  increases  steadily  as  a  result  of  the 
fluid  influx  i.e,  u>  v  until  equilibrium  is  reached  with  outflow  equal 
to  inflow. 

Equilibrium  Inflow  equal  to  outflow  v  =  u  i.e.  h  =  u^f2g,  (The  areas  of 
the  openings  for  inflow  and  outflow  are  assumed  equal.) 

Pure  Outflow  Fluid  influx  is  zero  and  the  separator  empties  to  the  level 
of  the  outflow. 


Figure  4.  Minimal  form  of  two-dimensional  model  of  separator. 

Figure  4.  shows  the  model  adopted  for  the  separator  incorporating 
the  time- varying  mass  and  reactive  force  as  derived  in  [4].  After  adjusting 
the  equations  (1)  and  (2)  accordingly,  they  were  not  soluble  analytically. 
In  order  to  proceed,  it  was  necessary  to  use  numerical  methods  or  adopt 
further  simplifications.  The  former  course  was  chosen.  The  equations  (1) 
cind  (2)  became  (for  inflow). 
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(5) 


NUMERICAL  SIMULATIONS  OF  THE  2D  MODEL 


A  number  of  simulations  were  performed  in  [4]  to  illustrate  the  full 
nonlinear  and  time- varying  nature  of  the  system.  For  completeness,  some  of 
the  results  are  repeated  here.  The  situation  considered  in  the  experimental 
study  later  is  for  the  steady-state  of  the  separator  when  it  is  either  empty  of 
fluid  or  in  equilibrium  between  the  inflow  and  outflow  stages.  Note  that  the 
full  inflow/steady-state/outflow  sequence  was  simulated  in  [4].  In  order  to 
carry  out  the  simulations,  the  following  parameter  values  were  adopted  as 
representative  of  the  separator  system  (only  those  relevant  for  the  steady- 
state  motions  are  given  here).  The  stifnesses  were  roughly  estimated  by 
testing  the  full  separator  system  and  relating  the  forces  applied  to  the 
observed  amplitudes. 


Quantity 

Symbol 

Value 

Units 

Initial  mass  of  separator 

mo 

121 

kg 

Mass  of  added  fluid 

mt 

185 

kg 

y  spring  constant 

ky 

1.844  X  10® 

Nm-i 

z  spring  constant 

K 

1.844  X  10® 

Nm-i 

y  damping  constant 

Cy 

298.7 

Nsm“^ 

z  damping  constant 

Cz 

298.7 

Nsm“^ 

Table  1:  Parameter  values  for  2D  simulations 


The  damping  values  were  computed  using  the  steady-state  mass 
and  stiffness  values  to  give  a  damping  ratio  of  0.01  or  1%  of  criticcd. 
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The  first  of  the  simulations  from  [4]  are  reproduced  here  for  com¬ 
pleteness.  In  order  to  simplify  matters,  the  set  of  simulations  shown  were 
made  during  the  steady  state,  i.e.  with  the  mass  constant  at  306  kg.  The 
relevant  equations  are  essentially  (1)  and  (2).  The  simulations  were  carried 
out  using  a  standaxd  fourth-order  Runge-Kutta  algorithm  as  specified  in 

[7]. 

The  first  simulation  was  for  the  system  with  a  sinusoidcJ  force  of 
magnitude  2000  N  and  a  frequency  of  12.355  Hz.  This  is  the  natural 
frequency  of  both  degrees  of  freedom  as  The  sampling  frequency 

was  chosen  as  500  Hz  -  well  above  the  Nyquist  limit  even  allowing  for 
multiple  harmonics  in  the  response.  A  segment  of  the  time  response  for  y 
after  the  steady-state  had  been  reached  is  given  in  Figure  5a.  There  appears 
to  be  no  appreciable  heirmonic  distortion;  however,  if  the  spectrum  of  the 
signal  is  computed  (Figure  5b),  the  harmonics  characteristic  of  a  nonlinear 
system  response  are  clearly  present.  As  the  nonlinear  restoring  force  has 
both  a  quadratic  and  cubic  part,  both  odd  and  even  harmonics  are  present. 


(a) 

2.0e-02  I - , - i - ^ ^ - r- 


2  > - 1 - 1 - 1 - 1 - 1 _ 1  I  I  t  I 

31.0  31.1  31.2  31.3  31.4  31.5  31.6  31.7  31.8  31.9  32.0 

Time  (s) 


(b) 


Frequency  (Hz) 

Figure  5.  Response  of  2D  stationary  system.  Input  at  the  natural 

frequency. 

The  second  simulation  used  the  same  system  parameters,  amplitude 
of  vibration  and  sampling  frequency,  but  adjusted  the  excitation  frequency 
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to  24.71  Hz,  i.e.  twice  the  natural  frequencies.  A  segment  of  the  time 
response  (same  interval  as  before)  is  given  in  Figure  6a.  As  before,  there  is 
no  apparent  harmonic  distortion  but  the  frequency  is  clearly  twice  that  of 
the  response  in  Figure  5a.  Figure  6b  shows  the  spectrum  and  again  reveals 
the  harmonic  content,  this  time  at  multiples  of  24.71  Hz.  There  is  also 
evidence  of  subharmonic  activity  at  12.355  Hz. 
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Figure  6.  Response  of  2D  stationary  system.  Input  at  twice  the  natural 

frequency. 

The  objective  of  these  simulations  is  to  show  that  a  multi-frequency 
response  is  obtained  in  the  two-dimensional  model  when  values  for  the 
stiffnesses  and  dampings  are  adopted  which  are  representative  of  the  true 
three-dimensional  system.  The  harmonics  in  the  response  are  a  result  of 
the  nonlinearities  in  the  equations  of  motion,  which  are  in  turn  a  result 
of  the  nonlinear  relationships  between  the  actual  motions  of  the  system 
and  the  projections  onto  the  coordinate  axes.  If  similar  nonlinear  terms 
are  present  in  the  full  three-dimensional  model,  the  same  multi-frequency 
responses  can  be  expected  from  that  model  and  from  the  real  system. 

THE  THREE-DIMENSIONAL  MODEL 

Three-dimensional  spatial  vibrations  of  the  separator  system  are 
generated  by  driving  the  system  with  an  unbalanced  axle  as  shown  in 
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Figure  7.  The  unbalance  masses  are  at  a  relative  angle  of  90  degrees. 
This  excitation  forces  elliptical  motions  (in  the  linear  regime)  in  the  y  —  z- 
plane  and  the  remaining  coordinates  are  excited  as  a  result  of  the  nonlinear 
geometrical  linkages. 


X 

Figure  7.  Unbalanced  axle. 

The  equations  of  motion  are  rather  complex,  they  are  given  here 
only  up  to  second-order  and  only  for  the  steady-state  in  order  to  show  the 
difficulty  of  the  problem, 


mx  +  c^x  -h  wlx  ~  Hx  (6) 

•my +  Cyy  +  c^ly  =  Hy  +  F  sm{cvt)  (7) 

mz  +  CzZ  +  wlz  —  Hz  F  cos^wt)  (8) 

leO  +  cs9  +  a44&  =  —  7^^  —  I<f>^  —  7n{yz  —  yz)  (9) 


=  My —  m{zx  —  zx)  -t-  M  sin(a;t)  (10) 
=  Mz^-Ie6'tl^-¥liji0il)  —  [I^’-I^)'ij)6’\-m{xy—xy)-^Mco^{uji) 

.  (11) 
where  F  and  M  are  the  magnitudes  of  the  force  and  torque  respectively 
induced  by  the  axle.  and  are  the  mass  moments  of  inertia.  ^44, 
and  ttee  ^re  constants  induced  by  the  geometry  analogous  to  the  parameter 
r  in  the  two-dimensional  equations  of  motion  (1)  and  (2)  (the  notation 
is  from  [5]).  ff®,  Hz^  My  and  Mz  and  quantities  describing  the 
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nonlinear  interactions  between  the  coordinates.  The  simplest  of  these  is 
which  is  (only  to  second-order), 


Hx  —  +  aiiixz  +  ai2oZ'tl)  +  oi26^(^  (12) 

where  again  the  numbers  refer  to  the  notation  of  [5].  Clearly  these  equa¬ 
tions  are  fax  too  complicated  to  allow  any  analytical  progress  and  the  only 
course  of  action  is  computation.  This  exercise  will  be  pursued  in  another 
publication,  the  point  to  note  now  from  the  equations  above  is  that  they 
are  nonlinear  in  the  coordinates  in  a  similar  fashion  to  the  two-dimensional 
model  and  will  be  expected  to  generate  the  same  nonlinear  behaviour.  Be¬ 
cause  both  odd  and  even  nonlinearities  are  present  in  the  full  equations, 
odd  and  even  superharmonics  and  subharmonics  might  be  expected  in  the 
responses.  That  this  occurs  is  illustrated  in  the  next  section  by  experiment. 

EXPERIMENTAL  RESULTS 

The  full  three-dimensional  system  is  essentially  that  presented  in 
Figure  1.  The  excitation  was  provided  by  the  unbalanced  ajcle  of  Figure  7 
driven  by  a  Bruel  and  Kjaer  sine- wave  generator  and  standard  power  am¬ 
plifier.  Two  Bruel  and  Kjaer  accelerometers  placed  on  the  hopper  housing 
were  used  to  measure  the  responses.  The  experiments  were  repeated  three 
times  with  the  sensors  oriented  along  a  different  coordinate  in  each  case. 
For  each  experiment,  the  sensors  were  placed  a  small  distance  apart  and 
the  angular  responses  were  obtained  by  passing  two  accelerometer  readings 
into  a  signal  differencer.  The  Fourier  transforms  were  carried  out  using  a 
Bruel  and  Kjaer  spectrum  ctnalyser. 


Coordinate 

Natural 

Frequency  (Hz) 

X 

=  wJ{2t)  =  12.5 

y 

fy  =  a;,/(27r)  =  12.5 

z 

fz  —  ‘^z/(27r)  =  16.0 

6 

je  =  ws/(2ir)  =  18.5 

ijj 

f-4,  =  a;^/(27r)  =  14.5 

<i> 

U  =  w^/(27r)  =  24.0 

Table  2:  Natural  frequencies  of  unadjusted  system 


The  first  set  of  data  were  obtained  with  the  sepairator  hopper  full 
and  the  natural  frequencies  for  the  various  coordinates  were  as  given  in 
Table  2. 
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Figure  8.  fl-spectrum  of  unadjusted  system. 


Frequency  Hz 

Figure  9,  spectrum  of  adjusted  system. 

The  full  separator  was  excited  with  a  sinusoidal  force  at  50  Hz.  The 
resulting  vibrations  showed  a  marked  subharmonic  and  superharmonic  con¬ 
tent.  The  results  are  shown  in  Figure  8  for  the  6  coordinate  spectrum,  the 
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third-order  subharmonic  components  at  16.7  Hz  and  33.3  Hz  are  evident. 
This  shows  clearly  the  nonlinear  nature  of  the  system  resulting  from  the 
geometrical  couplings  between  the  coordinates. 

A  similar  response  is  obtained  from  the  empty  hopper.  If  the  natural 
frequencies  of  the  empty  hopper  are  adjusted  by  the  method  given  in  [6] 
whereby  mass  is  added  in  order  to  change,  predominantly,  the  natural 
frequencies  of  the  6  and  ^  coordinates,  the  natural  frequencies  are  as  given 
in  Table  3. 


Coordinate 

Natural 

Frequency  (Hz) 

X 

/x  =  19.3 

y 

fy  =  19.3 

z 

/x  =  19.3 

0 

fe  =  19.9 

u  =  19.9 

U  =  29.0 

Table  3:  Natural  frequencies  of  adjusted  system 


and  the  tf-spectrum  is  given  in  Figure  9.  Note  that  the  effect  of  the  mass 
adjustment  has  been  to  suppress  the  1/3  subharmonic  at  the  expense  of 
amplifying  the  2/3  subharmonic.  This  shows  that  the  mass  adjustment 
procedure  in  [6]  offers  the  possibility  of  amplifying  or  suppressing  signal 
components  from  three-dimensional  rigid  body  motions. 

The  experiment  thus  confirms  the  qualitative  predictions  from  the 
model  simulations,  namely  that  the  separator  produces  superharmonic  and 
subharmonic  responses  as  a  result  of  nonlinear  geometrical  relationships 
between  the  coordinates. 


CONCLUSIONS 

The  purpose  of  this  paper  has  been  to  illustrate  the  fact  that  spa¬ 
tial  rigid  body  motions  are  intrinsically  nonlinear  due  to  the  geometrical 
couplings  between  coordinates.  Two  demonstrations  are  made:  one  on  a 
two-dimensional  simulated  system  and  the  second  on  a  three-dimensional 
experiment.  The  theory  for  the  three-dimensional  system  is  rather  com¬ 
plicated  as  discussed  above  and  this  will  be  reported  elsewhere;  however, 
samples  of  the  full  equations  of  motion  are  given  here  in  order  to  show  their 
qualitative  similarity  to  those  of  the  two-dimensional  model.  The  separator 
study  also  indicates  that  mass  adjustments  which  change  the  coordinate 
natural  frequencies  can  potentially  suppress  or  amplify  signal  components 
from  the  forced  vibrations. 
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Transient  vibrations  of  an  isotropic  nonlinearly  elastic  spherical  shell  being  in 
external  smooth  contact  with  an  elastic  isotropic  medium  are  considered.  At  the 
initial  instant  of  time,  the  internal  surface  of  the  shell  is  subjected  to  the  snap- 
action  velocity  vector  components  which  are  dependent  on  the  coordinates  on 
the  shell’s  middle  surface.  The  solution  of  the  problem  is  accomplished  in  three 
stages.  At  the  first  stage,  the  solution  is  constructed  for  a  spherical  cavity  whose 
boundary  is  subjected  to  a  given  velocity  vector  at  the  initial  instant  of  time.  As 
a  result,  two  types  of  shock  waves,  quasilongitudinal  and  quasitransverse  waves, 
begin  to  propagate  in  the  surrounding  medium  with  the  speeds  of  elastic  waves. 
Behind  the  wave  fronts,  the  functions  to  be  found  are  determined  in  terms  of  ray 
series  constructed  by  virtue  of  the  theory  of  discontinuities.  At  the  second  stage, 
the  solution  to  the  problem  on  transient  vibrations  of  a  spherical  shell  is  sought 
in  terms  of  power  series  with  respect  to  time  with  indeterminate  coefficients 
dependent  on  the  coordinates  on  the  shell’s  middle  surface.  At  the  third  stage, 
the  solutions  obtained  on  the  first  two  stages  are  matched  with  each  other  using 
the  conditions  of  contact  and  initial  conditions.  As  a  result  of  the  procedure 
described,  the  time  dependence  of  the  shell  deflection  and  contact  force  can  be 
obtained  and  the  stress  and  displacement  velocity  fields  can  be  constructed  in 
the  domain  adjacent  immediately  to  the  contact  zone. 


INTRODUCTION 

The  problems  connected  with  nonstationary  interactions  of  thin  shells 
with  a  surrounding  medium  belong  to  the  contact  dynamic  problems  and 
are  of  practical  significance.  These  problems  are  the  topical  problems  just 
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as  from  the  view  point  of  fundamental  investigations  dealing  with  the  con¬ 
tact  dynamic  problems,  so  also  in  the  view  of  their  applications  to  various 
fields  of  modern  production.  One  is  up  against  such  problems  in  min¬ 
ing  art  when  investigating  the  interaction  of  a  working  with  a  support,  in 
petroleum  extractive  and  refining  industry  in  storage  of  oil  and  petroleum 
products  in  spherical  subsurface  vessels,  in  seismology  and  seismic  survey 
when  cavities  of  the  Earth’s  crust  interacting  with  incident  and  reflected 
waves  may  play  the  role  of  resonators  increasing  the  energy  of  wave  fields 
in  the  vicinity  of  these  cavities,  and  so  on. 

Mathematical  methods  used  for  solving  contact  dynamic  problem  are  of 
a  great  variety,  among  them  the  method  of  invariant-functional  solutions 
suggested  by  V.N.  Smirnov  and  S.L.  Sobolev,  the  Wiener-Hopf  method, 
the  integral  transform  method,  the  generalized  Vol terra  and  Hadamard 
methods,  the  method  of  characteristics,  various  numerical  methods,  as  well 
as  the  ray  method.  The  advantage  of  the  last  named  method  over  other 
mentioned  methods  is  in  its  pictorial  compatibility  with  the  intuitive  notion 
of  wave  propagation  generally  and  light  waves  specifically,  in  the  ease  of 
interpretation  of  the  results  obtained,  as  well  as  in  its  versatility,  since 
the  ray  series,  which  are  the  basis  of  this  method,  may  be  successfully 
applied  both  for  solving  the  problems  connected  with  the  generation  of 
harmonic  vibrations  and  waves  and  for  tackling  the  problems  dealing  with 
the  origination  of  transient  vibrations  and  waves. 

Rossikhin  [1]  was  the  first  to  use  the  ray  method  for  solving  contact 
dynamic  problems  when  studying  transient  vibration  of  a  plate  resting  on 
an  elastic  anisotropic  half-space.  Then  it  was  generalized  by  Shitikova 
[2]  for  investigating  different  problems  of  such  a  kind.  A  comprehensive 
review  of  papers,  wherein  dynamic  contact  problems  were  solved  by  the 
ray  method  based  on  the  theory  of  discontinuities,  can  be  found  in  [3]. 

The  ray  method,  which  has  been  advantageously  applied  in  the  above 
enumerated  papers  for  solving  linear  problems,  has  been  extended  further 
to  the  solution  of  the  problems  dealing  with  nonlinear  thin  bodies.  Thus, 
the  transient  vibrations  of  a  nonlinear  elastic  plate  resting  on  an  elastic 
isotropic  half-space  have  been  studied  in  [4],  but  the  transient  vibrations 
of  a  nonlinearly  elastic  infinite  cylindrical  shell  of  constant  thickness  being 
in  external  contact  with  an  elastic  isotropic  surrounding  medium  have  been 
investigated  in  [5]. 

In  the  present  paper,  the  dynamic  contact  problem  for  the  interaction 
of  a  nonlinearly  elastic  spherical  shell  with  an  elastic  isotropic  medium 
contacting  with  the  shell’s  external  surface,  when  its  internal  surface  is 
subjected  to  nonstationary  excitations,  is  solved  by  the  ray  method. 
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1  Problem  Formulation 


Let  US  consider  transient  vibrations  of  a  nonlinearly  elastic  isotropic  spher¬ 
ical  shell  of  the  thickness  h  and  radius  R  being  in  external  smooth  contact 
with  an  unbounded  elastic  isotropic  medium;  in  so  doing  the  stress-strain 
relations  and  the  bending  strain-displacement  relations  for  the  shell  are 
considered  to  be  linear  while  the  membrane  strain-displacement  relations 
are  nonlinear. 

The  equations  of  axisymmetric  vibrations  of  such  a  shell  in  the  cylin¬ 
drical  coordinate  system  (Fig.l)  have  the  form  [6] 

DA‘^w  - -  L{w,^)  +  gih-^  ^  q,  (la) 


A  4^  ^1^  A  2  Eih  .  . 


where 


L{w,  ta)  =  2 


1  d^w  dw 
p  dp"^  dp' 


L{w,^)  =  - 


d'^w  dw  d'^^ 

p  \dp^  dp  dp  dp^ 


(16) 


A' 


pdp  \  dp) 


D  = 


Eih^ 

12(1 -«/?)’ 


w  is  the  shell  middle  surface  deflection,  p  is  the  polar  radius,  q  is  the 
external  loading  components  along  the  shell’s  radius,  and  Vi  are  the 

material  density,  the  Young’s  modulus,  and  Poisson’s  ratio,  respectively, 
and  i  is  the  time. 

The  dynamic  behaviour  of  the  unbounded  elastic  isotropic  medium  sur¬ 
rounding  the  spherical  shell  is  described  in  the  spherical  system  of  coordi¬ 
nates  r,  if  by  the  following  set  of  equations: 


1  d{r‘^crrr)  1  /d{ar9  sin  0)  dar(p\  cree  ^  d^Ur 

r2  y.  gJn  ^  ^  QQ  Q^p  j  J,  ^  Qi2  ’ 


1  d{r^cTre)  1  / d  {(Xee  sin  0)  d^\  _  ctg0  _  d^ue 

dr  r  sin  0  \  30  dcp  )  y.  ^  Qf2  ’ 

1  djr^ar^)  1  d  (crg^  sin^  6>)  1  dcr^^  d^u^ 

Qj.  gJjj2  Q  QQ  J,  gJjj  Q  ’ 

where  cr,-j  and  Ui  0,  ip)  are  the  stress  tensor  and  displacement  vector 

components,  respectively,  and  p  is  the  density  of  the  surrounding  medium. 
The  generalized  Hooke’s  law  for  the  isotropic  medium  has  the  form: 


^rv  "f*  rr (pip  —  Ac,  ^06  —  ^p^d9  H”  Ac, 
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^tO  —  (3) 

where  e  =  e^r  +  is  the  relative  bulk  deformation,  the  strain  tensor 

components  e^j  have  the  form 


dur 

^rr  ”  "”0  1 

or 


1  du0  Ur  1  ,  “r  ,  ,  /,W<) 

-- ^  +  — ,  H  p  +~  +  ‘'^S^T 

r  dO  r  r  sin  0  r  r 


1  / 1 9Ur  5?i6i  —  1.  (  ^ 

2\r  do  ^  dr  ^  j  2  \rsin0  dr  ?'  / 

_  1  /  1  1  du^  u^ctgO 

2  \rsin0  d(p  ^  r  dO  r 

and  A  and  fi  are  Lame’s  parameters. 

The  shell  and  surrounding  medium  are  in  smooth  contact  at  r  —  i?, 
i.e., 

CTr^  =  (^rd  =  0,  (Trr  =  W;(p,  i)  =  Ur-  (5) 

The  initial  condition  on  all  the  surface  of  the  shell 

where  Vb(p)  is  the  given  function,  should  be  added  to  Eqs.(l)'(5). 

SOLUTION  FOR  THE  SPACE  WITH  A  SPHERICAL  CAVITY 

As  a  result  of  snap-action  application  of  displacement  velocity  (6)  to 
the  boundary  of  the  spherical  cavity,  two  surfaces  of  strong  discontinuity 
propagate  in  the  elastic  isotropic  medium.  Behind  the  wavefronts  the  so¬ 
lution  for  a  certain  function  Z(r,  to  be  found  is  constructed  in  the 

form  of  a  series  in  terms  of  powers  ?/(c)  =  i  —  (r  —  >  0,  i  e,  the 

ray  series, 

2  oo  1 

z{r,e,ip,t)  =  KS)]  yU^ivio))^  C^) 

a=l  fc=0  y(<,)=0 

where  =  (d^ —  (d^ Z^°‘'> f are  the  jumps  in  the  fcth 

time  derivatives  of  the  function  t)  on  the  fronts  of  the  shock 

waves,  the  signs  ”+”  and  denote  that  the  given  function  is  calculated 
immediately  ahead  of  and  behind  the  wavefront,  respectively,  a  signifies 
the  ordinal  number  of  the  wave:  a  =  1  for  the  quasilongitudinal  wave  and 
a  =  2  for  the  quasitransverse  wave,  respectively,  are  the  shock  wave 
velocities,  and  H{yi^a))  are  the  unit  Heaviside  functions. 

To  determine  the  coefficients  of  the  ray  series  (7)  for  the  desired  func¬ 
tions  ari  and  Ui  (i  =  r,  (^,0),  we  differentiate  Eqs.(2)  k  times  and  Eqs.(3) 
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and  (4)  k+l  times  with  respect  to  time,  take  their  difference  on  the  different 
sides  of  each  of  the  wave  surfaces,  and  apply  the  condition  of  compatibility 
for  discontinuities  of  the  {k  +  l)th  derivatives,  which,  as  it  has  been  shown 
in  [7],  for  the  physical  components  of  a  certain  vector  or  tensor  takes  the 
form 

G[dZ,(k)/dr]=-[z,  (k+i)  ]+s[z,^,)]/6t,  (8) 

where  6 1  St  is  the  Thomas  ^-derivative  [8], 

As  a  result  of  straightforward  calculations,  we  obtain  the  recurrent 
relationships  in  terms  of  the  discontinuities  in  the  partial  time  derivatives 
of  the  displacement  velocities  VryV^  and  ve 


-  (A  +  2^)^  br,{A:-i-i)]  -2(A  -h  2fi) 


-f  (A  +  .)  (co.«K„l  +  +  i*-.,  (9) 

-p)  [jJfl,(s+i)]  =  -2/i  (  ^  “  — (A  +  /() 

(10) 

(  ^2  f  1  _  _0  A  G  (A  +  fl)  ^[^r,(fc)]  „ 

[qG  fj-j  K,{k+i)]  -  2p  I  +^K(fc)]j  ^  Q  +  k-\. 


where  the  functions  Lk-i,Mk-i  and  Nk-i  have  the  form 


Lk-i  =  (A  +  2fj,) 


r  St 


^  _2 


.  frnt  ,  ^"k,(A:-l)]  1  d"K,(fe-l)] 

^  I  do  dff^  sin  6  dip^ 


,  G,^  ,  ,  /  ,  d  1  d  S[v^^(k-i)] 

H - (A  +  /u)  cot  6 - ^ - - — -  +  - - - 

r  \  St  do  St  sra  0  d(p  St 

-  7t(A  +  3/.)  (^cot«K,i_„|  +  j  . 


Mk-1  =  /i 


^^K,(fc-i)]  g<?^K,(t-i)]  G^  1  d^[v0^(k-i)} 

St^  r  St  sin^  0  dip^ 


H - v(A  +  2fi)  ( cottf 


3dK,(fc_i)]  d^bfl,(fc-i)]  1 


+  7^^  +  — Tt —  +  do 

_  AC0tg9K(fc-i)]  I  GH\  +  tx)d^[v^,^k-i)] 

^  ^  sin  0  d(p  sin  0  d0d<p 
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Nk-1  =  M 


(<:-!)]  (A +  2^)  g^[V(t-i)] 


r  6t 


sin^  0  d(p^ 


+  TT"  ^  +  -~aW—  -  S?«>'’-i‘-'>> 

G(A  +  /^)  d  ^br,(A:-i)]  (A  4-  2/x)  9[tJT.^(/c-i)] 

^  r  sin  0  d<p  6t  sin  0  d<p 

^  sin^  d(p  H  sin^  dOd^p 


From  Eqs.(9)-(11)  at  fc  =  -1,  0,  1,  2  we  determine  the  velocities  of  two 
types  of  waves:  compressive  G^^^  =  y^(A  +  2fi)/g  and  shear  G^^^  =  yj 
as  well  as  the  values  (i  =  r,  ip^  6)  on  the  first  wave  at  a  =  1  within 

the  accuracy  of  the  arbitrary  functions  /(fc)(<^,  and  on  the  second  wave  at 
a  =  2  with  the  accuracy  of  the  arbitrary  functions  g{k){P‘>  and 
respectively.  Hereafter  we  restrict  ourselves  to  four  terms  of  the  ray  series. 
Thus,  on  the  first  wave  we  obtain 

K.(o)]  =  [^0,(0)]  =  {'^^,{0)]  =  0. 

G  G  1 


/(i) 


r  2 


|/(o),fla  +  cot  (9/(0), «  -  2/(0)  +  gjj^2^-^(0).w|  ’ 


K(2)]  =  |/(0),fl9fl  +  cot6>/(0),e«  - 

1  ^  2  cot  0  ^  \ 

K,(2)]  =  +  cot«/(o),^(,} , 

K(2)]  =  ^  -  2/(1)  +  ;j^/(i).w} 

+  g-^  |/(0),WO  +  2cot^/(O),500  +  . ^■/(0),v^V5(/>¥) 

.  .2  /t\  2  ^  ^  t 

-(8  -h  cot  ^)/(o),00  +  ”  _•  2  ^  •'{0),W<9 


-  cot  ^(5  -  cot^  ^)/(o),0  “ 


4(1  -  cot^  B) 


and  on  the  second  wave 


['^r,(0)]  =  0)  ['^0,(0)]  =  [^‘/’,(0)] 
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K,(i)]  = 


2^  {^(o).««  +  coteh^o),e  +  (/i(o),vv>  -  ^(o))  +  fi'(o),v| » 


[^«,(i)] 


-  2^  +  cot6ljf(o),9  +  (5(0), -  5(0))  -  ~^y^(0),<p|  > 

K(2)]  =  ^  {5(1), 9  +  cot5fl(i)  +  ;T^/i(i).^} 

'2^  {5(0), 999  +  2 cot 0g(^o),ee  -  (2  +  cot^ 0)g(o),e  +  (sin^ Og^o)  +  9(0), w) 

1  1  1  /"l  l  ^  COtOj^  1 

+  ^  +  h(o),^)  -  ^ 

K,(2)  =  -|r  “  2  ^^(1),9  +  (^(1),W  ~  ^(1)) 

H — sin^  5(1), V5 1  +  g  {^(o),9999  +  2  cot  5/i(o),999  —  (2  +  3  cot^  0)h(o),8e 

+  cot  5(5  +  3  cot^  0)h(o),e  +  -:^4  ^  (/^(o),^)^'^  ~  2/i(o),w  “  ^^(o)) 

2  /  /iL  \  4(2H-cot^^) 

4  cot  0  4  cot  ^  /  \  I 

_j___^(o)^^^^  ^___  J  » 

K,(2)]  =  ^  “  2^  {5(i).99  +  C0t5fif(i),^  +  (5(i),v>v>  -  5(1)) 


2  cot  0 , 


^(i),v'|  +  1^(0), 000^  +  2cot^5r(o),d00  —  3(2  -f-  cot^  ^)5(o),0 


+  cot  5(1  +  3  cot^  5)5(0), s  5(0)  +  ^^^5(0),^ 


2  cot  0 


2(cot^  ^  —  1) 


sin^  5  siii2  5 


4cot^  4cot^^  4cot^  / 

-  TTTT  i^(o),^  +  ^(ou 


where  r  =  i^+Gt,  alow  index  after  a  comma  denotes  the  derivative  with  respect 
to  the  corresponding  curvilinear  coordinate,  and  the  ordinal  number  of  the  wave 
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is  omitted  for  simplicity.  Note  that  the  values  (^  =  5",  are  rather 

cumbersome,  so  they  are  not  presented  here. 

Knowing  the  values  defined  by  (12),  one  can  obtain  at  each  fixed 

instant  of  the  time  the  desired  values  Ui  and  dri  (i  =  T,ip^6)  behind  the  fronts 
of  the  shock  waves  up  to  the  contact  boundary  as  follows: 


^  N2-1)] 


a=l k=\ 

2  4 


y(a)H{y[c))^ 


!/(a) 


=0 


aw(r,0, ¥>,<)=  E  Kilw. 


a=l k—0 


y(a) 


=0 


where 


G[^rr,(A:+l)]  =  +  2/i)br,(it+l)]  +  (A  +  2fi) 

\  ^  (o\  1  _L  t  /jr  1  j-  I  ^ 

+  sin  61  J 


(13) 

(14) 


G  1  ^[^r,(/:)] 


GWr<p,{k+l)]  -  iJ-  {  [V(fc+1)]  +  ^  +  7,  sin  0  d<f 

^  I  r  1  .  ^K(^)]  1  ,  G^K(^)] 

G[(rr0^^k^i)]  -  /i  I  “[v0,(fc+i)]  H - ~l'^o,(k)]  + 


r  dO 


A  NONLINEAR  SOLUTION  FOR  A  SPHERICAL  SHELL 

Let  us  seek  the  stress  function  entering  into  Eqs.(la)  and  (lb)  in  the  form 
of  a  power  series 

(^5) 

Jk=l 

To  construct  the  solution  for  a  spherical  shell,  the  ray  series  for  the  values  Ur 
(13)  and  dri  (i  =  T^(p,0)  (14)  need  first  to  be  written  on  the  contact  boundary, 
ie,  at  r  =  with  due  account  for  the  relationships  (12).  Then  substituting 
them  into  the  three  conditions  of  contact  (5),  for  each  k  one  obtains  three  linear 
algebraic  equations  which  allow  one  to  express  two  functions  and 
terms  of  /(o),  /(i),  /(Jt-i)*  Substituting  further  the  found  values  Ur\T=R  =  w 

and  drr\r=R  =  2ls  well  as  the  function  $  defined  by  (15)  into  the  equations 
of  shell  motion  (la)  and  (lb),  and  equating  the  coefficients  for  like  powers  of 
we  determine  the  functions  {k  =  1,2,...),  and  all  functions  /(jt)  beginning 
from  A:  =  1  we  express  in  terms  of  /(o),  which,  in  its  turn,  can  be  found  from 
the  initial  condition  (6).  As  a  result  of  such  a  procedure,  we  obtain  the  net 
relationship  for  the  shell’s  deflection  v)  in  the  form 

R  Q\h  R  2 


448 


gihR  R  PihR 


Qih  ) 


2(A  -  2fj,)  _  El  \  /(o)  _  2D  . 

I  »  -r^O  1  ■»-»  In 


QihR  qiR"^  j  R  pihR 


[f/ggwy  A-2m  £i1/(0)  D  ,  \t^ 

|[vpi^y  eihR  R  Pi/ii?  ■'Wj  6 

i  SG^  ( f  2{X-2fj,)  El  \  /(o)  2D  . 

\  eih  \\  Qih  J  OihR  giR^j  R  pihR 

^  r  A  (  G(^)\  G(2)  (  G(^)\  ll  /  \ 

3  [aT^  y  ~  J  +  ^GW  ^ j  ■  2J 

(^(o).pp^(i).p  +  ^(o)>(i).Pp)  J  +  /(o)}^,  (16) 
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where 


F(q){p)  =  F^o){Rsine)  =  f(o){S),  <j)(i)^p  =  J  pF(o){p)dp. 


From  formula  (16)  it  is  seen  that  the  deflection  of  the  nonlinear  spherical  shell 
represents  the  sum  of  linear  and  nonlinear  terms,  in  so  doing  nonlinearity  begins 
to  manifest  itself  only  in  the  terms  involving  the  time  t  in  the  fourth  power  and 
above.  So  if  the  time  interval  on  which  the  transient  vibrations  are  investigated 
is  modest,  then  the  surrounding  medium  being  in  contact  with  the  nonlinear 
spherical  shell  can  be  considered  as  a  linearly  elastic  medium. 

Note  that  the  truncated  ray  series  (16)  is  valid  for  small  time  intervals, 
ze,  it  has  an  asymptotic  character,  and  that  is  why  it  has  aU  advantages  and 
disadvantages  which  are  inherent  to  the  asymptotic  expansions. 

Choosing  the  function  Vb(/>)  entering  into  the  initial  condition  (6)  in  the 
following  form 

Vo{p)  =  (17) 

where  C  is  a  certain  constant,  the  time  dependence  of  the  shell’s  displacement 
w  can  be  written  as 


w  =  C<yt-  y 


X  —  2p 


D  5  ^A-' 

pihR^  y^  y^ 


iP  (1  — 
— +  15^^ - 


‘  gG(3)  p(A  -  2p)  El  \  8^G(3)G(2)^ 

Qih  V  PihR  Q^hR'^ 


GW\ 


2  E,  gGW  2D  [5  l-y^  ,15(1-^^)^ 

3giR^  ^  Qih  PlhR<  yS  y7 


where  y 
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Reference  to  the  formula  (18)  shows  that  the  terms  of  the  truncated  series 
beginning  from  the  third  one  have  the  singularity  at  y  =  0,  which,  as  calculations 
show  for  further  terms,  may  increase.  In  other  words,  the  asymptotic  expansion 
of  the  function  li;  at  y  ^  0  becomes  unvalid.  To  make  the  truncated  ray  series 
(18)  to  be  uniformly  valid  [9]  at  the  fixed  small  t  in  the  region  0  <  y  <  1,  we 
can  represent  the  variable  y  in  the  following  form: 

^/  =  s  +  E(5)^^  (19) 


where  s  is  the  new  variable,  and  T,{s)  is  an  unknown  function  yet. 

To  eliminate  the  terms  involving  singularities  from  (18),  we  substitute  (19) 
into  Eq.(18)  in  a  such  a  way  that  these  terms  should  be  vanished.  As  a  result 
we  obtain  the  uniformly  valid  relationship  for  w 
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as  well  as  the  function  ^(5) 


S(.)  =  - 


6  QxhR*  \y 


If  we  substitute  (21)  into  (19)  and  put  y  =  0,  then  we  are  led  to  the  equation 


1 


6  QihR^  y' 


=  0, 


which  defines  the  lower  boundary  of  the  value  s  by  the  formula 

To  find  the  upper  boundary  of  the  value  6,  it  is  a  need  to  put  y  =  1  in  Eq.(19). 

For  numerical  investigations  it  is  more  convenient  to  rewrite  Eq.(20)  in  the 
dimensionless  form 


w*  =  s  <t*  —  ae—  -faeae  +  A:(l  —  4 


ae  ae^  +  ae/:  I  1  -  4 
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(24) 


where  the  dimensionless  time  t*,  deflection  w*  and  initial  velocity  C*  are  con¬ 
nected  with  the  corresponding  dimension  values  as 


i*  :=zt 


h  ’ 


w""  —  w 


Ch  ’ 


and  ae  =  q/ Q\^  k  —  h/R^  S  —  £?i/(A  -f  2/i), 

The  dependence  of  the  dimensionless  deflection  w*  is  presented  in  Fig.2 
for  ae  =  L2  (solid  line)  and  ae  =  0.8  (dashed  line)  at  5  =  1,/?  =  0.1,  ^  =  1,  and 
C*  =  0.01.  Reference  to  Fig.2  shows  that  a  relatively  light  shell  (ae  >  1)  vibrates 
faster  and  with  a  smaller  amplitude  then  a  relatively  heavy  shell  (ae  <  1)  does. 


CONCLUSIONS 

The  ray  method  put  forward  enables  one  to  solve,  with  considerable  success, 
dynamic  problems  on  the  snap- action  interaction  of  both  linearly  elastic  and 
nonlinearly  elastic  thin- walled  bodies  with  a  surrounding  medium.  The  analyt¬ 
ical  character  of  the  solution  obtained  both  for  the  shell  and  the  medium  is  one 
of  the  merits  of  this  method. 
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Figure  1.  A  scheme  of  the  shell  and  wavefronts 


Figure  2.  The  dimensionless  lime  dependence  of  the  dimensionless  deflection 
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ABSTRACT 

A  recently  developed  constitutive  model  and  a  finite  element  formulation  for  pre¬ 
dicting  the  thermomechanical  response  of  SMA  hybrid  composite  (SMAHC)  structures 
is  briefly  described.  Attention  is  focused  on  constrained  recovery  behavior  in  this  study, 
but  the  constitutive  formulation  is  also  capable  of  modeling  restrained  or  free  recovery. 
Numerical  results  are  shown  for  glass/epoxy  panel  specimens  with  embedded  Nitinol 
actuators  subjected  to  thermal  and  acoustic  loads.  Control  of  thermal  buckling,  random 
response,  sonic  fatigue,  and  transmission  loss  are  demonstrated  and  compared  to  conven¬ 
tional  approaches  including  addition  of  conventional  composite  layers  and  a  constrained 
layer  damping  treatment.  Embedded  SMA  actuators  are  shown  to  be  significantly  more 
effective  in  dynamic  response  abatement  applications  than  the  conventional  approaches 
and  are  attractive  for  combination  with  other  passive  and/or  active  approaches. 

INTRODUCTION 

Excitation  levels  for  many  aerospace  vehicle  structures  are  high  due  to  engine 
noise  and  turbulent  boundary  layer  fluctuating  pressures.  The  ever-increasing  need  for 
weight-efficient  structures  leads  to  significant  sonic  fatigue  and  interior  noise  issues. 
Conventional  aerospace  structures  typically  employ  passive  treatments  such  as  structural 
stiffening,  constrained  layer  damping,  and  acoustic  absorption  materials  to  reduce  the 
structural  response  and  interior  acoustic  levels.  These  treatments  typically  suffer  from 
substantial  weight  penalty  and  are  often  limited  to  relatively  low  temperatures  and/or 
high  frequencies.  Smart  materials  may  enable  new  structural  design  paradigms  for  high 
performance  structures.  There  are  many  smart  materials  concepts,  but  some  involving 
shape  memory  alloys  (SMAs)  appear  to  have  significant  advantages  for  applications 
involving  adaptive  stiffening  and  structural  shape  control. 

Shape  memory  alloys  are  a  class  of  smart  materials  that  exhibit  a  martensitic  phase 
transformation  when  cooled  through  the  transformation  temperature  range  M5  M/ 
from  the  austenitic  state,  see  figure  1.  The  shape  memory  effect  (SME)  can  be  described 
in  simple  terms  in  the  following  manner.  A  SMA  can  be  easily  deformed  in  the  low 
temperature  martensitic  condition  and  can  be  returned  to  its  original  configuration  by 
heating  through  the  reverse  transformation  temperature  range  As  Aj,  This  type  of 
SME  is  termed  free  recovery.  Conversely,  in  a  constrained  recovery  configuration  the 
SMA  element  is  prevented  from  recovering  the  initial  strain  and  a  large  tensile  stress 
(recovery  stress)  is  induced.  A  situation  in  which  the  specimen  performs  work  (deforms 
under  load)  is  called  restrained  recovery.  Extensive  work  has  been  done  to  characterize 
these  materials,  both  qualitatively  through  theoretical  models  [1-4]  and  quantitatively  for 
particular  alloys  [5,6],  Compilations  of  papers  have  also  been  published,  most  recently 
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by  Otsuka  and  Wayman  [7],  Birman  [8]  gave  a  review  of  work  done  in  the  areas  of  alloy 
characterization,  constitutive  modeling,  and  applications. 

Although  there  are  several  alloy  systems  that  exhibit  the  SME,  Nitinol  has  the  most 
engineering  significance.  The  recovery  stress  (constrained  recovery)  for  Nitinol  is  a 
function  of  initial  strain  (prestrain)  and  temperature,  see  figure  2  [5].  The  yield  strength 
of  the  austenitic  phase  is  about  ten  times  that  of  the  corresponding  martensitic  phase. 
The  austenitic  Young's  modulus  is  also  three  to  four  times  that  of  the  martensite,  see 
figure  3  [5]. 

Shape  memory  alloys  have  been  investigated  for  a  variety  of  applications  since  their 
discovery  [9-12].  The  concept  of  embedding  SMA  actuators  in  a  composite  laminate, 
termed  a  shape  memory  alloy  hybrid  composite  (SMAHC),  was  introduced  by  Rogers 
and  Robertshaw  [13].  Subsequent  studies  have  considered  SMA  actuators,  external  to 
the  structure,  for  active  vibration  control  [14—16]  and  shape  control  [17]  of  cantilevered 
beams.  Other  studies  have  proposed  SMA  actuators  for  vibration  control  of  space  struc¬ 
tures  [18]  and  presented  analytical  formulations  to  demonstrate  the  vibration/structural 
acoustic  control  of  SMAHC  panels  [19,20].  Studies  of  thermal  post-buckling  [21]  and 
random  dynamic  response  [22]  suppression  of  SMAHC  panels  were  presented  using  a 
thermoelastic  FE  formulation.  A  different  approach  was  offered  by  Ro  and  Baz  [23-25], 
where  thermal,  static,  and  dynamic  analyses  were  developed  for  the  case  of  SMA  ac¬ 
tuators  passing  through  sleeves  in  composite  plates.  Birman  [26]  investigated  optimal 
distributions  of  SMA  actuators  in  sleeves  to  improve  the  buckling  performance  of  sand¬ 
wich  panels  under  mechanical  loading. 

SMAHC  structures  incorporating  prestrained  actuators  are  of  particular  interest  in  this 
study  because  of  the  potential  for  structural  control  due  to  tensile  recovery  stresses  that  are 
generated  (constrained  recovery)  when  the  structure  is  placed  in  its  service  environment. 
In  this  way,  an  inherently  elevated  temperature  (e.g.  many  aerospace  applications)  can 
be  used  to  control  structural  response  without  control  electronics  or  auxiliary  power. 
The  purpose  of  the  present  work  is  to  demonstrate  the  dynamic  response  performance  of 
SMAHC  panels  in  comparison  to  conventional  response  abatement  approaches. 

FORMULATION 
Constitutive  Modeling 

Constitutive  theories  for  SMAHC  structures  can  be  developed  from  the  previously 
mentioned  shape  memory  models  [1-4],  as  was  done  by  Boyd  and  Lagoudas  [27]  and 
Birman  [28].  However,  these  models  are  difficult  to  use  in  practice.  An  alternative 
approach  is  to  employ  a  constitutive  model  which  makes  use  of  experimental  measurement 
of  fundamental  engineering  properties.  A  new  model  of  the  latter  type  was  recently 
developed  by  Turner  [29].  This  model  casts  the  uniaxial  thermoelastic  constitutive  relation 
for  a  SMA  actuator,  along  the  axis  of  the  actuator,  in  terms  of  an  effective  coefficient 
of  thermal  expansion  (CTE): 

T 

O-la  =  -Ea  [fl  -  J  aia(T)rfT]  (1) 

T, 

where  Ea  is  the  Young’s  modulus  of  the  SMA,  ei  is  the  mechanical  strain  in  the 
1-direction,  and  aio  is  the  ‘‘effective”  (nonlinear)  CTE.  Note  that  this  expression  is 
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valid  for  constrained,  restrained,  or  free  recovery  applications;  only  the  empirical  method 
of  obtaining  the  thermal  strain  changes.  A  measure  of  the  nonlinear  CTE  aia(T) 
over  the  temperature  range  of  concern  would  be  appropriate  for  free  or  restrained 
recovery  applications.  For  constrained  recovery  applications,  however,  one  must  resort 
to  measurement  of  the  recovery  stress  and  modulus. 

It  can  be  shown  that,  for  constrained  recovery  behavior,  the  nonlinear  thermal  strain 
in  Equation  (1)  can  be  modeled  by  linear  thermal  expansion  below  the  austenite  start 
temperature  and  can  be  related  to  the  SMA  recovery  stress  (Tt  and  modulus  by  the 
equation 

T  T 


at  temperatures  above  As.  Note  that  in  this  case,  the  nonlinear  thermoelastic  nature  of 
the  SMA  is  still  captured,  albeit  in  a  different  way,  because  measurements  of  recovery 
stress  and  modulus  versus  temperature  are  inherently  cumulative  (integrated).  Also,  note 
that  an  experimental  approach  could  be  devised  to  measure  appropriate  recovery  stress 
(Tr  quantities  for  restrained  recovery  applications  as  an  alternative  to  direct  measurement 
of  a\a{T).  The  uniaxial  SMA  constitutive  relation  for  the  transverse  direction  has  a  form 
analogous  to  Equation  (1).  However,  Oi2aiT)  is  not  related  to  the  recovery  stress,  but  is 
still  nonlinear  due  to  the  differing  martensitic  and  austenitic  properties. 


Governing  Equations 

The  governing  equations  for  the  thermomechanical  response  of  a  structure  subjected 
to  combined  steady-state  thermal  and  out-of-plane  dynamic  mechanical  loads  can  be 
derived  through  the  use  of  a  variational  principle.  The  resulting  finite  element  system  of 
equations  can  be  written  in  the  following  form  [29] 
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or  in  compact  notation  as 

[M]{a}  +  {[K]  -  [K^t]  +  l[Nl]  +  i[Ar2]){^}  =  {F(t)}  +  {P^j} 


(3) 


(4) 


where  [M]  and  [K]  are  the  usual  system  mass  and  linear  stiffness  matrices;  [K^t]  is  the 
geometric  stiffness  matrix  due  to  the  thermal  in-plane  force  vector  {Nat}>[N‘1]  and  [N2] 
are  the  first-  and  second-order  nonlinear  stiffness  matrices  which  depend  linearly  and 
quadratically  upon  displacement  {A},  respectively;  {i^(f)}  is  the  mechanical  excitation 
load  vector,  and  {Fat}  is  the  thermal  force  vector.  The  subscripts  b  and  m  denote 
bending  and  membrane  components,  respectively,  and  the  subscript  B  indicates  that  the 
corresponding  stiffness  matrix  is  due  to  the  laminate  bending-membrane  coupling  stiffness 
matrix  [B].  Note  that  the  stiffness  matrices  [AT],  [Kat],  [^"2]  and  the  thermal  force 
vector  {Pat}  are  all  temperature  dependent. 
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Three  types  of  analyses  are  required  to  study  the  response  of  structures  to  thermal 
and  dynamic  mechanical  loads,  governed  by  Equations  (4);  (1)  thermal  buckling  analysis, 
(2)  thermal  post-buckling  analysis,  and  (3)  dynamic  analysis.  Details  of  the  constitutive 
model,  FE  formulation,  and  solution  procedures  can  be  found  in  Turner  [29].  A  Rayeigh’s 
integral  approach  was  used  to  calculate  radiated  acoustic  quantities  and  transmission  loss, 
see  Turner  et  al.  [30]. 


RESULTS  AND  DISCUSSION 

The  results  presented  in  this  study  are  intended  to  demonstrate  the  performance  of 
SMAHC  structures  in  comparison  to  conventional  treatments.  The  results  will  focus  on 
a  single  SMA  actuator  prestrain  level  of  5%  because  changes  in  SMA  volume  fraction 
have  a  more  significant  effect,  the  SMA  volume  fraction  is  more  easily  varied/controlled 
in  fabrication,  and  the  fatigue  performance  of  Nitinol  actuators  degrades  substantially  at 
prestrain  levels  greater  than  5%.  The  material  system  considered  in  this  work  consists 
of  a  E-glass/epoxy  matrix  material  with  Nitinol  actuators  embedded  within  the  laminae 
along  the  direction  of  the  glass  fibers.  The  following  material  properties  were  used  to 
generate  the  results  presented  in  this  section. 

Glass/Epoxy  Nitinol 


El 

53.78  GPa 

from  figure  2 

E2 

17.93  GPa 

E 

from  figure  3 

Gi2 

8.62  GPa 

u 

0.3 

*^12 

0.25 

P 

6450  kg/m^ 

P 

2031.8  kg/m^ 

0;ia 

6.61x10-®  /"C,  T<As 

ai 

5.4x10-®  /°C 

from  equation  2,  T>As 

a2 

30.6x10-®  /°C 

Of2a 

6.61x10-®  /°C,  T<As 

11.0x10-®  /°C,  T>Af 
interpolation,  As<T<Af 


Recall  figure  2  characterizing  the  recovery  stress  for  the  Nitinol  considered  in  this 
study  [5].  The  reverse  transformation  (austenitic)  characteristic  temperatures,  under  free 
recovery  conditions,  for  the  material  represented  in  this  plot  are  As  f^35°C  (95° F)  and 
Af  f«50°C  (120°F),  Note  from  figure  2  that  Aj  is  increased  by  mechanical  constraint 
and  increasing  prestrain,  while  As  is  not  significantly  affected  by  either.  Furthermore, 
the  “knee”  in  the  recovery  stress  curve  becomes  less  distinct  with  increasing  prestrain. 
These  are  well  known  phenomena  and  are  attributable  to  stress  increasingly  inhibiting 
the  formation  of  austenite  and  completion  of  the  reverse  transformation.  These  insights 
will  be  useful  in  later  discussions. 

SMAHC  Performance 

Consider  a  glass/epoxy  panel  with  dimensions  of  0.36x0.25x0.001  m  (14x10x0.045 
in.)  and  (45/0/-45/90/0/90/-45/0/45)  lamination.  The  reason  for  the  middle  0° -layer  will 
be  made  clear  subsequently.  Static  and  dynamic  performance  results  for  a  conventional 
(baseline)  and  two  SMAHC  laminates  with  clamped  boundary  conditions  arc  shown  in 
table  1  for  ambient  21°C  (70°F)  and  elevated  temperature  82° C  (180°F)  conditions.  The 
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SMAHC  laminates  in  this  table  have  a  SMA  volume  fraction  of  22%.  The  dynamic 
response  is  forced  by  normally-incident,  random  acoustic  pressure  with  an  overall  sound 
pressure  level  (OASPL)  of  120  dB  (ref  20  ^Pa)  and  a  bandwidth  of  10-400  Hz.  A 
uniform  modal  critical  damping  ratio  of  1%  was  used  in  the  dynamic  calculations. 

Some  general  comments  about  this  data  are  as  follows.  The  buckling  and  resonance 
behavior  of  the  SMAHC  panels  relative  to  baseline  panel  at  ambient  temperature  is  at¬ 
tributable  to  differences  in  material  properties,  primarily  in  the  2-direction  in  principal 
material  coordinates.  Discussion  of  these  differences  is  omitted  here  for  brevity.  Com¬ 
parison  of  the  two  SMAHC  panels,  one  with  SMA  in  all  layers  and  the  other  containing 
SMA  in  the  outer  0^^  layers  and  in  the  90®  layers,  indicates  some  small  performance  gain 
is  achieved  by  concentrating  the  embedded  SMA  in  only  a  few  layers.  This  approach  is 
attractive  from  a  fabrication  point  of  view,  particularly  for  automated  fabrication  where  it 
is  easy  to  imagine  replacing  strategic  spools  of  prepreg  with  SMA  ribbon  in  a  continuous 
consolidation  process.  The  middle  0° -layer  is  necessary  to  separate  the  two  90°  layers 
containing  a  substantial  SMA  volume  fraction,  thereby  avoiding  consolidation  problems 
during  cure.  The  remaining  results/discussions  will  focus  on  SMAHC  laminates  with 
embedded  SMA  concentrated  in  the  outer  0°  layers  and  in  the  90°  layers. 

It  can  be  seen  that  activation  of  the  embedded  SMA  has  strong  effects  on  the 
critical  buckling  temperatures,  resonance  frequencies,  and  RMS  dynamic  responses.  The 
maximum  displacement  response  power  spectral  density  (PSD)  of  the  SMAHC  panel  is 
shown  in  comparison  to  that  of  the  baseline  panel  in  figure  4.  It  is  clear  that  the  embedded 
SMA  has  little  effect  at  ambient  temperature.  At  82  (180°F,  AT=61°C),  however, 
substantial  benefit  from  the  SMA  recovery  stress  is  evident  in  shifting  the  fundamental 
frequency,  shifting  other  modes  out  of  bandwidth,  and  reducing  peak  responses.  Thus, 
performance  can  be  enhanced  by  shifting  resonance  out  of  the  excitation  bandwidth  and 
by  response  reduction  within  the  excitation  bandwidth. 

The  data  in  table  1  also  indicates  that  SMAHC  panels  can  exhibit  two  critical 
buckling  temperatures  (ATcr  for  inactive  and  active  SMA  states),  as  was  previously 
reported  [22,29].  This  occurs  for  cases  in  which  As  is  greater  than  ambient  temperature. 
This  phenomenon  is  exemplified  in  figure  5,  where  the  normalized,  maximum  post- 
buckling  deflection  versus  temperature  increase  is  shown  for  SMAHC  laminates  with 
varying  SMA  volume  fraction.  It  can  be  seen  that  a  volume  fraction  of  4%  is  insufficient 
to  eliminate  thermal  post-buckling,  but  its  effect  in  reducing  the  deflection  is  clearly 
observed.  As  little  as  13%  SMA  will  eliminate  thermal  post-buckling  over  a  small 
range  of  temperatures;  higher  concentrations  of  SMA  (e.g,  22%)  can  greatly  extend 
the  temperature  range.  This  behavior  can  be  explained  as  follows.  Thermal  expansion 
may  induce  buckling  at  temperatures  below  As.  The  SMA  is  activated  at  As  and  the 
recovery  stress  rapidly  increases  with  temperature,  which  overcomes  the  compressive 
thermal  stress  and  reduces  the  thermal  deflection  (potentially  rendering  the  structure  flat 
again).  At  higher  temperatures,  the  rate  of  increase  of  the  recovery  stress  with  temperature 
diminishes  and  may  be  surpassed  by  the  rate  of  increase  in  matrix  compressive  thermal 
stress.  Further  increases  in  temperature  will  cause  net-compressive  stress  development, 
eventually  leading  to  a  second  incidence  of  thermal  buckling.  Note  that  this  effect  can 
be  easily  avoided  in  practice  by  selecting  an  alloy  with  slightly  higher  Nickel  content 
[9],  which  can  lower  As  to  ambient  temperature  or  below  and  result  in  a  single,  high- 
temperature  buckling  event. 
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The  thermal  post-buckling  observations  have  strong  implications  for  the  panels’ 
dynamic  response.  An  example  is  shown  in  figure  6,  where  the  maximum  displacement 
PSD  of  the  SMAHC  panel  {Va=22%)  is  shown  at  ambient  and  two  elevated  temperatures. 
At  82°C  (180°F,  AT=61°C),  substantial  benefit  of  the  embedded  SMA  is  evident,  while 
further  heating  to  121°C  (250°F,  AT=100°C)  greatly  diminishes  the  performance  (RMS 
Wmax=0.0927e-3  m)  because  continued  thermal  expansion  has  partially  overcome  the 
beneficial  effects  of  the  recovery  stress.  This  particular  material  system,  gl ass/e jx)xy 
matrix  with  22%  Nitinol  volume  fraction  at  5%  prestrain,  achieves  its  “optimal”  dynamic 
response  at  approximately  82° C  (180°F),  which  corresponds  to  the  “knee”  in  the  recovery 
stress  curve,  see  figure  2.  This  result  also  holds  for  analogous  SMAHC  panels  {Va=22%) 
with  embedded  Nitinol  having  3%  and  4%  prestrain,  which  exhibit  “optimal”  dynamic 
performance  at  their  respective  “knee”  temperatures  of  54°C  (130°F)  and  66°C  (150°F). 
The  optimal  temperature  for  dynamic  performance  will  be  designated  by  A o  and  is 
governed  by  the  same  thermoelastic  balance  as  that  described  in  the  thermal  post-buckling 
discussion.  In  general,  with  a  different  material  system  or  at  higher  prestrain  levels  (in  the 
absence  of  a  distinct  “knee”),  Ao  must  be  determined  numerically  or  by  comparing  the 
slope  of  the  recovery  stress  curve  with  that  of  the  matrix  thermal  stress  versus  temperature. 

Selection  of  an  alloy  composition  and  processing  combination  that  will  place  A^  near 
the  application  temperature  is  obviously  recommended  for  dynamic  control  applications. 
An  alternate  approach  to  achieve  similar  performance  would  entail  increasing  the  SMA 
volume  fraction  and/or  prestrain,  which  will  result  in  a  less  efficient  and/or  durable  design. 
The  above  discussions  imply  potential  for  a  delicate  balance  between  avoiding  thermal 
buckling  by  imposing  As  to  be  less  than  ambient  temperature  and  “optimizing”  dynamic 
performance  by  specifying  A o  to  be  near  the  application  temperature.  Thermal  buckling 
can  also  be  avoided  by  boundary  expansion,  a  common  approach  for  aerospace  structures, 
so  As  can  be  neglected  in  such  cases  and  Ao  should  be  used  to  guide  efficient  design. 

SMAHC  vs.  Conventional 

The  performance  of  the  SMAHC  laminate  will  now  be  compared  with  conventional 
approaches  including  increased  stiffness  through  additional  composite  layers  and  a  con¬ 
strained  layer  damping  (CLD)  treatment.  The  conventional  approaches  were  analyzed  at 
ambient  temperature  to  simulate  the  conditions  of  boundary  expansion,  i.e.  no  thermal 
buckling.  No  attempt  was  made  to  account  for  changes  in  matrix  properties  with  temper¬ 
ature.  A  variety  of  dynamic  response  performance  characteristics  are  compiled  in  table  2 
for  convenience  of  comparison.  The  SMAHC  panel  achieves  a  77%  RMS  displacement 
response  reduction,  relative  to  the  baseline  9“layer  glass/epoxy  panel,  with  a  48%  mass 
increase.  A  conventional  composite  laminate  of  13  layers  (45/0/-45/90/45/0/90/0/45/90/- 
45/0/45)  exhibits  a  similar  mass  increase  (44%),  but  only  achieves  a  61%  RMS  displace¬ 
ment  reduction.  A  RMS  displacement  response  of  0.0474e-3  m  (nearly  equivalent  to  that 
of  the  SMAHC  panel)  can  be  achieved  with  a  16-layer  (45/0/-45/90)2s  conventional  lam¬ 
inate,  but  at  the  expense  of  a  78%  mass  increase.  A  typical  CLD  treatment  was  modeled 
as  a  19.16  N/m^  (0.2  Ibf/ft^)  weight  addition  and  a  uniform  modal  critical  damping  ratio 
of  6%,  which  are  considered  to  be  representative  values.  This  treatment  also  happens  to 
result  in  a  mass  increase  (42%)  similar  to  that  of  the  SMAHC,  but  the  RMS  displacement 
response  reduction  of  63%  is  again  inferior  to  the  SMAHC.  Additional  insights  are  more 
clear  from  comparisons  of  the  displacement  response  spectra. 
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A  comparison  of  the  respective  maximum  displacement  response  PSDs  is  shown  in 
figure  7.  As  anticipated,  the  means  by  which  the  three  systems  achieve  dynamic  response 
reduction  is  quite  different.  The  SMAHC  achieves  a  much  more  weight-efficient  stiffen¬ 
ing  effect  relative  to  that  of  adding  layers,  while  the  CLD  treatment  achieves  reduction 
primarily  by  damping  enhancement.  The  weight-efficient  stiffening  effect  of  the  em¬ 
bedded  SMA  is  advantageous  for  combination  with  other  passive  treatments,  which  are 
typically  more  effective  at  higher  frequencies.  SMAHCs  are  also  attractive  for  combi¬ 
nation  with  control  approaches  involving  piezoelectric  actuators,  which  typically  exhibit 
actuation  authority  roll-off  below  200  Hz.  Such  combined  active-passive  approaches 
could  achieve  enormous  dynamic  response  reductions  by  using  the  embedded  SMA  to 
shift  resonance  frequencies  and  provide  peak  response  control  by  stiffness  enhancement, 
while  the  active  approach  would  provide  enhanced  damping  at  resonances  still  within 
the  excitation  bandwidth. 

The  dynamic  response  results  have  direct  implication  for  sonic  fatigue  life  prediction. 
Consider  an  analogous  acoustic  pressure  loading  condition  with  an  OASPL  of  150  dB  (ref 
20/iPa).  It  is  clear  that  linear  dynamic  response  analysis  is  no  longer  valid,  but  its  use  at 
high  response  levels  is  still  common  practice  in  the  aerospace  industry  for  sonic  fatigue 
design.  This  condition  is  more  representative  of  a  sonic  fatigue  environment  and  will 
produce  more  realistic  life  predictions,  while  it  is  understood  that  conservative  estimates 
will  be  obtained.  A  representative  strain-life  (S-N)  relationship  for  glass/epoxy  laminates 
was  modeled  by  e  =  7385e“^(iV)”°‘^^^^  and  the  maximum  RMS  normal  strain  was 
taken  as  the  failure  criterion.  In  all  cases,  the  maximum  strain  was  the  transverse  normal 
strain  at  the  mid-span  of  the  long  boundary.  Under  these  conditions,  the  baseline  panel 
has  an  expected  life  of  63.7k  cycles.  The  corresponding  life  predictions  for  the  SMAHC, 
13-layer  conventional,  and  CLD  panels  are  205M,  2.84M,  and  37.8M  cycles,  respectively. 
These  estimates  are  in  direct  relation  with  the  corresponding  peak  displacements  in  figure 
7.  It  is  intuitive  that  measures  to  further  attenuate  the  SMAHC  peak  response  would  result 
in  excellent  sonic  fatigue  performance.  The  previously  mentioned  active-passive  system, 
for  example,  might  be  a  particularly  attractive  solution. 

A  plot  of  the  transmission  loss  (TL)  versus  frequency  for  the  SMAHC  panel  at  two 
temperatures  is  shown  in  comparison  to  the  baseline  panel  in  figure  8.  The  main  effect 
of  the  embedded  SMA  in  its  most  effective  state  at  82° C  (180°F)  is  a  vast  increase 
in  the  stiffness-controlled  portion  of  the  TL.  This  improvement  is  diminished  at  higher 
temperatures  (e.g.  121°C)  for  the  same  reasons  as  stated  above  for  the  dynamic  response. 
Although  the  stiffness-controlled  TL  for  the  SMAHC  panel  shows  dramatic  improvement, 
the  TL  over  the  400  Hz  bandwidth  is  actually  diminished  because  the  mass-law  effect 
has  been  moved  to  higher  frequencies.  The  TL  for  the  SMAHC  panel  at  82° C  (180°F) 
is  shown  in  comparison  to  that  for  the  two  conventional  approaches  in  figure  9.  It  can 
be  seen  that  the  SMAHC  panel  is  superior  over  a  2(X)  Hz  bandwidth,  but  not  as  effective 
at  mid-range  (resonance-controlled)  frequencies  due  to  the  shift  in  mass-law  effects. 
Combination  of  the  SMAHC  with  other  passive  and/or  active  approaches  is  again  an 
attractive  alternative  for  this  frequency  range.  At  high  frequencies  (mass  controlled)  the 
three  approaches  will  produce  nearly  equivalent  TL. 

CONCLUSIONS 

A  recently  developed  thermoelastic  constitutive  model  and  a  finite  element  formula¬ 
tion  for  predicting  the  thermomechanical  response  of  shape  memory  alloy  (SMA)  hybrid 
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composite  structures  (SMAHC)  have  been  briefly  described.  Constrained  recovery  behav¬ 
ior  of  embedded  SMA  actuators  is  the  focus  of  this  study,  but  the  constitutive  formulation 
is  also  capable  of  modeling  restrained  or  free  recoveiy  behavior.  The  constitutive  model 
captures  the  material  nonlinearity  of  the  SMA  with  temperature.  The  constitutive  and 
finite  element  formulations  are  in  a  form  that  is  amenable  to  implementation  in  a  com¬ 
mercial  finite  element  code. 

Results  are  shown  for  SMAHC  panels  consisting  of  a  glass/epoxy  matrix  material 
system  with  embedded  Nitinol  actuators  having  a  prestrain  of  5%  subjected  to  uniform 
thermal  and  acoustic  pressure  loads.  Performance  gains  can  be  achieved  by  concentrating 
the  SMA  actuators  in  specific  layers,  which  is  also  driven  by  fabrication  considerations. 
SMAHC  panels  can  exhibit  two  critical  buckling  temperatures  for  As  >  To ,  which  can  be 
avoided  by  proper  alloy  composition  selection.  SMAHC  structures  exhibit  an  “optimal” 
operating  temperature  (Ao)  for  dynamic  response  performance.  Ao  is  a  function  of 
the  matrix  material  and  SMA  composition,  volume  fraction,  and  prestrain  level.  The 
implied  conflict  between  specifying  As  <  To  to  avoid  thermal  buckling  and  Ao  ^  T 
to  “optimize”  dynamic  response  can  be  resolved  by  taking  the  conventional  approach  of 
allowing  boundary  expansion  to  prevent  buckling  and  using  Ao  ^  T  to  guide  structural 
design. 

The  performance  of  a  SMAHC  panel  was  compared  to  that  of  a  baseline  panel 
and  two  conventional  approaches  including  additional  conventional  composite  layers 
and  a  constrained  layer  damping  (CLD)  treatment.  The  three  response  abatement 
approaches  have  similar  added  mass  relative  to  the  baseline  panel,  but  the  SMAHC 
panel  exhibits  superior  dynamic  response  and  sonic  fatigue  behavior.  The  SMAHC  panel 
also  exhibits  superior  transmission  loss  (TL)  characteristics  in  the  low  frequency,  stiffness 
controlled  region;  up  to  200  Hz  in  this  case.  The  SMAHC  panel  is  less  effective  for 
TL  at  higher  frequencies  due  to  the  shift  in  mass-law  effects.  However,  the  weight- 
efficient  stiffening  effect  of  the  embedded  SMA  makes  it  ideal  for  low  frequency  noise 
transmission  abatement  and  for  combination  with  other  passive  or  active  approaches, 
which  are  typically  more  effective  at  higher  frequencies.  These  combined  approaches 
have  significant  implications  for  dynamic  response/sonic  fatigue  also. 
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Table  1:  Results  for  conventional  and  SMAHC  panels. 


T=21°C,  Inactive  SMA 

T:=82°C,  Active  SMA 

fi,Hz 

RMS 

Wjnaxi  m 

ATcr,  °c 

fi,  Hz 

RMS 
Wmax}  rn 

None 

87.48 

0.2062e-3 

4.99 

■91 

— 

All 

5.29 

71.11 

0.1899e-3 

113.6 

911^9 

0.0482e-3 

5.43 

122-1 

[^^91 

0.0476e-3 

Table  2:  Results  from  baseline,  SMAHC,  and  panels 
with  conventional  response  abatement  treatments. 


Case 

fi, 

Hz 

RMS 

Wniax»  ni 

TL, 

dB 

Max  RMS 
pe  @  120dB 

Life  @ 

150  dB 

Baseline 

0% 

87.48 

0.2062e-3 

17.9 

42.0 

63.7e+3 

SMAHC  @ 
82°C 

48% 

226.4 

0.0476e-3 

14.3 

12.0 

205e+6 

13-Layer 

44% 

19.1 

23.3 

2.84e-h6 

16-Layer 

78% 

158.6 

0.0474e-3 

20.2 

16.8 

23.4C+6 

Baseline-CLD 

42% 

73.4 

0.0768e-3 

27.4  1 

15.6 

37.8e-l-6 
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Figure  4:  Wmax  PSD  for  the  baseline  and  SMAHC  laminates. 


Figure  5:  Post-buckling  deflection  of  SMAHC  laminates  versus  AT  and 


Figure  6:  Wmax  PSD  for  a  SMAHC  laminate  at  three  temperatures. 


Figure  7:  Wmaa;  PSD  comparison  of  two  SMAHCs  with  conventional  treatments. 


Figure  8:  TL  versus  frequency  for  the  baseline  and  SMAHC  laminates. 


Figure  9:  TL  comparison  of  two  SMAHCs  with  conventional  treatments. 
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Abstract 

This  paper  describes  a  theoretical  and  experimental  investigation  into  an  active 
vibration  isolation  system  in  which  four  electromagnetic  actuators  are  installed 
in  parallel  with  each  of  four  passive  mounts  placed  between  a  piece  of 
equipment  and  a  vibrating  base  structure.  Decentralised  velocity  feedback 
control  is  employed,  where  each  actuator  is  operated  independently  by  feeding 
back  the  absolute  equipment  velocity  at  the  same  location.  Although  one  end 
of  each  actuator  acts  at  the  sensor  positions  on  the  equipment,  the  control 
system  is  not  collocated  because  of  the  reactive  forces  acting  on  the  flexible 
base  structure,  whose  dynamics  are  strongly  coupled  with  the  mounted 
equipment.  Isolation  of  low  frequency  vibration  is  considered  where  the 
equipment  can  be  modelled  as  a  rigid  body  and  the  mounts  as  lumped 
parameter  springs  and  dampers.  Control  mechanisms  are  discussed,  and  some 
experimental  and  simulation  results  are  reported. 


1.  introduction 

Anti-vibration  mounts  (also  called  isolators)  are  generally  required  to  protect  a 
piece  of  delicate  equipment  in  a  severe  vibration  environment.  These  mounts 
may  be  modelled  as  a  combination  of  both  resilient  and  energy  dissipating 
elements,  and  are  widely  used  to  support  the  equipment  and  isolate  it  from 
base  vibration.  However,  with  such  passive  mounts  there  is  a  trade-off 
between  low  and  high  frequency  isolation  performances  depending  on  the 
damping  on  the  mount.  Low  mount  damping  results  in  poor  performance  at 
low  frequencies,  while  high  damping  results  in  poor  performance  at  high 
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frequencies[l].  Thus,  to  further  improve  isolation  performance  it  is  often 
required  to  introduce  extra  power  sources  that  can  actively  reduce  vibration 
transmission  through  the  mounts  at  all  frequencies.  Active  vibration  isolation 
has  been  of  great  interest  in  various  engineering  fields  as  reviewed  in  [2,3]. 
Although  active  isolators  can  be  constructed  by  feeding  back  the  full  state 
variables  commonly  seen  in  active  suspension  systems,  for  example  [4,5],  a 
more  practical  and  simple  way  may  be  direct  output  feedback  control.  The 
absolute  velocity  responses  of  a  plant  structure  measured  by  sensors  are  often 
used  as  the  feedback  quantity.  In  particular,  when  the  actuators  are  collocated 
with  the  sensors,  then  the  multichannel  control  system  is  proven  to  be 
asymptotically  stable[6,7].  In  this  case,  the  electric  control  gain  used  can  be 
analogously  transformed  to  a  virtual  mechanical  skyhook  damper  [8].  Using 
this  idea,  Serrand[9]  conducted  an  experimental  study  on  a  two-mount  active 
isolation  system,  and  experimentally  showed  that  decentralised  control  is 
capable  of  globally  reducing  equipment  vibration  at  all  frequencies  of  interest. 
The  work  presented  here  is  an  extension  to  a  four-mount  active  vibration 
isolation  system  for  a  three-dimensional  piece  of  equipment.  Electromagnetic 
actuators  are  used  as  the  control  actuators,  and  are  installed  in  parallel  with 
each  of  four  mounts.  The  control  strategy  used  is  decentralised  velocity 
feedback  co«/ro/[10,l  1],  where  each  of  the  four  actuators  is  operated 
independently  by  feeding  back  the  equipment  absolute  velocity  response  at 
each  control  location.  The  special  feature  of  this  control  configuration  is  that, 
although  one  end  of  each  actuator  acts  at  a  sensor  position,  the  control  system 
is  not  collocated  in  the  sense  of  [6,7]  because  of  the  reactive  force  acting  at  the 
other  end  of  each  actuator  on  the  base  structure.  Stability  issues  of  this  control 
system  were  discussed  by  Kim  et  al[12],  and  they  demonstrated  that  the 
decentralised  velocity  feedback  control  system  is  unconditionally  stable, 
provided  that  stiffness  effects  of  the  equipment  and  inertial  effects  of  the 
mounts  are  negligible.  Thus  isolation  of  low  frequency  vibration  is  considered 
where  the  equipment  behaves  as  a  rigid  body  and  the  mounts  as  springs  and 
dampers.  The  aim  of  this  work  is  to  clarify  the  control  mechanisms  associated 
with  decentralised  velocity  feedback  control  of  the  four-mount  vibration 
isolation  system  using  structural-borne  reactive  actuators.  The  basic  concepts 
and  mechanisms  of  velocity  feedback  control  are  discussed  in  Section  2 
initially  with  a  single-mount  vibration  isolation  system.  The  impedance 
method  [13,14]  is  employed  for  the  mechanical  analysis  of  both  passive  and 
active  vibration  isolation  systems.  The  active  four-mount  system  is  discussed 
in  Section  3.  Experiment  results  arc  presented  in  Section  4  and  are  compared 
with  simulation  results. 

2.  Active  isolation  of  a  single  mount  system 

Consider  a  single  mount  isolation  system  where  an  equipment  structure  is 
connected  to  a  flexible  base  structure  via  a  single  mount.  If  only  vertical 
motions  are  considered  and  the  mount  is  assumed  to  be  massless,  the  whole 
system  can  be  represented  in  terms  of  impedance  as  shown  in  Figure  1(a), 
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where  and  Z^>  denote  the  impedances  of  the  equipment,  mount,  and 

base,  respectively.  The  base  structure  with  velocity  is  excited  by  a  primary 
force  fp,  and  direct  velocity  feedback  control  is  applied  to  reduce  the 
equipment  velocity  Vg  using  a  pair  of  control  forces  fc  via  the  controller  with  a 
gain  “  H  .  The  control  forces  fc  represent  the  action  and  reaction  forces  of  an 
electromagnetic  actuator  which  is  installed  in  parallel  with  the  mount  between 
the  equipment  and  base  structures.  As  a  simple  illustration  of  the  single  mount 
system.  Figure  1(b)  shows  a  two  d.o.f  system  where  an  inertial  equipment, 
Z^  =  jcom^ ,  is  installed  on  a  single  d.o.f  vibrating  base  structure, 
Z^  =  jcom^  jo,  through  a  single  mount  consisting  of  a  spring  and 

damper,  Z,„  .  It  is  convenient  to  interpret  the  system  as  a 

coupled  one  connecting  the  mounted  equipment  and  the  base  structure,  where 
the  mounted  equipment  is  the  combination  of  the  equipment  and  the  mount. 

Let  the  total  force  acting  through  the  mount  be^,  then  the  dynamic  equations 
of  the  mounted  equipment  can  be  written  in  the  frequency  domain  as 

(1) 

f,,,=  fc+Zmh’b-^e)  (2) 

and,  the  base  structure  can  be  described  as 

^bVb=fp-L  (3) 

where  frequency  dependency  of  all  the  variables  are  assumed.  By  combining 
equations  (1-3),  the  complete  system  can  be  represented  in  the  matrix  form  as 


Z  +Z. 


f.-fc 


When  direct  velocity  feedback  control  is  applied  as  shown  in  Figure  1(a)  with 
the  control  force  given  by 

(5) 

where  H  is  the  positive  control  gain,  the  feedback  active  system  can  be  written 


+  -z„,  Ikl  |0l 

[-(Z„+/f)  Z,+Z,„JlvJ  [/J 

Note  that,  because  of  the  additional  force  acting  on  the  base,  the  whole  system 
impedance  matrix  is  now  non-symmetric.  Thus,  the  stability  of  the  system  can 
not  be  assessed  by  simply  using  the  definiteness  property  (positive  or 
negative)  of  the  impedance  matrix  as  in  collocated  control  [6,7].  In  addition, 
the  mechanical  analogy  of  a  skyhook  damper  [8]  is  no  longer  a  correct 
interpretation,  as  far  as  the  dynamics  of  the  complete  coupled  system  is 
considered.  The  system  was  proven  analytically  to  be  unconditionally  stable 
regardless  of  the  degree  of  coupling  between  the  mounted  equipment  and  the 
base,  provided  the  equipment  is  rigid  and  the  mount  is  massless[12].  Thus,  the 

responses  {v^  can  be  obtained  by  inverting  the  system  impedance 

matrix. 
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As  a  measure  of  control  performance,  transmissibility  is  widely  used  and  is 
given  for  the  system  shown  in  Figure  1(a)  by[8] 


V 

'J'  —  zz 


-  (7) 

The  equation  suggests  that,  as  far  as  the  relative  equipment  motion  is 
concerned,  the  control  gain  H  is  exactly  analogous  to  a  passive  skyhook 

damper.  When  the  feedback  gain  is  very  large  so  that  H  »\Z^+  Z^\  in 


equation  (7),  the  transmissibility  is  greatly  improved  i.e.  r«0.  The  control 
force  in  this  case  becomes 


fco  ~  (8) 

It  is  interesting  to  note  that  the  control  force  for  an  infinite  gain  is  not  infinity, 
but  is  bounded  and  is  in  fact  the  perfect  control  force  for  the  feedforward 
controller  using  the  base  response  as  the  reference  signal.  Actuator  saturation 
would  not  occur  as  long  as  the  allowable  force  of  the  actuator  is  bigger  than 

|Z„,Vj| .  If  the  perfect  control  force  fo  is  applied,  equation  (6)  becomes 


V,  «0,  (9) 

where  7^  =  1/Z^ .  Perfect  control  of  equipment  vibration  can  be  achieved 
approximately,  and  the  base  behaves  as  if  no  mounted  equipment  were 
attached.  This  implies  that  the  control  force  uncouples  the  mounted  equipment 
from  the  base. 

The  active  system  in  equation  (6)  can  be  further  simplified  when  the  mounted 
equipment  structure  is  weakly  coupled  to  the  base  structure.  Since  the  reaction 
force  from  the  mount  is  negligible  compared  with  the  primary  force  i.e., 

\fn\  \fp\  equation  (3),  equation  (6)  for  weak  coupling  becomes 


0 


(10) 


The  system  can  now  be  regarded  as  collocated  control  whose  stability  analysis 
is  trivial  [6,7],  and  the  control  gain  can  thus  be  equivalently  transformed  to  a 
skyhook  damper.  The  criterion  for  weak  coupling  can  be  judged  by  comparing 
dynamic  characteristics  of  the  uncoupled  systems  at  the  connection  point  v/,, 
and  is  given  by  [13,14] 


Kcn|«i  (11) 

where  the  input  impedance  to  the  mounted  equipment  is 

Z^,=z„,zj{z„,  +  z,). 

The  two  d.o.f  system  shown  in  Figure  1(b)  whose  dynamics  are  well  known 
[15],  are  considered  to  illustrate  the  basic  coupling  mechanisms  during  active 
control.  The  upper  single  d.o.f  mounted  equipment  system  was  assumed  to  be 
of  mass  natural  frequency  /,  =  20  Hz  and  damping  ratio  g  =  0.05 , 


and  the  lower  single  d.o.f  base  system  was  assumed  to  be  of  mass  m^=\kg , 
natural  frequency  f„  =30  Hz  and  damping  ratio  $-  =  0.01.  The  results  are 
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shown  in  Figure  2  both  before  and  after  control.  Due  to  the  strong  coupling, 
the  natural  frequencies  of  the  coupled  system  are  different  from  the  uncoupled 
natural  frequencies;  20  Hz  and  30  Hz.  In  addition,  in  Figure  2(b)  there  is  a 
sharp  anti-resonance  at  the  uncoupled  natural  frequency  of  the  mounted 
equipment  since  it  acts  as  a  dynamic  neutraliser  at  this  frequency  [16].  Figure 
2(a)  shows  the  maximum  velocity  reduction  is  not  at  the  natural  frequency  of 
the  uncoupled  mounted  equipment  unlike  the  transmissibility  T  in  equation  (7) 
suggests,  but  at  the  natural  frequencies  of  the  coupled  system.  Transmissibility 
is  a  good  performance  measure  for  a  weakly  coupled  system,  however,  in  a 
strongly  coupled  system  the  denominator  v*  of  T  changes  after  attachment  as 
well  as  a  change  of  control  gain.  Thus  the  equipment  absolute  velocity  is 
preferable  in  this  case  [1],  and  for  multiple  degree-of-freedom(d.o.f) 
equipment  structures  the  kinetic  energy  of  the  equipment  may  be  a  good 
performance  measure.  Figure  2(a,  b)  clearly  demonstrate  that  the  controller 
uncouples  the  mounted  equipment  from  the  base  as  the  gain  increases,  since 
both  equipment  and  base  responses  approach  those  of  the  uncoupled  systems. 
The  uncoupled  equipment  velocity  to  base  excitation  is  zero,  and  so  its 
response  is  not  shown  in  Figure  2(a). 

3.  Active  vibration  isolation  of  a  multiple-mount  system 

Consider  a  three-dimensional  piece  of  rigid  equipment  installed  on  a  flexible 
base  structure  via  four  massless  moxmts  as  shown  in  Figure  3.  The  impedance 
approach  described  in  the  previous  section  can  be  applied  to  this  case  but  with 
some  care  because  the  number  of  mounts(four)  is  not  the  same  as  the  number 
of  degrees  of  freedom  of  the  equipment  structure(three).  The  co-ordinate 
transformations  between  the  mounting  point  (nodal)  and  modal  co-ordinates 
are  given  by 

v,=Qa,  a  =  Rv,  (12,13) 

where  a  =  {w  6  is  the  modal  velocity  vector  consisting  of  the 

derivatives  of  heave,  pitch  and  roll  motions  at  the  mass  centre,  and 

=  Ki  ^ei  ^e4  f  the  velocity  vector  at  the  mounting  points.  Since 

equation  (12)  is  over-determined,  the  pseudo-inverse  of  Q  can  be  obtained 
from  its  least  square  solution  to  account  for  measurement  errors  in  the  velocity 

signals  so  that  R  =  (q^q)  [17,18].  The  dynamic  equations  can  be  written 

in  a  similar  way  as  those  for  the  single  moimt  system  given  in  equation  (1-3). 
The  dynamic  equations  of  the  equipment  structure  can  be  written  in  terms  of 
the  modal  velocity  vector  a  similarly  as  equation  (1),  as 

Zea  =  g„,  (14) 

where  the  modal  impedance  matrix  of  the  equipment  is  =  jcoJ^  in  which  J* 
is  the  diagonal  inertia  matrix  of  the  equipment  whose  diagonal  terms  are  the 
mass  of  the  equipment  M,  and  the  moment  of  inertia  quantities  to  pitch  and 
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roll  motions  1$  and  I<p.  Note  this  is  an  over-determined  case,  and  theoretically 
the  corresponding  physical  domain  description  of  equation  (14)  does  not  exist. 
The  generalised  force  vector  acting  through  the  mounts  gm  is  given  by 

g.=QX  (15) 

where  the  mount  force  vector  in  physical  co-ordinates 
4  =  {/„i  fmi  f,m  /„, 4  f.  By  extending  equation  (2),  f„,  can  be  written  as 
f™=fc+Z„(v,-vJ,  (16) 

where  the  impedance  matrix  of  the  mounts  Zm  is  a  (4x4)  diagonal  matrix 
whose  diagonal  terms  are  the  impedances  of  each  mount,  fc  is  the  control  force 

vector  f,  =  {/.,  /c3  fc^  r  ?  Ve  and  Vb  are  the  velocity  vectors  of  the 

equipment  and  base  structures  at  the  mount  locations.  Also  by  extending 
equation  (3),  the  base  response  can  be  written  as 

(17) 

where  =  Z^^Y^pfp  in  which  Zb  and  Ybp  are  the  impedance  and  mobility 
matrices  of  the  uncoupled  base  structure  due  to  the  mount  force  vector  fm  and 
the  primary  force  vector  fp,  respectively.  Combining  equations  (14-17)  gives 

rz,+z^ 

-Z„Q  Z,  +  Z, 

where  the  generalised  control  force  vector  is  ,  and  Z^  =  Q^Z^Q  is 

the  modal  mount  impedance  matrix  which  is  the  transformed  form  of  the  nodal 
mount  impedance  matrix  Zm-  When  velocity  feedback  control  with  the  control 
gain  matrix  H  is  applied,  the  control  force  vector  is  v^itten  as 

(19) 


Since  g^.  =  and  =  Qa  ,  the  modal  gain  matrix  is  written  as 

H  =  Q^HQ 

Using  equations  (18-20),  the  active  system  can  be  written  as 


Ze  +  Z„+H 

-(z.  +  h)q 


-QX 

z,  +  z„ 


(20) 


(21) 


Equation  (21)  is  a  compact  description  of  the  four-mount  active  vibration 
isolation  system  in  term  of  impedances.  Note  this  is  also  a  simple  extension 
form  of  the  single  mount  system  in  equation  (6).  If  the  control  system  is  stable, 
the  solution  of  equation  (21)  can  be  obtained  by  inverting  the  impedance 
matrix.  Similarly  as  the  single  mount  case,  the  equipment  modal  velocity 
vector  a  obtained  is  related  with  the  performance  of  the  isolator.  If  the  perfect 
control  force  vector  =  -Z^v^  is  applied,  it  uncouples  the  mounted 
equipment  from  the  vibrating  base  structure  so  that  the  active  system  becomes 
similar  to  equation  (9). 

Rather  than  implementing  a  complex  4-input  4-output  fully  coupled  control 
system,  it  is  interesting  to  consider  the  simplified  system  when  four  separate 
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SISO  {single-input-single-output)  control  systems  are  used.  In  this  case  the 
control  gain  matrix  H  in  equation  (20)  becomes  diagonal.  This  is  termed  as 
decentralised  control  [10,11]  where  each  of  the  four  actuators  is  controlled 
independently  by  feeding  back  the  corresponding  equipment  absolute  velocity 
response  at  each  control  location.  For  the  symmetrically  installed  equipment 
structure  as  shown  in  Figure  3,  the  transform  matrices  are  given  by 

1  -Ig 

1  +lg 

^  ~h  +1^ 

If  it  is  assumed  that  the  installation  of  the  equipment  is  statically  balanced  [1] 
so  that  is  diagonal,  then  for  the  symmetrical  system  shown  in  Figure  3  the 
impedances  of  each  mount  are  the  same,  which  may  be  denoted  Z^.  If  it  is 
further  assumed  that  the  gains  of  each  controller  are  the  same  H,  the 
equipment  dynamic  equation  given  in  the  (1,1)  term  of  equation  (21)  becomes 
diagonal,  and  is  given  by 

jcoM  +  Z^,+H  0  0 

0  jwJg+{Z^+H)ll  0 

0  0  jox}^+{Z„,+H)lj 

(24) 

The  equipment  dynamic  equations  are  uncoupled  even  after  control,  and  the 
gain  H  is  simply  added  to  the  mount  impedance  Z^  in  all  three  motions.  This 
means  that,  for  the  statically  balanced  symmetric  structure  shown  in  Figure  3, 
the  use  of  a  single  common  gain  for  decentralised  control  (equi-decentralised 
control)  results  in  the  modal  controller  which  equally  damps  all  modes  {equi- 
modal  control).  Each  of  four  control  forces  has  the  same  effect  as  a  skyhook 
damper,  as  far  as  the  relative  equipment  motions  are  concerned,  as  discussed 
earlier.  The  four  skyhook  dampers  at  each  mount  location  can  equivalently 
reduce  every  rigid  body  mode  of  the  equipment  structure.  Consider  the  generd 
case  when  the  equipment  structure  is  non-symmetric  but  statically  balanced  as 
is  preferred  in  practice  [1].  Even  in  this  case,  equi-modal  control  can  again  be 
achieved  by  making  the  modal  control  gain  matrix  H  diagonal  similarly  as 

Z™- 

As  suggested  in  the  previous  section,  the  kinetic  energy  can  be  conveniently 
employed  as  a  performance  measure  for  the  three-dimensional  equipment 
structure,  and  can  be  written  as 

(25) 

where  a  is  the  modal  velocity  vector  and  Je  is  the  inertia  matrix  of  the 
equipment. 


Z  +  Z„  +  H  = 

e  ID 


[l  1  1  1  ' 

R.i-I/4  +1/'.  +lft  -1ft  (22,23) 

L-lft  -1/1,  +lft  +1/1,  _ 
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4.  Experimental  implementation 


4.1  System  description 

Decentralised  direct  velocity  control  was  experimentally  implemented  with  a 
statically  balanced  four-mount  system  similar  to  that  shown  in  Figure  3.  The 
experimental  set-up  is  shown  in  Figure  4(a)  where  a  piece  of  symmetrical 
equipment  is  located  on  top  of  a  free-free-clamped-clamped  rectangular  base 
plate  via  four  identical  mounts.  Two  opposite  sides  of  the  base  plate  were 
bolted  on  stiff  frames  to  realise  the  clamped-clamped  boundary  conditions. 
The  large  shaker  underneath  the  plate  was  the  primary  force  actuator,  and  the 
four  small  electromagnetic  actuators  fixed  on  the  thick  equipment  plate  were 
the  control  actuators  at  each  mount  position.  The  equipment  structure  was  the 
combined  structure  between  the  four  actuators  and  a  thick  aluminium  plate  of 
thickness  20  mm.  The  plan  view  of  the  set-up  is  shown  in  Figure  4(b)  where 
the  dimensions  of  the  base  plate  is  Lx  x  Ly,  and  fp  is  denoted  at  the  primary 
force.  The  locations  of  the  numbers  denote  the  locations  of  each  mount,  and 
they  are  referred  as  Nodes  1,  2,  3,  and  4  for  convenience.  The  heave  w,  pitch 
0,  and  roll  (j)  motions  are  denoted  at  the  mass  centre  of  the  symmetric 
equipment  structure.  The  flexible  base  structure  was  excited  by  white  noise 
from  the  primary  force  Figure  5  shows  the  structure  of  a  single  channel  of 
the  decentralised  control  system.  The  acceleration  of  the  equipment  was 
first  measured  and  passed  through  an  integrator  to  obtain  the  velocity  response 
,  which  was  then  fed  back  to  the  actuator  via  a  power  amplifier  for  the  gain 
control.  Each  actuator  was  fixed  on  top  of  the  thick  equipment  plate  at  each 
mount  location  as  shown  in  Figure  5,  and  a  stinger  was  connected  between  the 
actuator  and  the  mount  foot  through  the  mount.  The  cylindrical  mounts  were 
made  from  natural  rubber.  The  integrator  was  contained  in  a  commercial 
charge  amplifier  (  B&K  type  2635  )  which  also  had  high-  and  low-pass  filter 
modules.  The  highpass  filter  cutoff  frequency  was  set  to  be  1  Hz  to  avoid  low 
frequency  instability,  and  the  lovv^ass  filter  cutoff  frequency  was  set  to  be  1 
kHz  to  filter  out  any  measurement  of  flexible  modes  within  the  equipment 
structure.  Only  isolation  of  low  frequency  vibration,  under  200  Hz,  was 
considered  where  the  equipment  structure  could  be  modelled  as  a  rigid  body 
and  each  mount  as  a  parallel  connection  of  spring  km  and  damper  Cm,  as  shown 
in  Figure  3.  The  physical  and  geometric  properties  of  the  experimental  set-up 
are  summarised  in  Tables  1  and  2.  They  were  used  for  a  series  of  simulations, 
the  results  of  which  are  compared  with  the  experimental  results. 

The  experimental  model  was  first  identified  and  compared  with  the  theoretical 
model  calculated  from  the  procedure  described  in  Section  3.  To  measure  the 
plant  response,  the  actuator  input  voltage  in  Figure  5  was  used  as  the  input 
signal  instead  of  the  input  force  because  the  input  voltage  at  low  frequencies  is 
approximately  proportional  to  the  force  input  [19].  The  mounted  equipment 
structure  was  first  installed  on  a  rigid  base  structure  to  identify  the  uncoupled 
characteristics.  Figure  6(a)  shows  the  measured  plant  response  at  Mount  1 
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excited  by  the  actuator  at  the  same  location.  For  comparison,  experimental 
(solid  line)  and  simulation  (dashed  line)  results  are  shown  together.  The  three 
rigid  body  modes  were  heave  motion  at  26  Hz,  pitch  motion  at  29  Hz,  and  roll 
motion  at  24  Hz,  and  whose  passive  damping  ratios  were  around  5  %.  The 
mounted  equipment  structure  was  then  installed  on  the  flexible  structure  as 
shown  in  Figure  4,  and  the  plant  response  at  Mount  1  excited  by  the  actuator  at 
the  same  location  was  measured.  The  plant  response  is  now  a  coupled 
response  between  the  mounted  equipment  and  base  structures,  and  the 
experimental  (solid)  and  simulation  (dashed)  results  are  shown  in  Figure  6(b). 
The  first  three  dominant  peaks  correspond  to  heave  motion  at  15.8  Hz,  pitch 
motion  at  21.3  Hz,  and  roll  motion  at  22.5  Hz.  Some  discrepancies  over  30  Hz 
were  due  to  the  imperfect  physical  realisation  of  the  clamped-clamped 
boundary  condition. 

4.2  Control  performance 

The  experimental  rig  was  excited  by  white  noise  from  the  primary  force,  and 
the  four-channel  decentralised  control  system  whose  single  channel  structure 
is  shown  in  Figure  5  was  tested.  Control  performances  according  to  the  change 
of  the  common  gain  H  were  examined  and  compared  with  simulations.  The 
velocities  of  the  equipment  at  the  mounting  points  of  the  experimental  plant 
are  shown  in  Figure  7,  in  which  the  responses  before  control  are  shown  with 
solid  lines  and  those  after  control  are  shown  with  dashed  lines.  In  Figure  7(a) 
for  Moimt  1,  the  highest  response  (solid  line)  is  the  response  before  control, 
and  the  others  (dashed  lines)  correspond  to  feedback  gains  of  110,  320,  1000. 
It  clearly  shows  that,  as  the  gain  increases,  the  vibration  amplitude  is  gradually 
reduced  almost  all  over  the  frequency  range.  This  trend  is  file  same  for  Mount 
2,  3,  and  4.  Some  amplification  near  30  Hz  at  Mount  2  could  be  due  to  the 
redundancy  of  the  controller  configuration  that  used  four  actuators  to  control 
three  rigid  body  modes.  Higher  gains  could  not  be  applied  to  the  experimental 
plant  because  there  was  an  instability  occurring  at  about  1  Hz  which  was  the 
cutoff  frequency  of  the  highpass  filter  used  in  conjunction  with  the  integrator. 
The  causes  of  instability  was  found  to  be  phase  advances  at  very  low 
frequencies  in  the  commercial  power  amplifier  and  the  integrator  used[12]. 
From  the  performances  at  the  mounting  points  in  Figures  7,  the  modal 
performances  can  be  calculated  by  first  using  the  co-ordinate  transform  matrix 
in  equation  (13)  and  then  substituting  into  the  kinetic  energy  equation  in  (25). 
The  total  kinetic  energies  of  the  experimental  and  simulation  models  are 
shown  in  Figure  8(a,b)  respectively.  Since  the  theoretical  model  implicitly 
assumes  that  the  power  amplifier  and  the  integrator  are  ideally  operating,  it  is 
unconditionally  stable[12]  so  that  some  higher  gains  3350  and  10000  were 
also  tested.  It  can  be  seen  that  as  the  gain  increases,  the  total  energy  is  reduced 
gradually  in  the  whole  frequency  range  without  any  amplification.  It  means 
that,  although  there  is  some  amplification  in  nodal  responses  due  to  the 
redundancy  of  actuators,  the  actuators  are  operating  in  a  way  to  reduce  the 
overall  kinetic  energy  of  the  equipment  at  all  frequencies.  The  control 
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performance  of  both  the  simulations  and  experiments  are  tabulated  in  Table  3 
according  to  the  feedback  gain  values  used.  The  gains  H  are  transformed  to 
skyhook  damping  values,  and  are  compared  v/iih  the  values  of  the  passive 
damping  in  a  single  mount  as  given  in  Table  1.  The  skyhook  damping  and 
damping  ratio  calculated  based  on  heave  motion  can  be  compared  with  the 
passive  damping  ratios,  which  are  about  5  %.  The  overall  kinetic  energy  of  the 
experiment  was  calculated  from  5  Hz  to  avoid  accounting  for  the  amplification 
region.  Both  simulation  and  experiment  results  show  a  kinetic  energy 
reduction  of  more  than  14  dB  for  the  gain  1000. 

In  order  to  investigate  the  control  mechanism,  the  base  velocity  underneath 
Mount  1  was  also  calculated  and  measured  during  control.  The  simulation  and 
experimental  results  are  shown  in  Figure  9(a,b)  respectively.  As  the  gain 
increases,  the  original  base  response(solid  line)  approaches  the  uncoupled  base 
response(dotted  line),  that  is  the  base  response  without  the  mounted  equipment 
attached.  Dashed  lines  correspond  to  the  base  responses  for  each  control  gain. 
This  clearly  demonstrates  that  the  mechanism  of  the  active  isolation  system  is 
that  the  controller  uses  the  reactive  actuators  to  uncouple  the  mounted 
equipment  from  the  base  structure. 


5.  Conclusions 

This  paper  has  investigated  both  theoretically  and  experimentally  a  statically 
balanced  four-mount  active  vibration  isolation  system  where  electromagnetic 
actuators  are  installed  in  parallel  with  each  of  four  mounts  placed  between  a 
piece  of  equipment  and  a  vibrating  base  structure.  Decentralised  velocity 
feedback  control  was  used  for  active  vibration  isolation  at  low  frequencies 
where  the  equipment  behaves  as  a  rigid  body  and  the  mounts  as  springs  and 
dampers.  The  impedance  method  has  been  used  to  analyse  both  passive  and 
active  isolation  systems.  Analytical  studies  show  that  equi-gain-decentralised 
control  for  a  statically  balanced  symmetric  equipment  is  the  same  as  equi- 
gain-modal  control,  which  reduces  all  vibration  modes  equally.  The  control 
mechanism  is  shown  to  be  that  the  actuators  uncouple  the  mounted  equipment 
from  the  base  structure  as  the  gain  increases.  Experimental  results  show  that 
up  to  14  dB  reduction  in  the  kinetic  energy  of  the  equipment  can  be  achieved 
in  practice.  When  very  high  gains  were  used,  however,  instability  was 
encountered  in  the  experimental  rig  at  about  1  Hz  due  to  undesirable  phase 
advances  in  the  electrical  equipment  used. 
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(a)  Impedance  diagram  (b)  two  degrees  of  freedom  system 

Figure  1.  A  single  mount  vibration  isolation  system 


Figure  2.  Active  vibration  isolation  in  a  two  d.o.f  system;  before  control  but  coupled  (solid) 
and  uncoupled  (dotted),  after  control  with  H=}0cm  (dashed)  and  H-lOOcni  (dash-dotted).  (dB 
ref. =  10“^  m/s) 


Figure  3.  A  3-dimensional  rigid  equipment  structure  supported  upon  four  mounts 


478 


(a)  set-up  (b)schematic  diagram 

Figure  4.  Experimental  set-up  for  the  active  isolation  system  on  a  free-free-clamped-clamped 
base  plate  structure.  The  locations  of  the  four  mounts  are  marked  as  Nodes  1,2,3,  and  4. 


Figure  5.  Structure  of  the  active  isolator;  (S)  Electromagnetic  Actuator,  d)  Bolt,  ©  Support 
(height  =  40  mm)  ,  ®  Stinger  ,  (D  Equipment  Structure  (Al),  (D  Upper  and  Lower  Adapters 
(Al),  ®  Rubber  Mount  (height  =  30  mm,  outer  dia.  =  30mm,  inner  dia.  =  10  nun). 


o' - ■ - ' - ' - ' - ' - ' - ' - ' - 1 - 1  o' - 1 - 1 - > _ ■  ■  .  I 
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Freqiwncy  ( Hz )  Ffet^ueney  { Hi ) 

(a)  on  a  rigid  base  (b)  on  the  flexible  base 

Figure  6.  Plant  responses  at  Mount  1  when  only  the  actuator  at  Node  1  is  active;  experiment 
(solid)  and  simulation  (dashed).  (dB  ref.=10‘^m/s) 


Table  1.  Physical  rnooerties 


Mj,  Mass 

/ft  Moment  of  inertia  to  pitch  motion 
/^  Moment  of  inertia  to  pitch  motion 
Material  of  the  equipment  plate 


Equipment 

Structure 


6.232  kg 
0.0685  kgm^ 
0.0162  kgm^ 
Aluminium 


Mount 

kjn,  Spring  constant  of  each  mount 

4.2x10''  Njm 

c^i.  Damping  of  each  mount 

25.6  Nsim 

Base  Plate 

Material 

Steel 

C  Damping  ratio 

0.01 

Table  2.  Geometric  data 


Dimensions  of  the  steel  base  plate  (mm) 

(700x500x2) 

(L^rXLjfXf),  Dimensions  of  the  aluminium  equipment  plate  (mm) 

(300  X  160x20) 

Mount  locations  on  the  equipment  (mm) 

Ig  =  117,  Ig  =47 

Location  of  the  primary  force  (mm) 

(320,  270) 

Location  of  Node  1 

[lJ2,LJ2) 

Table  3.  Comparison  of  the  control  performances.  (Skyhook  damping  and  its  ratio  are 
calculated  based  on  the  heave  motion,  and  -  25.6  Nsjm  ) 


Gains 

Energy  ratio 

Jo/Ji  (%) 

Overall  reduction(dB) 

Absolute 
Value,  H 

Skyhook 

Damping 

Ratio 

Theory 

Experiment 

Theory 

Experiment 

110 

4.3  X  Cm 

0.215 

18.82 

19.59 

-7.3 

-lA 

320 

12.5  X  Cm 

0.626 

8.14 

10.31 

-10.9 

-9.9 

1000 

39.1  X  Cm 

1.955 

3.21 

4.0 

-15.0 

-14.0 

3350 

6.548 

1.52 

-18.2 

10000 

19.546 

0.82 

-20.9 
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Abstract 

An  identification  method  based  on  a  structural  model  updating  procedure  may 
be  used  to  improve  the  knowledge  of  a  piezoelectric  tested  structure  and  to 
determine  the  coupling  coefficients  of  the  piezoelectric  material.  This 
procedure  starts  with  the  modal  analysis  of  the  open-loop  instrumented 
structure.  Let  the  target  modes  be  a  subset  of  the  model  modes;  a  selection  of 
sensor  locations  is  then  performed  by  determining  the  smaller  subset  such  that 
the  Hz  modal  norm  is  as  close  as  possible  to  the  modal  norm  of  the  original  full 
set.  In  most  cases,  experimental  testing  with  the  selected  sensor  set  will  give 
acceptable  information  to  identify  target  modes.  These  data,  coupled  with 
electrical  sensing  at  the  piezoelectric  element  level,  will  then  be  used  to 
perform  modal  analysis  of  the  piezo-structure.  A  pole-residue  development  of 
the  open-loop  piezo-structure  shows  that  conventional  algorithms  may  be  used 
to  estimate  the  mechanical  modal  parameters  and  the  electromechanical 
coupling  matrix. 

The  second  step  of  the  procedure  is  to  perform  model  updating  itself  by 
improving  the  initial  finite  element  piezoelectric  model  with  stiffness 
corrections.  The  corrections  are  split  in  their  mechanical  and 
electromechanical  contributions.  It  is  then  possible  to  separate  mechanical 
modelling  errors  from  electromechanical  coupling  errors.  The  problem  becomes 
a  classical  model  updating  problem  which  may  be  solved  using  well  established 
techniques.  This  will  result  not  only  in  a  model  behaving  like  the  measures, 
but  also  in  an  improved  knowledge  of  the  structure  behaviour  without  loosing 
physical  insight.  From  a  numerical  point  of  view,  it  will  be  shown  that  ill- 
conditioning  inherent  to  the  presence  of  piezoelectric  elements  presents  some 
difficulties  at  different  steps  of  the  model  correction  procedure. 

A  clamped-free  plate  instrumented  with  piezo-laminates  is  used  to  illustrate 
the  selection  of  measurement  points  and  the  model  updating  approach. 
Experimental  identification  data  will  then  be  used  as  inputs  for  the  model 
correction  procedure  and  the  behaviour  of  the  updated  model  will  be  compared 
with  the  initial  model  dynamics. 
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Introduction 


The  current  trend  to  design  light-weight  structures  is  generally 
antagonist  to  the  mechanical  requirement  in  terms  of  vibrational 
stability  and  accuracy.  Active  control  of  such  flexible  structures  is  a 
solution  to  overcome  this  problem.  Modelling  field,  which  use  often 
the  finite  elements  method  (F£M),  has  then  been  improved  in  order  to 
have  a  satisfactory  prediction  of  the  d3mamic.  The  performance  of  the 
model  is  important  because  it  could  condition  the  ability  of  an 
implemented  active  system  to  follow  the  d)mamic  behaviour  of  the 
actual  structure.  Unfortunately,  a  numerical  model  contains  some 
uncertainties  inherent  to  the  boundary  conditions  and  to  the  physical 
properties  of  structural  materials.  Errors  are  also  induced  by  the 
discretisation  and  by  the  condensation  of  the  actual  structural  degrees 
of  freedom  to  an  acceptable  size  for  the  controller. 

A  model  correction  procedure,  called  model  updating,  could  be 
then  useful  in  order  to  improve  the  structural  dynamic  prediction.  One 
way  is  to  correct  the  estimated  masses  and  stiffness  (damping 
correction  will  not  be  considered  in  this  work)  .  The  idea  is  then  to 
update  the  initial  model  in  order  to  minimise  the  distance  between  the 
numerical  prediction  and  the  measured  data;  whether  in  the  modal  or 
frequency  domain. 

Literature  exhibits  several  hundred  papers  on  the  model  updating 
of  conventional  'passive'  structures.  Ewins  [0]  and,  later,  Maia  et  al.  [1] 
summarise  the  various  published  techniques  in  this  field,  but  none  of 
them  are  applied  on  'smart'  structures.  This  paper  will  show  the 
application  of  the  frequency  domain  updating  technique  on  'smart' 
structures  fitted  with  piezoelectric  elements. 

Piezoelectric  elements  are  very  popular  in  the  field  of  active  control. 
Their  light-weight  and  distributed  properties  are  very  attractive  to 
overcome  the  structural  vibration  suppression  challenge.  There  are  two 
fundamental  electromechanical  effects  associated  with  piezoelectricity, 
namely  the  direct  effect  and  the  converse  effect.  Direct  effect  can  be 
detected  when  applying  a  force  on  a  piezoelectric  material  and 
monitoring  the  electrical  voltage  or  charge  generated.  Inversely,  to 
emphasise  the  converse  effect,  an  electric  field  can  be  applied  to  the 
material  which  will  induce  stress  or  strain.  Piezoelectricity  is  used  for  a 
large  number  of  applications  in  the  field  of  electromechanical 
engineering,  e.g.  waves-sound  generators,  echo-graphic  probes,  micro¬ 
positioner,  accelerometer  transducers,  pressure  transducers,...  Thin 
piezoelectric  laminates  are  widely  used  as  distributed  sensors  and 
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distributed  actuators  and  are  very  well  adapted  for  the  control  of 
elastic  shells  or  plates. 

Modal  analysis  of  a  piezo-structure 

The  modal  testing  of  a  structure  fitted  with  distributed  piezo¬ 
electric  sensor/actuator  is  described  by  Saunders  et  al.  [2].  The  pole- 
residue  model  is  developed  by  remembering  the  modal  decomposition 
of  a  viscously  damped  and  linear  passive  structure  : 

Mx  +  Dx  +  Kx  =  f  (1) 

with  M  nxn  mass  matrix,  symmetric  and  definite  positive, 

D  nxn  damping  matrix, 

K  nxn  stiffness  matrix,  symmetric  and  definite  positive, 
f  nxl  vector  of  structural  forces, 

X  nxl  vector  of  structural  degrees  of  freedom. 

The  resolution  of  the  eigenvalues  problem  associated  with  (1)  yields 
n  pairs  of  complex  conjugate  eigenvalues  ; 

Pi  =  • -v/l-Ci  i  =  l,2,...n  (2) 

associated  with  n  complex  eigenvectors  4)  =  [<j),  (1)2  ...  (j)„]  (nxn).  In 
the  case  of  proportional  or  diagonal  damping  the  eigenvalues  are 
linked  to  the  solutions  of  the  associated  non-damped  system  and 
with  the  modal  critical  damping  (see  Geradin  and  Rixen  [3]). 

For  a  force  applied  at  the  spatial  position  /  and  for  a  response 
measured  at  the  spatial  position  k,  the  frequency  response  fimction 
{¥RF)  is  expressed  by  : 


(3) 


with  rrii  the  modal  mass  associated  with  the  i*  mode  (l)^ . 

In  the  case  of  a  structure  fitted  with  a  piezoelectric  sensor /actuator, 
electromechanical  relationship  are  added  to  the  previous  system  ( 1 )  to 
represent  contributions  of  the  electrical  degrees  of  freedom  linked  to 
the  piezoelectric  actuator  and  sensor  : 
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M-x  +  £>’a;  +  jK’-x  =  /  +  0“  • 

(4) 

©  •  X  +  Cp  •  V,  =  9 

The  first  equation  is  commonly  called  the  actuator  equation  and  the 
second,  the  sensor  equation.  The  actuator  equation  exhibits  the  force 
generated  by  the  piezoelectric  actuator  through  the  electromechanical 
coupling  actuator  matrix  ©“  and  the  electrical  potentials  applied  at 
each  electrode  of  the  elements.  On  the  other  hand,  the  sensor  equation 
shows  the  relationship  existing  between  the  mechanical  degrees  of 
freedom  x  and  the  electrical  charges  q  or  potentials  through  the 
electromechanical  coupling  matrix  ©"’^and  the  capacitance  of 
sensor. 

In  the  case  of  a  force  applied  on  a  system  only  fitted  with  a 
piezoelectric  sensor,  and  by  forcing  the  electrode  potentials  to  zero 
with  a  short-circuit  (e.g.  :  physically,  by  means  of  a  perfect  charge 
amplifier),  we  can  write  : 


M'X-^D'X^K‘X  =  f 
©'’^  X  =  q 


(5) 


The  first  thing  to  observe  is  that  the  presence  of  the  piezoelectric  sensor 
do  not  modify  the  dynamic  behaviour  of  the  structure  (same  eigen- 
frequencies,  modes  and  modal  critical  damping  and  masses).  On  the 
other  hand,  remembering  (  3  ),  it  is  easy  to  find  the  relation  between 
the  electrical  sensing  and  the  applied  force  decomposed  in  a 
summation  of  modal  participation  weights  : 

y-i{  <«> 

f,  fr;  ["If  [j  w -PjJ  Wi  •  ■  (0  -  JJ 


This  last  relation  is  very  important  because  it  induces  that  the 
determination  of  the  electromechanical  coupling  matrix  ©'  is 
theoretically  possible  by  means  of  an  experimental  modal  analysis  and 
an  adequate  set  of  measurements. 

Extraction  of  the  modes,  eigen-frequencies,  modal  damping  and 
modal  masses  could  be  performed  with  conventional  modal  analysis 
algorithms  applied  on  experimental  structural  FRF  s.  Note  that  correct 
estimation  of  modes  needs  measurement  at  a  driving  point,  i.e.  where 
excitation  and  response  are  measured  at  the  same  position  and  in  the 
same  direction  (see  Maia,  Silva  et  al.  [1]). 
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Once  d5mamic  parameters  are  extracted,  it  is  easy,  by  (  6  ),  to 
retrieve  the  electromechanical  coupling  matrix  .  Estimation  of  the 
actuator  electromechanical  coupling  matrix  0“  can  also  be  estimated 
with  the  same  method  by  simply  using  the  actuator  in  sensor  mode. 
Unfortunately,  complete  estimation  of  ©“’^  is  only  possible  if  all 
mechanical  degrees  of  freedom  in  common  with  the  piezoelectric 
element  are  monitored,  which  could  be  practically  difficult.  This 
implies  that  the  knowledge  of  the  piezoelectric  elements  will  be  only 
partial  imless  a  structural  model  (generally  a  finite  element  model 
which  contains  errors  due  to  simplifications  and  material 
uncertainties),  improved  by  experimental  data,  is  available.  The 
structural  model  improvement  (namely  :  model  updating)  will 
depends  of  the  selected  frequency  range  (it  is  obviously  false  to  believe 
that  an  updated  model  will  be  valid  from  0  Hz  to  oo  Hz)  and  of  the 
quality  of  the  available  measurements.  It  is  then  important  that 
experimental  data  set  is  rich  enough  to  afford  a  correct  identification  of 
all  the  modes  existing  in  the  selected  frequency  range  of  interest. 


Excitation  and  measurement  points  selection  for 
experimental  modal  analysis 

The  selection  of  the  optimal  positions  of  excitation  and  sensing  is 
not  a  simple  task.  Without  any  criteria,  engineer  judgement  and 
various  trials  are  needed  to  obtain  an  acceptable  set  of  data  able  to 
perform  a  correct  identification  of  modes  in  the  frequency  range  of 
interest.  This  procedure  is  time-consuming  and  not  very  effective.  The 
problem  of  actuator  and  sensor  placement  have  been  already 
investigated  in  literature.  Kammer  [4]  proposes  the  selection  of  the 
best  signal  to  noise  ratio  position.  In  Gawronski  [5],  the  procedure  is 
based  on  the  monitoring  of  the  observability  and  controllability 
Grammians  to  choose  optimal  excitation  and  sensor  locations. 

Controllability  is  a  means  to  measure  the  ability  of  a  particular 
excitation  configuration  to  control  all  the  states  of  the  system  :  if  it  is 
possible  to  transfer  the  state  of  a  system  a;(o)  to  its  origin  a:(t,)  =  0  with 
t,  finite.  Conversely,  observability  measures  the  ability  of  a  sensor 
configuration  to  estimate  all  the  states  of  a  system  ;  if  it  is  possible  to 
determine  the  state  of  system  x(t|)  from  the  sensor  configuration  y(f), 
f  €  [t(,,  f|]  and  where  t,  is  a  finite  time. 
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To  apply  the  theory  of  controllability  and  observability,  which  has 
been  developed  in  the  theory  of  control,  it  is  convenient  to  express  the 
generalised  (multi-excitations  and  outputs)  system  nodal 
representation  ( 1 )  in  the  form  : 

Mx  +  D’X  +  Kx  =  BQ'f 

^  ■  (7) 

y  ~~  ^ox  *  ®  ^ox  *  ® 


where  y  is  defined  as  the  output  vector  and  depends  linearly  of  the 
structural  displacements  and  velocity. 

The  state  space-form  can  then  be  written  as  : 


Z  =  A  Z  +  B  f 


y  =  CZ 


(8) 


where  we  define : 


z  = 


(9) 


the  state-space  vector  of  size  N  =  2  -  n  which  includes  the  system 
displacements  and  velocities.  Elementary  manipulations  link  the 
expression  of  the  system  nodal  representation  (  1  )  to  the  nodal  state 
space  form  ( 8  ) : 


o 

0  1 

A  - 

-  Af"'  K  -  M  '  D 

,  B  = 

I 

to 

O 

1 _ 

Co.]  (10) 


In  classical  control  theory  (see  Kwakernaak  and  Sivan  [6]),  a  linear 
time  invariant  system  (.4,  B,  c)  is  fully  controllable  if  and  only  if  the 
constructed  matrix  : 


C  =  [b  A  B  A^  B  ...  A^-'  b]  (11) 


has  rank  N .  In  the  same  way,  a  linear  time  invariant  system  (A,  B,  c) 
is  fully  observable  if  and  only  if  the  matrix  : 


C 

C  A 


(12) 


C-A'^-' 
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has  rank  N.  As  clearly  explained  in  Gawronski  [5],  these  criteria, 
although  simple,  are  not  at  all  efficient : 

•  the  level  of  controllability  or  observability  is  not  quantified;  but 
these  criteria  give  an  answer  in  term  of  yes  or  no. 

•  The  computation  of  C  or  O  is  prohibitive  in  case  of  system  with 
realistic  size. 

These  two  drawbacks  bring  us  to  prefer  expressing  the  system 
properties  in  term  of  Grammians.  The  controllability  and  observability 
Grammians  are  defined  as  follows  : 

Wc{t)  =  ly  -'  B  ‘  dt,  C  ^  dt  ( 13 ) 

The  controllability  Grammian  reflects  the  ability  of  a  perturbation  /  to 
perturb  the  state  of  the  system.  The  observality  Grammian  reflects  the 
ability  of  a  state  Z  to  affect  the  output  y  of  a  system.  In  the  case  of  a 
time  invariant  system,  the  stationary  solutions  of  ( 13  )  are  given  by  the 
Lyapunov  equations : 


A-W,+W,-  +  B-B^  =  (i,  A‘^  -W.+W.-A  +  C^  -  C  =  0  (  14  ) 


The  singular  values  of  the  Grammians  product  are  invariant  under 
linear  transformation  and  are  called  the  Hankel  singular  values 
Y.  =  y{w^-W„),  i  =  l...N. 

The  order  N  of  the  nodal  representation  can  become  very  huge 
when  the  number  of  degrees  of  freedom  of  the  finite  element  model  is 
very  large.  A  convenient  approach  is  to  use  a  modal  representation. 
Defining  the  state  variables  as  the  modal  displacement  and  velocities  : 


z 


m 


(15) 


the  modal  state-space  form  is  then  defined  by  the  following  triple  : 


0 

I 

■  0  ■ 

A  = 

- 

,  B  = 

C  =  [C^  C^] 


(16) 


where  Cl  =  diopf co,,© 2,... co„l  is  natural  frequencies  matrix  associated 
with  the  (n  X  n„)  modal  matrix  4>  =  [(j),  (t)2  ...  The  modal  mass, 

damping  (assuming  proportional  damping  for  convenience)  and 
stiffness  diagonalized  matrix  are  obtained  by  the  modal  projection  on 
K ,  D,  M  : 
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(17) 


=  0)^  •  Af  •  *,  D^=<t>’^  =  <t>‘^  ■  K  -  ^ 

Z=^--M-J-D^-  a-' 

In  the  same  way,  the  modal  input,  displacement  and  velocity  outputs 
matrices  are  introduced  by  : 

=  Mj  ■  ■  B„  C_=C„,  •<!>,  (18) 

By  simply  rearranging  the  columns  and  lines  of  (  16  )  in  order  to 
organise  the  state  components  as  : 


the  modal  state-space  representation  is  characterised  by  a  block 
diagonal  structure  : 

C^=[C„,  -  (20) 

The  dimension  of  this  modal  state-space  representation 
(2  ■  Ti„  X  2  •  n„)  is  then  more  economic  than  the  nodal  state-space 
representation  (2  •  n  x  2  •  n)  since  n„  «  n  for  a  modal  truncated 
system.  An  other  important  advantage  of  the  modal  state 
representation  is  that  the  resulting  controllability  and  observability 
Grammians  are  diagonally  dominant  (see  Gawronski  [5]) : 

W,  =  diag(w^,  ■  =  diag(w^,  ■  (  21  ) 

Diagonal  entries  of  (  21  )  and  Hankel  singular  values  could  be  then 
obtained  as  follows : 


Am=diag(A^J,  = 


B„ 


4-?i  -tOi 


= 


4-C,  -CO, 


(22) 


The  transfer  function  of  this  system  is  given  by  : 

G((o)  =  C  ■  (j  •  0)  •  /  -  >1)-'  B  (  23  ) 

Transfer  function  norms  serve  as  a  measure  of  the 

controlling  ability  of  an  actuator  /  sensor  configuration  applied  on  a 
system  defined  by  (.4,  B,  C) .  In  this  paper,  only  the  norm,  defined 
by: 

l|G||,  =  —  ■  Z  •  G(“))  tr{B  B^  W^)  (  24  ) 
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will  be  considered. 

For  flexible  systems  in  the  modal  state  representation,  norm  can 
be  expressed  in  terms  of  the  norms  of  the  modes.  This  modal 
decomposition  affords  then  a  visibility  on  each  modal  contributions. 
Taking  the  transfer  function  of  the  i*  mode  : 

=  m  (25) 

the  BTj  norm  of  the  i‘*’  mode  can  be  estimated  (see  Gawronski  [5])  by  : 


\Kl  -PJ 


where  A®  ^  =  2  ■  Ci  •  ® .  is  the  half-power  frequency  at  the  1“^  resonance. 
By  (  24  )  and  since  the  Grammians  are  diagonally  dominant  in  the 
modal  state-space  representation,  the  norm  of  the  complete  system 
is  estimated  by  the  rms  sum  of  the  modal  norms  : 

IIGII,  (27) 

Equations  (  26  )  and  (  27  )  are  the  bases  for  actuator  and  sensor 
placement  strategy. 

The  procedure  starts  with  the  selection  of  the  best  actuators 
position.  Assuming  that  all  degrees  of  freedom  are  monitored,  we 
compute  the  placement  index  that  evaluates  the  importance  of  the 
k*  actuator  at  the  i*  mode  on  the  global  transfer  function  norm : 


where  w,^  is  an  user  weight  reflecting  the  accorded  importance  on  the 
mode  and  the  actuator  in  application.  A  placement  indices  matrix  can 
then  be  constructed  by  varying  and  with  C  fixed  : 


mode 


"2n„l  ^2n„n 


actuator 
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which  clearly  shows  the  ability  of  the  k*  actuator  position  to  affect  the 
i*  mode.  Once  the  actuator  positions  selected  (£„  optimized),  the  same 
procedure  can  be  repeated  by  constructing  a  sensor  placement  indices 
matrix,  helping  the  selection  of  the  best  sensors  positions. 

Illustrative  example  :  experimental  modal  analysis  on  a 
clamped  free  plate 

A  0.16  X  0.08  X  0.001  m  clamped-free  stainless  steel  plate,  fitted  with 
one  commercial  piezoelectric  laminate  on  each  face  will  be  studied  to 
illustrate  the  method.  These  two  0.0508  x  0.0254  x  0.0004  m 
piezoelectric  (PZT)  laminates  are  placed  near  the  clamped  side  of  the 
plate.  Figure  1  presents  the  geometry  of  the  experiment. 


Stainless  steel  plate 


Figure  1 :  Experiment  geometry 

The  first  step  is  to  perform  a  finite  element  model  of  the  clamped 
plate  and  the  two  piezo-laminates.  This  model  uses  3-D  solid  finite 
elements.  Due  to  the  excessive  strain  energy  stored  in  the  thickness 
direction,  this  kind  of  element  has  a  poor  efficiency  when  meshes  don't 
approach  the  cubic  shape.  Model  /  actual  structure  differences  will  be 
then  essentially  due  to  meshing  errors.  The  five  computed  eigen- 
frequencies  were  estimated  at : 

•  33  Hz  :  first  flexion  mode, 

•  168  Hz  :  first  mode  of  torsion, 

•  206  Hz  :  second  mode  of  flexion, 

•  529  Hz  :  second  mode  of  torsion, 

•  569  Hz  :  third  mode  of  flexion. 
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The  support  plate  is  discretized  in  918  mechanical  degrees  of 
freedom.  The  two  laminates  are  discretized  in  90  mechanical  degrees  of 
freedom  and  1  electrical  potential  for  each  electrodes. 

The  second  step  of  the  procedure  begins  with  the  selection  of  the 
best  actuator  position  using  (  29  ).  Figure  2  shows  a  graphical 
representation  of  the  actuator  placement  indices  for  the  5  first  modes. 


actuator  placement  indices 


Figure  2 :  Actuator  placement  indices 

As  expected,  controllability  of  actuator  position  is  best  at  the  two 
corners,  situated  at  the  opposite  of  the  clamping  side.  Direction  of 
excitation  is  of  course  perpendicular  to  the  plate. 

Once  selected  the  excitation  point,  the  sensor  placement  indices 
matrix  have  also  been  constructed  for  the  selection  of  the  best  sensor 
positions  (see  figure  3).  As  for  the  excitation  selection,  the  best  sensor 
position  are  given  at  the  plate  comer. 
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mode  4 


mode  5 


ai5ti 


sensor  placement  indices 


n - 1 - 1 - r 


-J - 1 - T 


Uil 


n - r 


Figure  3  :  Sensor  placement  indices 

In  order  to  increase  the  visibility  in  the  case  of  graphical  animation,  32 
sensor  locations  have  been  equally  spaced  on  the  plate. 

FRFs  (motion/force  and  laminates  electrical  signal/force)  have  then 
been  monitored  by  exciting  the  structure  by  means  of  an  impulse 
hammer. 


Figure  4  :  Experimental  set-up 
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Due  to  the  light  weight  of  the  structure,  non-contact  measurement 
technique,  by  means  of  a  LASER  vibrometer,  has  been  preferred  (see 
figure  4).  Figure  5  presents  the  experimental  FRFs  where  a  good 
coherence  was  achieved  around  the  structural  resonances. 


2 


Figure  5 :  Experimental  FRFs 

Modal  extraction  with  a  classical  circle  fitting  algorithm  (see  Maia, 
Silva  et  al.[l])  has  been  performed  on  FRFs  measurement.  Figure  6 
presents  the  achieved  modal  identification. 
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24  Hz 

119  Hz 

148  Hz 

376  Hz 

408  Hz 

;  Figure  6  :  Experimental  identified  modes 

Model  updating :  theory  and  application  on  experimental 

data 

In  the  previous  chapters,  we  have  seen  how  to  choose  optimal 
actuator  and  sensor  locations  and  how  to  perform  modal  analysis  on 
piezoelectric  structures.  In  this  chapter,  we  will  attempt  to  improve  an 
initial  finite  element  model  so  to  fit  experimental  data  with  modelling 
results. 

Iterative,  sensitive  methods  are  very  popular  in  the  model  updating 
community.  These  methods  are  based  on  the  miniirvisation  of  a  residue 
vector  expressing  the  difference  between  the  experimental  data  and 
modelling  results.  A  combination  of  resonance  frequency  differences 
and  frequency  response  function  is  favourable  in  most  cases  (see 
Heylen  et  al.  [7]). 

Resonant  frequencies  sensitivities  are  based  on  the  first  order  terms 
of  a  Taylor  expension  : 


da\. 


•  Pi 


(30) 
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where  is  the  updating  parameters  (l. . .  , 

03  xj  is  the  j*  experimental  resonant  pulsation. 

03  is  the  j*  corresponding  analytical  resonant  pulsation 
associated  with  the  mode  solution  of : 


Ai  =  -^A 


(31) 


By  differentiating  (  31  )  versus  p^,  and  assuming  no  structural 
damping,  it  is  possible  to  develop  the  eigenvalues  sensitivities  by  : 


5(0 


dK 

dpi 


A 


dPi 


dPi 


kT 


-(ti. 


(32) 


In  the  same  way,  the  difference  frequency  response  function  of  the 
system  to  an  excitation  at  point  k  is  given  by  : 


G.(«))Z 


dKx 

dPi 


dpi 


{G^(a,)}  =  {G^(co)}^  -  {G^(a))}  (33) 


where  G,,((o)  =  (iff,!  -  03^  •  M^)  '  is  the  global  matrix  of  analytical 

transfer  functions  at  pulsation  o, 

{G^  (o3 )}  ^  is  the  column  of  G,,  (<» ) , 

{G;f(a3)}  is  the  experimental  vector  of  frequency  response 
function  of  the  structure  submitted  to  a  force  applied  on  the  degree 
of  freedom. 

In  the  most  cases,  there  will  be  an  incompatibility  between  the  size 
of  the  finite  element  model  and  the  size  of  experimental  data  :  the 
number  of  degrees  of  freedom  of  the  model  most  often  exceeds  the 
number  of  measured  degrees  of  freedom.  Matching  can  be  made  by 
experimental  data  expansion  or  model  reduction.  Literature  presents 
various  solution  (see  Maia  et  al.[l]  or  Heylen  et  al  [7]).  In  this  paper, 
the  d5mamic  reduction  is  used  since  it  gives  an  exact  representation  of 
the  system  at  a  given  pulsation  a ,,,, . 

The  system  formed  by  equations  (  30  )  and  (  33  )  has  to  be  solved, 
for  the  identified  resonances  and  at  the  tested  frequencies  co 

by  least  square  technique  (since  the  number  of  relations  is  usually 
higher  than  the  number  of  updating  parameters  pj.  The  choice  of  the 
updated  parameters  is  very  important  and  not  straightforward  :  bad 
parameters  choice  could  give  a  solution  which  is  acceptable  on  a 
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mathematical  point  of  view  but  not  physically  realist.  Moreover,  in  the 
case  of  piezoelectric  structure,  the  orders  of  magnitudes  of  the  different 
coupling  matrices  are  very  spread  :  K  -f- 10'°,  0’  h-  10“  and  ^  10''°. 
This  numerical  ill-conditioning  requires  then  some  cares  when  matrix 
inversions  are  required : 

•  at  the  model  matching  level, 

•  for  the  resolution  of  the  least  square  problem. 

Singular  value  decomposition  may  be  used  to  improve  these  steps.  For 
example,  a  matrix  A  can  be  factored  as  A  =  U  ■  l,  ■  v‘  where  U  and  V 
are  orthogonal  matrices  which  contain  the  left  and  right  singular 
vectors  and  I  is  a  diagonal  matrix  that  contains  the  singular  values  ct; 
of  A .  Some  singular  values  will  tend  to  zeros  if  some  rows  of  A  are 
not  totally  independent.  A  criterion  of  rejection  could  be  then 
established  to  reject  small  singular  values  by  comparing  them,  for 
example,  to  a  threshold  proportional  to  the  singular  values  average  : 

=  10-"  ( 34  ) 


where  th  is  an  user  defined  integer. 

A  model  updating  procedure  has  then  been  applied  on  the  finite 
element  model  of  the  piezoelectric  plate  described  in  the  previous 
section.  In  figure  5,  straight  lines  point  the  selected  frequencies  for  the 
updating  (note  that  frequencies  were  taken  away  from  resonances  in 
order  to  avoid  damping  effects).  The  correction  procedure  have  also 
been  performed  on  the  five  resonance  frequencies  identified  during 
experimental  modal  analysis.  The  number  of  updating  parameters  has 
been  carefully  chosen  :  the  Young  modulus  and  shear  coefficients  of 
the  plate  material  and  piezo-laminates  material  have  been  taken  into 
account.  Moreover,  a  correction  on  the  piezoelectric  global 
electromechanical  coupling  matrices  have  been  performed 
independently  on  each  laminates.  Figure  7  presents  graphically  the 
achieved  model  corrections.  It  can  be  seen  that  correction  differences 
appears  between  the  two  piezoelectric  laminates,  as  expected  with  the 
gap  existing  between  the  two  laminates  responses  visible  on  figure  5. 

Finally,  figure  8  shows  the  comparison  between  the  experimental 
modes  and  the  updated  system  modes  by  means  of  the  extensively 
used  Modal  Assurance  Criterion  (MAC)  which  is  defined  as  follows  : 


•  ^Aj\ 


(35) 
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Figure  7 :  Mechanical  (on  left)  and  piezoelectric  (on  right)  model  correction 

The  MAC  always  lies  between  0  (no  correlation  between  modes)  and  1 
(modes  are  perfectly  correlated).  Figure  8  shows  a  very  good  achieved 
correlation  but  resonant  frequencies  of  mode  3  and  5  are  not  perfectly 
fitted  with  the  experimental  identified  eigen-frequencies. 
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Figure  8 :  MAC  matrix  between  experimental  and  model  updated  modes 


Conclusion 


The  described  method  for  the  identification  of  a  piezoelectric 
system  has  been  applied  on  an  experimental  case.  Based  on  the 
observability  and  controllability  Grammians,  the  procedure  begin  by 
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the  selection  of  the  best  excitation  and  sensing  points  in  order  to  ensure 
a  good  experimental  identification.  Modal  extraction  performed,  an 
initial  finite  element  model  is  improved  by  using  the  sensitivities  on 
eigen-frequencies  and  FRFs.  Achieved  results  are  very  encouraging  but 
could  be  certainly  more  improved  by  a  better  selection  of  udpating 
parameters. 
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ABSTRACT 

An  Artificial  Neural  Network  is  used  to  model  a  highly  nonlinear  frequency 
dependent  automotive  damper.  Using  constant  temperature  displacement-force 
measurements,  a  Recurrent  Multi-Layer  Perceptron  is  trained  using  twin-tube 
damper  data  obtained  under  combined-harmonic,  and  fully-random  broad-band 
test  conditions.  The  network  trained  on  these  two  types  of  data,  is  compared  in 
its  ability  to  predict  forces  arising  in  different  random  conditions,  and  in  a 
deterministic  ‘step-down’  ramp-input  displacement  corresponding  to  a  ‘pothole’ 
condition.  By  comparison  with  measured  data,  the  paper  shows  that  training 
under  fully  random  conditions,  is  significantly  more  appropriate  in  this 
application,  than  training  using  combined-harmonic  data. 


1.  INTRODUCTION 

There  is  increasing  interest  in  structural  dynamics  in  the  use  of  accurate 
nonlinear  dynamic  models  for  simulation  of  prototype  engineering  systems  [1]. 
One  area  of  particular  importance  is  in  the  field  of  automotive  engineering  for 
rapid  tuning  of  vehicle  suspension  systems.  A  modem  suspension  system 
carefully  combines  mass,  springs,  and  dampers,  to  serve  several  important 
functions,  particularly  in  maintaining  high  vehicle  stability,  and  for  achieving 
adequate  ride  comfort.  Dampers  play  a  significant  role  in  meeting  these  desired 
performance  objectives,  provided  passive  damper  control  settings  are 
appropriately  chosen.  The  factors  which  influence  this  choice  are  however  not 
easily  established  other  than  through  extensive  vehicle  testing,  or  possibly 
through  computer  simulation.  Vehicle  testing  is  both  time  consuming  and 
tedious,  whereas  a  (much  preferred)  wholly  simulation-based  approach 
demands  use  of  a  very  accurate  suspension  model  for  the  required  optimisation. 
This  requires  a  very  good,  but  simple  mathematical  model  of  the  damper,  which 
for  the  most  part,  is  still  lacking.  Therefore  much  emphasis  still  continues  on 
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extensive  road  testing  for  tuning  damper-suspension  systems.  Any 
improvements  in  a  damper  model  enabling  simulation  to  be  used  for  tuning 
purposes  would  reduce  the  road  testing  period,  and  would  clearly  be  of  major 
benefit  to  automotive  manufacturers. 

The  physical  design  principles  of  a  modem  automotive  damper  are  both 
advanced  and  complex  [2].  These  are  typically  either  of  mono-tube  or  twin-tube 
construction,  in  which  the  flow  and  compressibility  properties  of  a  viscous  fluid 
and  a  working  gas  are  exploited  to  achieve  the  desirable  characteristics  in 
‘bump’  and  ‘rebound’  motion.  Different  types  of  valves  which  serve  to  ‘bleed’ 
and  ‘restrict’  flow  create  appropriate  nonlinear  behaviour,  which  also  exhibits 
strong  dependence  on  displacement  frequency  and  fluid  temperature.  The  most 
serious  modelling  difficulty  arising  with  automotive  dampers  is  this  unfortunate 
triple  combination  of  strong  nonlinearity,  frequency,  and  temperature 
dependence,  often  further  exacerbated  by  additional  nonlinear  effects  arising  in 
the  total  suspension  system.  There  is  in  general,  little  evidence  available  to 
suggest  the  existence  of  an  accurate  method  of  handling  this  combination  in 
computer  simulations  with  realistic  broad-band  road  surface  conditions.  There 
are  however  seemingly  good  nonlinear  models  available  at  least  for  isothermal 
use  at  low  discrete  frequencies  [2], 

Classical  mathematical  damper  models  have  been  in  widespread  use  for  design 
and  simulation  purposes  using  semi-empirical  differential  equations  to  account 
for  different  nonlinear  effects  -  the  simplest  (and  crudest)  being  a  viscous  type 
equivalent  linear  damper  [3].  The  main  problem  with  use  of  more  sophisticated 
classical  models  however,  for  example  those  obtained  directly  from  the  laws  of 
physics,  is  in  practice  they  prove  very  difficult  to  obtain  in  the  first  place,  and 
since  they  typically  depend  on  many  parameters,  they  are  often  very  complex 
for  detailed  design  and  control  purposes.  The  earliest  attempts  to  construct  a 
detailed  model  of  a  damper,  by  rigorously  synthesising  the  inner  workings,  was 
reported  by  Lang  [4],  and  Segal  and  Lang  [5].  In  an  attempt  to  characterise 
observed  frequency  dependence,  the  resulting  model  required  82  parameters.  To 
exploit  such  models  for  simulation  and  design  purposes,  Wallaschek  [3] 
proposed  use  of  statistical  linearisation  applied  directly  to  real  data.  Serious 
limitations  were  however  identified  with  use  of  a  linear  model.  Alternative 
nonlinear  functional  series  modelling  approaches  were  developed  and  applied  to 
real  data  by  Surace  et  al  [6].  In  general,  their  findings  suggested  use  of  random 
data  as  perhaps  most  appropriate  for  complete  characterisation,  but  to  do  this 
accurately  a  vast  amount  of  data  is  needed.  Cafferty  et  al.  [7]  also  attempted  to 
model  the  combination  of  nonlinearity  and  frequency  dependence  using  a 
restoring  force  surface  method  but  found  the  surfaces  were  largely  corrupted  by 
small  stochastic  components.  Alternative  attempts  to  use  both  parametric  and 
nonparametric  models  have  met  with  varying  degrees  of  success,  for  example 
Reybrouck  [8],  and  Duym  et  al  [9]-[l  1].  In  recent  years,  attention  has  refocused 
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on  models  which  characterise  the  detailed  inner  physical  behaviour  of  the 
damper.  A  good  example  of  this  is  the  work  of  Lee  [12],  whose  model  gives 
good  agreement  for  stroke  velocities  of  less  than  ±lm/s.  This  model  however, 
requires  many  parameters  and  a  large  number  equations  to  be  solved  for 
different  damper  conditions.  Very  recently,  Reybrouck  and  Duym  [2]  have 
constructed  a  physical  model  with  10  tuneable  parameters  to  account  for 
nonlinearity,  frequency,  and  temperature  dependence.  This  model  shows 
remarkable  promise  in  testing  at  low  discrete  frequencies,  although  evidence  is 
yet  to  be  shown  of  the  robusmess  of  the  model  under  broad-band  loading 
conditions  with  temperature  variations.  Artificial  neural  networks  (ANN’s) 
seem  an  ideal  alternative  ‘black  box’  modelling  approach  to  account  for  the 
triple  complexity  including  temperature  variation.  But  there  are  few  reports  of 
of  ANN  applications  using  real  damper  data.  Some  early  work  has  been 
reported  by  Giacomin  [13]  who  used  the  back-propagation  algorithm  to  train  a 
Multilayer  Perceptron  MLP  model  of  a  damper.  This  network  required  4  inputs 
(displacement  and  velocity  at  adjacent  times)  to  predict  the  output  damper  force 
via  two  hidden  layers.  The  network  was  trained  on  measured  harmonic  data 
over  a  frequency  range  l-30Hz  and  then  imported  to  ADAMS  code.  This  was 
used  to  simulate  a  vehicle  front  suspension  system  passing  over  an  obstacle. 
Predictions  were  qualitatively  reasonable  though  not  generally  accurate. 
Recently  in  a  related  study.  Hardier  [14]  designed  a  Recurrent  Radial  Basis 
Function  RBF  network  for  detection  of  automotive  damper  wear  using 
incomplete  noisy  kinematic  measurements.  The  network  was  designed  to 
predict  unmeasured  damper  force  characteristics  from  which  the  wear  condition 
of  the  damper  could  be  established.  To  emulate  a  real  damper,  in  various  states 
of  wear,  simulated  data  was  obtained  for  training  and  test  purposes  using  an 
assumed  hydraulic  damper  model  which  formed  part  of  a  quarter  vehicle 
suspension  system.  Test  results  showed,  using  short  sections  of  simulated  noisy 
data  at  a  single  input  frequency,  that  damper  wear  could  indeed  be  successfully 
detected  using  this  network.  Application  of  ANN  modelling  using  real  damper 
data  however,  appears  still  to  be  in  a  relatively  early  stage. 

Both  the  MLP  and  the  RBF  network  are  proven  universal  approximators  (but  of 
fundamentally  different  type).  One  can  always  find  an  MLP  to  replicate  an  RBF 
network  and  vice  versa.  Both  have  relative  merits,  for  example  the  MLP  can 
often  generalise  more  successfully  to  areas  of  the  input  space  where  there  is 
limited  training  data,  whereas  the  RBF  network  is  capable  of  fast  learning.  It  is 
known  however  that  to  construct  a  smooth  nonlinear  mapping  an  RBF  network 
may  need  a  very  large  number  of  radial-basis  functions.  And  moreover, 
although  the  MLP  usually  requires  two  hidden  layers,  if  a  single  hidden  layer 
can  be  used  (with  an  optimum  number  of  neurons)  then  fast  MLP  training  may 
also  be  possible  giving  the  MLP  an  advantage  over  an  RBF  network.  In  this 
paper  important  results  of  modelling  an  automotive  damper  are  presented.  A 
Recurrent  MUP  with  a  single-hidden-layer  is  designed  to  model  a  real  damper. 
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This  has  been  chosen  for  its  generalising  capability  and  its  relatively  small 
number  of  neurons.  Training  and  testing  of  the  network  has  used  real  isothermal 
experimental  data  obtained  from  a  modem  twin-tube  damper.  Predictions  are 
compared  for  a  network  trained  using  different  data,  with  the  prime  objective  of 
establishing  an  appropriate  type  of  data  to  use  in  training.  The  particular  issues 
discussed  in  the  paper  initially  focus  on:  experimental  evidence  of  frequency 
dependence,  neural  network  training  requirements  for  fast  convergence,  and 
thereafter  showing  evidence  of  the  flexibility  and  accuracy  of  an  RMLP  based 
damper  model. 

2.  AN  ARTIFICIAL  NEURAL  NETWORK  DAMPER  MODEL 

There  has  been  a  great  need  in  recent  years  to  look  carefully  at  the  use  of 
accurate  but  more  flexible  alternative  damper  models,  such  as  Artificial  Neural 
Networks  (ANNs).  The  main  initial  difficulty  is  in  selecting  an  appropriate 
network  architecture,  and  choosing  an  efficient  procedure  for  training.  These 
two  issues  are  now  discussed  briefly  before  describing  training  data  generation. 


dx/dt 


F.-. 
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Time  Delay 

Figure  1.  The  RMLP  Architecture  for  the  damper  model 
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2.1  The  Neural  Network  Architecture 

The  neural  network  architecture  used  is  essentially  a  recurrent  multi-layer 
perceptron  RMLP  comprising  one  hidden-layer  of  neurons  with  one  input  and 
one  output.  The  activation  functions  chosen  for  the  hidden  layer  are  standard 
hyperbolic-tangent-sigmoid  functions,  whereas  linear  functions  are  used  for  the 
output  neurons.  When  working  in  a  predictive  mode,  the  input  information  to 
the  network  is  the  velocity  at  time  t.  The  predicted  force  at  time  t-1  is  obtained 
by  feeding  back  the  time-delayed  output,  as  shown  in  figure  1,  using  the  fixed 
weight  matrices  [Wl]  and  [W2]  obtained  via  training.  This  figure  shows  the 
architecture  of  the  network  and  feedback  path  in  simplified  form,  indicating  that 
the  trained  network  predicts  force  F  at  time  t. 

2.2  Training  the  network 

The  network  is  trained  using  displacement-force  data  obtained  from  a  series  of 
experimental  tests  using  the  rig  described  in  section  3.  Velocity  components  are 
obtained  directly  by  numerically  differentiating  the  (clean)  measured 
displacement  signals.  The  Levenberg-Marquardt  algorithm  is  used  for  training 
the  network  to  reach  a  minimum  error  goal  and  thereby  fixing  weights  in  [Wl] 
and  [W2].  The  training  data  presented  to  the  network  is  supplied  in  exactly  the 
same  form  as  when  used  in  a  predictive  mode  but  there  is  no  feedback  since  the 
measured  rather  than  predicted  force  is  used  at  time  t-1.  Training  stops  when  the 
network  has  reached  the  error  goal. 

3.  EXPERIMENTAL  MEASUREMENT  PROGRAMME 

The  experimental  test  rig  is  now  described,  followed  by  details  of  the  test 
programme.  From  the  data  obtained,  sample  histories  show  clear  evidence  of 
combined  strong  nonlinearity  and  frequency  dependence  in  the  damper 
characteristic.  This  evidence  will  be  shown  shortly  before  moving  on  to  ANN 
training  and  prediction. 

The  Test  Rig 

Three  different  types  of  test  were  made  using  an  advanced  damper  test  facility 
shown  schematically  in  figure  2.  The  machine  used  for  these  tests  is  known  as  a 
Hybrid  Model  849  MTS  Test  System  (Mechanical  Testing  and  Simulation 
system).  The  mechanical  components  of  the  MTS  system  comprise:  a  load  unit, 
hydraulic  power  supply  accumulators,  a  load  cell  transducer,  specimen  fixing 
arrangements,  an  hydraulic  actuator,  and  an  hydraulic  power  supply.  In  our 
experiments,  a  rear  MlOO  Daewoo  Matiz  twin-tube  damper  was  used 
throughout  for  data  generation.  The  data  control  and  capture  features  of  the  test 
facility  shown  in  figure  2  comprised  a  host  computer,  installed  with  conunercial 
shock  test  control  software.  This  controlled  the  procedure  for  executing  and 
mnning  the  tests  on  the  MTS  machine.  The  information  collected  from  the  rig 
during  the  programme  included  displacement  and  force  histories,  and  sampling 
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frequency  for  each  data  set.  Temperature  was  monitored  to  ensure  an 
isothermal  test  programme.  The  data  was  arranged  to  cover  as  wide  a  range  of 
frequencies  and  amplitudes  as  allowed  within  the  technical  limitations  of  the 
system.  Tests  were  made  to  accumulate  regular  harmonic  data,  multi-sinewave 
data,  step-input,  ramp-input  and  fully  random  data.  The  analogue  console 
included  advanced  function  generation  capabilities,  and  the  host  computer 
saved  information  derived  from  the  best*  data  run.  This  in  turn,  was  supplied  to 
the  storage  computer  -  this  machine  was  networked  with  the  analogue  console, 
allowing  ASCII  format  data  files  to  be  exported  for  use  in  training  and 
prediction. 


MTS 

Machine 


Host 

Computer 


Twin-Tube  Damper 


Data 

Acquisition 


Analogue 


Figure  2.  Damper  test  rig  in  schematic  form. 


The  Measurement  Programme 

The  input  displacement  of  the  damper  served  as  the  control  input  variable  and 
the  corresponding  force  as  output.  The  input  displacements  were  selected  as 
being:  i)  purely  harmonic;  ii)  Pave  (namely  a  broad-band  random  displacement 
to  represent  the  cobblestone  surfaces  which  can  typically  be  found  in  most 
European  cities);  and  iii)  a  rapid  step-down  ramp  displacement  input 
(corresponding  to  the  wheel  of  a  vehicle  moving  at  speed  dropping  down  into  a 
‘pot-hole’  in  the  road).  In  terms  of  the  frequency  domain,  these  cases  represent 
discrete  deterministic,  broadband  random,  and  deterministic  broadband. 
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Temperature  can  play  a  very  significant  role  in  changing  the  characteristics  of  a 
damper  -  so  these  tests  were  designed  to  maintain  static  temperature  conditions 
throughout.  This  was  confirmed  by  monitoring  the  temperature  of  the  damper 
during  the  short  test  runs.  However,  in  practice  a  real  damper  will  generate 
considerable  heat,  which  is  largely  dissipated  through  draught  cooling  of  the 
moving  vehicle.  Operating  conditions  of  a  real  damper  will  involve  a  wide 
temperature  range  -  this  is  one  reason  why  a  neural  network  model  may 
ultimately  prove  most  robust  for  modelling  and  control  purposes.  Support  for 
this  conjecture  stems  from  the  known  universal  approximation  capabilities  of 
MLP  and  RBF  networks  which  require  no  fundamental  change  in  approach  as 
conditions  become  more  testing.  Whereas  the  more  sophisticated  classical 
models  need  to  become,  the  more  detailed  knowledge  of  the  damper  is  needed 
with  an  ever  increasing  number  of  free  parameters  to  be  re-calibrated  for  each 
particular  operating  condition. 

Figure  3  shows  the  displacement-force  loci  for  the  purely  harmonic  tests  at 
frequency  2Hz,  6Hz,  lOHz  and  14Hz  showing  clear  evidence  of  nonlinearity 
and  frequency  dependence.  The  objective  of  these  tests  was  to  establish  the 
most  appropriate  type  of  data  to  use  for  training  the  neural  network,  namely  that 
which  required  the  least  amount  of  data,  and  therefore  one  that  would  require 
the  shortest  duration  on  the  test  facility.  This  was  the  most  likely  way  to 
maintain  reasonably  constant  temperature  conditions  during  collection  of  test 
data.  The  network  was  trained  in  a  batch  mode  on:  i)  data  containing  the  four 
discrete  frequencies  in  a  single  contiguous  section,  and  ii)  on  one  section  of  the 
fully  random  data.  The  two  differently  trained  networks,  were  then  used  to 
examine  predictive  capability  on:  a)  the  fully  random  data  and  b)  step-down 
ramp  input  data.  Note,  it  is  well  known  that  in  testing  a  broad  range  of 
frequencies  it  is  not  possible  to  maintain  constant  input  displacement  amplitude, 
since  at  high  frequency  the  forces  involved  are  considerable  and  consequently 
input  displacements  are  very  much  smaller  than  at  low  frequency.  The  harmonic 
data  was  sampled  at  250  Hz,  except  for  the  MHz  histories  which  were  captured 
at  500Hz,  the  same  sampling  rate  as  used  for  capturing  the  fully  random  and 
step-down  data. 

4.  THE  NEURAL  NETWORK  MODEL  PREDICTION  CAPABILITIES 

Some  brief  details  are  initially  given  in  table  1  below  of  training  the  ANN 
described  in  section  3,  via  the  Levenberg-Marquardt  algorithm  using  data 
collected  in  the  test  programme  of  section  3.2. 


Table  1.  Neural  Network  Damper  Model  Training  details 


WESSSSSSI^M 

SS  Error 

Epochs 

Relative  training  time 

Combined-Harmonic 

0.5903 

5000 

1 

Random 

1.4978 

5000 

7.4 
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Note  the  term  ‘combined-harmonic’  is  used  to  avoid  confusion  since  the 
network  was  trained  in  a  batch  mode  on  M  of  the  data  i.e.  using  data  containing 
four  contiguous  discrete  frequencies  in  a  single  section  rather  than  separate 
single  harmonic  frequencies.  Table  1  shows  that  training  times  using  fully 
random  data  are  significantly  higher  than  those  using  combined-harmonic  data. 


Figure  3.  Measured  displacement-force  loci  for  harmonic  input:  a)  2Hz,  b) 
6  Hz,  c)10Hz,  d)14Hz. 

Prediction  using  combined-harmonic  data  for  training 

Figure  4  shows  the  contiguous  set  of  harmonic  training  data  and  the 
corresponding  ability  of  the  network  to  predict  precisely  the  same  data  it  has 
been  trained  on.  The  measured  force  histories  are  shown  throughout  as  solid 
lines.  One  would  expect  the  network  to  perform  very  well  in  this  role,  since  it  is 
being  required  only  to  predict  information  that  it  has  been  trained  on. 
Figures5a-d  show  in  much  greater  detail  the  network  being  used  to  predict 
sections  at  single  frequencies.  Predictive  agreement  can  clearly  be  seen  to  be 
extremely  good,  but  not  perfect.  Figure  6  by  contrast  shows  the  network  trained 
on  the  harmonic  data  in  figure  4  being  used  to  predict  fully  random  Pave  data. 
Again  agreement  is  reasonably  good,  but  it  can  be  seen  that  the  network  is 
failing  to  adequately  predict  high  frequency  information  evident  in  the  time 
histories. 
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Figure  4.  Harmonic  input  training  data  and  ANN  prediction  (•) 


Prediction  2Hz  Data  Prediction  6Hz  Data 


Time  -  Seconds  Time  -  Seconds 

Figure  5.  Predicted  Force  compared  with  measured:  a)  2Hz,  b)  6  Hz,  c) 
lOHz ,  d)  14  Hz.  (ANN  prediction  •) 
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Figure  6.  Prediction  of  Pave  data  using  harmonically  trained  network 
(ANN  prediction  •) 


Prediction  of  Random  (Pave)  Data  Prediction  o(  Random  (Pave)  Data 


a  8.5  9  9.5  10  '12  12.5  13  13.5  14 


Time  -  Seconds  Time  -  Seconds 

Figure  7.  Prediction  of  Pave  data  using  random  data  a)  training  data;  b) 
prediction  of  different  section  of  Pave  data.  (ANN  prediction  •) 

Figure  7a  shows  the  network  predicting  the  force  when  trained  on  the  same 
section  of  Pave  data.  Here  again,  one  would  expect  good  agreement.  Figure  7b 
by  contrast,  shows  the  same  network  used  to  predict  a  totally  different  section  of 
Pave  data.  Here  the  predictive  ability  of  the  network  is  remarkably  good. 
Finally  figure  8  shows  the  ability  of  the  network  to  predict  ‘pothole’  step-down 
data  when  trained  using  the  data  in  figure  4,  compared  with  the  network  trained 
using  the  data  in  figure  6.  Interestingly  the  harmonically  trained  network  seems 
not  to  perform  very  well  at  all,  whereas  the  network  trained  on  random  data  is 
still  extremely  good. 


Time  -  Seconds 


Figure  8.  a)  Step-down  displacement  history;  Prediction  of  ^pothole’ 
response  using  network  trained  on:  b)  harmonic  data;  c)  Pave  data.  (ANN 
prediction  •) 

Discussion  of  Results 

We  begin  our  discussion  by  drawing  attention  to  the  damper  data  in  figure  3 
showing  raw  displacement-force  loci  at  discrete  frequencies  2  -  14Hz.  These 
figures  show  both  nonlinearity  and  frequency  dependence  in  a  useful  qualitative 
way  which  is  perhaps  easier  to  see  than  with  use  of  power  spectra.  Frequency 
dependence  is  clearly  evident  from  the  different  magnitudes  of  force  for  each 
frequency,  whereas  nonlinearity  is  evident  from  the  departure  from  pure 
elliptical  behaviour  of  each  locus. 

Turning  attention  to  the  predictive  capability  of  the  network,  it  is  evident  that  in 
order  to  model  broad-band  damper  behaviour,  whether  it  be  fully  random  or 
deterministic,  it  is  essential  that  the  training  data  adequately  covers  the  entire 
bandwidth.  This  requirement  is  clear  from  figure  6  and  figure  8.  The 
harmonically  trained  network  is  failing  to  predict  high  frequency  as  shown  by 
figure  6;  and  is  also  failing  to  predict  low  frequency  behaviour  as  shown  in 
figure  8b.  By  contrast,  the  network  trained  on  fully  random  broad-band  data 
(figure  7a)  is  clearly  fulfilling  its  purpose  very  well  as  confirmed  by  the  results 
in  figure  7b  and  figure  8c.  This  finding  fully  concurs  with  the  conclusions 
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drawn  in  [6].  With  the  ability  to  accurately  model  a  damper  under  isothermal 
conditions,  it  remains  to  be  seen  whether  a  neural  network  will  be  capable  of 
modelling  the  triple  combination  of  nonlinearity,  frequency,  and  temperature 
dependence. 


5*  CONCLUSIONS 

A  Recurrent  Multi-Layer  Perceptron  neural  network,  trained  on  two  different 
types  of  data,  has  been  compared  for  prediction  of  different  random  and 
deterministic  broad-band  response.  The  paper  shows  that  in  modelling  highly 
nonlinear  frequency  dependent  dampers,  the  training  data  must  span  the  band¬ 
width  of  the  required  prediction.  When  this  requirement  is  fully  met,  a  neural 
network  has  been  shown  to  very  accurately  model  the  characteristics  of  a 
modem  twin-tube  damper  under  isothermal  loading  conditions. 
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Errors  in  Damping  Predictions  due  to 
Kinematics  Assumptions  for  Sandwich  Beams 

Eric  M.  Austin*and  Daniel  J.  Inman 


Abstract 

It  is  commonplace  in  academia  to  base  models  of  constrained-layer  damping 
treatments  on  the  assumption  that  the  outer  layers  displace  identically 
during  transverse  (out-of-plane)  vibrations.  This  assumption  is  valid  for  a 
large  range  of  problems,  particularly  for  problems  common  in  the  era  when 
damping  was  achieved  by  applying  foil-backed  treatments  to  thin  panels. 
With  the  introduction  of  the  modal  strain  energy  method  for  damping 
design  in  1981,  new  classes  of  applications  have  emerged  for  both  passive 
and  active  constraining  layers.  This  paper  illustrates  some  of  the  pitfalls  of 
applying  the  equal-displacement  assumption  for  seemingly  benign-looking 
structures. 


1  Introduction 

The  primary  goal  of  this  paper  is  to  show  that  a  particular  set  of  kine¬ 
matic  assumptions  often  used  in  modeling  viscoelastic  sandwich  beams  can 
lead  to  inaccurate  predictions  of  damping  for  even  simple  cases.  This  is 
shown  by  comparing  the  simplified  modeling  with  a  higher  order  approach 
for  beams  with  very  simple,  benign-looking  geometries.  Here  higher  or¬ 
der  refers  to  displacement  fields  of  order  higher  than  the  linear  variations 
in  Euler-BernouUi  beam  theory.  Beams  are  targeted  since  they  are  com¬ 
monly  used  as  vehicles  for  research  on  passive  and  active  constrained-layer 
damping  technologies. 

In  1959,  Kerwin  [1]  presented  the  first  general  analysis  of  viscoelastic 
material  constrained  by  another  metal  layer.  His  target  structures  were 
thin-skin  beams  or  plates,  and  the  damping  treatments  consisted  of  a  vis¬ 
coelastic  material  prepackaged  with  a  thin  metal  backing.  Kerwin  applied 
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both  prepackaged  damping  tapes  and  made-up  constrained-layer  damp¬ 
ing  treatments  to  long,  thin  (914.4  mm  x  50.8  mm)  aluminum  bars  with 
thicknesses  of  1.60,  3.18,  and  6.35  mm.  DiTaranto  [2]  developed  sixth- 
order  equations  of  motion  in  terms  of  axial  displacements,  and  Mead  and 
Markus  [3]  developed  sixth-order  equations  of  motion  in  terms  of  trans¬ 
verse  displacements.  Both  works  used  Kerwin^s  basic  set  of  assumptions, 
of  which  the  key  assumptions,  as  stated  by  Mead  [4],  were 

1.  the  core  carried  shear,  but  no  normal  stress,  was  linearly  viscoelastic 
and  had  complex  shear  modulus  Gc  (1  +  ip)',  and 

2.  all  points  on  a  normal  to  the  plate  moved  with  the  same  transverse 
displacement; 

In  particular  we  are  interested  in  the  second  item:  the  equal-displacement 
assumption.  Douglas  [5]  termed  the  full  set  of  assumptions  the  Mead  and 
Markus  (MM)  model,  and  this  term  will  be  used  for  the  remainder  of  this 
paper. 

Since  the  1950’s,  there  have  been  many  hundreds  of  papers  published  on 
the  modeling  and  application  of  constrained-layer  damping  (CLD).  While 
many  researchers  used  Kerwin’s  basic  model,  others  made  modifications 
to  investigate  the  validity  of  the  assumptions,  look  for  other  loss  mecha¬ 
nisms,  or  suit  the  needs  of  individual  applications.  Many  of  these  studies 
produced  minor  changes  done  during  an  era  when  finite  element  analysis 
was  not  economical  and  closed- form  approximations  were  generally  sought. 
The  equal-displacement  assumption  simplified  the  sandwich  model  by  es¬ 
sentially  eliminating  one  of  the  two  beams  (by  linking  them)  and  creating 
a  state  of  simple  shear  in  the  core  viscoelastic  material.  Excellent  reviews 
on  these  first-generation  modeling  techniques  for  CLD  have  been  written 
by  Nakra  [6],  Torvik  [7],  and  Mead  [4]. 

Much  has  changed  in  the  world  since  the  above-cited  reviews  of  CLD  mod¬ 
eling,  and  many  current-generation  constrained-layer  damping  treatments 
bear  little  resemblance  to  the  thin-panel  treatments  for  which  Kerwin  de¬ 
veloped  his  assumptions.  Examples  are  the  equipment  racks  and  stiffened 
panels  reported  by  Ikegami  et  al.  [8]  and  Staley  and  Stable  [9].  These  are 
cases  where  constraining  layers  range  from  composite  materials  to  C-  and  I- 
shaped  structural  members.  Ross  et  al.  [10]  summed  up  the  apparent  view 
of  constraining  layer  in  early  damping  treatments  with  the  statement,  “It 
is  true  of  almost  all  practical  applied  damping  treatments  that  the  exten- 
sional  stiffness  of  the  layer  adjoining  the  base  plate  is  very  small  compared 
to  that  of  the  base  plate  itself,  and  that  the  stiffness  of  a  constraining  layer 
is  at  most  one-fourth  or  one-fifth  that  of  the  plate  to  be  damped.”  By 
stiffness  they  mean  extensional  stiffness  per  unit  width,  i.e..  Young’s  mod¬ 
ulus  times  thickness.  Contrast  this  with  the  previous  examples  as  well  as 
Johnson’s  1995  statement  in  a  review  of  passive  damping  designs,  “Instead 
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of  a  constraining  layer,  the  VEM  could  be  sandwiched  between  the  base 
structure  and  built-up  sections  (I-beams,  C-channels,  hat  sections,  etc.)  ” 
Perhaps  the  first  example  of  this  concept  is  given  by  Miles  [11]  in  a  design 
to  reduce  cabin  noise  on  the  Boeing  747  aircraft. 

The  goal  of  this  paper  is  to  demonstrate  pitfalls  of  using  MM  modeling 
to  design  CLD  treatments  for  simple  beams,  with  a  particular  emphasis  on 
partial-coverage  treatments.  We  do  this  by  comparing  how  various  levels 
of  modeling  predict  the  distribution  of  modal  strain  energy  between  the 
layers.  In  the  end  we  conclude  that  much  happens  near  the  ends  of  the 
constraining  layer,  and  these  effects  are  easily  masked  by  assuming  equal 
transverse  displacements  for  all  layers.  Many  papers  have  been  published 
where  models  using  the  MM  assumptions  are  exercised  to  optimize  the 
performance  of  both  full-  and  partial-coverage  damping  treatments.  It  is 
not  the  intention  of  this  paper  to  refute  this  body  of  work  as  a  whole. 
Rather,  the  intention  is  to  raise  questions  in  the  minds  of  scientists  seeking 
to  squeeze  more  and  more  performance  out  of  passive  and  active  damping 
treatments. 


2  Modeling  Comparisons 

Finite  element  analysis  (FEA)  was  chosen  for  the  modeling  so  that  the 
analyses  could  extend  outside  of  the  realm  where  exact  elasticity  solutions 
exist.  Using  FEA  also  provides  an  important  link  between  academic  work 
and  industry  problems.  A  FEA  code  was  written  to  analyze  plane  strain 
and  plane  stress  sandwich  beams  with  several  different  options  for  elements 
and  kinematic  assumptions.  Both  lower  order  models  using  the  MM  as¬ 
sumptions  and  higher  order  models  using  elements  with  as  many  as  20 
nodes  were  implemented. 

Authors  (e.g.,  Baz  [12])  have  used  the  Mead  and  Markus  assumptions 
to  create  a  single  element  representing  the  layers  of  a  three-layer  sandwich 
beam.  The  constraining  layer  is  assumed  to  have  the  same  transverse  trans¬ 
lational  and  rotational  displacements  as  the  Euler-Bernoulli  base  layer.  The 
eight  degrees  of  freedom  needed  for  a  2-D  “MM  element”  are  the  axial, 
transverse,  and  rotational  displacements  of  the  base  layer  along  with  only 
the  axial  displacement  of  the  constraining  layer,  as  contained  in  the  ele¬ 
ment  degree-of-freedom  vector  {a}  =  [ui  wj  9i  U4  W2  O2 
and  shown  in  Fig.  1.  One  approach  would  be  to  define  the  axial  displace¬ 
ment  fields  within  the  base  and  constraining  layers  over  an  element  as 

ut{x,  zt)  =  Ub{x)  -  {zt,  -  ht/2)  dw{x)/dx 
Uc{x,  Zc)  =  Uc{^)  -  {zc  +  hc/2)  dw{x)/dx 
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Figure  1:  Degrees  of  freedom  for  the  Mead  and  Markus  model. 


where  Ub{'^)  Uc{x)  are  the  axial  displacements  of  the  base  and  con¬ 
straining  layers  at  the  interface  with  the  VEM  layer,  E  [~hb/2,hb/2\, 
and  >2;^  ^  [—hc/2^hc/2]. 

An  alternate  approach  also  investigated  is  to  allow  the  base  and  con¬ 
straining  layers  to  be  independent  Euler-Bernoulli  beams  with  the  VEM 
core  divided  into  four-noded  elements  through  the  thickness.  Miles  and 
Reinhall  [13]  published  this  in  1986  for  full-coverage  beams  with  a  linear 
displacement  field  for  the  core.  Had  they  used  finite  elements,  this  would 
correspond  to  a  single  element  through  the  thickness  of  the  core. 


2.1  Qualification  of  Higher  Order  Modeling 

If  higher  order  modeling  is  to  be  used  as  the  basis  for  comparisons,  the  first 
logical  question  is,  “how  high  is  enough?”  The  approach  discussed  here  is 
based  around  elements,  i.e.,  elements  where  only  the  displacements,  not 
the  slopes,  are  continuous  at  element  boundaries.  Following  many  authors 
in  the  past,  we  use  Pagano’s  1969  [14]  solution  to  the  cylindrical  bending 
problem  as  a  baseline.  The  structure  is  a  simply  supported,  plane-strain, 
layered  beam  subjected  to  a  static  load  in  the  shape  of  a  sine  function.  Even 
though  this  is  a  static  analysis,  it  lends  insight  on  how  well  various  mod¬ 
eling  schemes  reproduce  elasticity  results.  Austin  [15]  compared  Pagano’s 
distributions  of  strain  energy  with  those  predicted  using  elements  with 
between  4  and  20  nodes  per  element.  The  study  showed  that  the  20-node 
(as  some  with  fewer  nodes)  match  the  elasticity  solution  very  well,  so  this 
is  used  to  produce  the  baseline  results  for  the  remainder  of  this  paper. 

The  relationship  between  damping  and  energy  was  noted  by  Ungar  and 
Kerwin  [16],  and  in  1981  Johnson,  Kienholz,  and  Rogers  [17]  published  an 
important  work  on  using  the  modal  strain  energy  (MSE)  method  as  an  eco¬ 
nomical  way  of  designing  damping  treatments  by  finite  element  methods. 
Morgenthaler  [18]  documented  that  the  MSE  method  tends  to  underpredict 
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natural  frequencies  and  overpredict  levels  of  damping.  Nonetheless,  Austin 
[15]  showed  that  is  a  valid  indicator  of  modeling  accuracy.  The  crux  of 
the  following  arguments  is  that  accurate  distributions  of  strain  energy  in 
the  structure  are  a  necessary  condition  for  accurate  predictions  of  damping 
effectiveness. 

Table  1  shows  the  MSE  predicted  in  the  soft  middle  layer  of  a  three-layer 
sandwich.  The  layers  have  equal  thicknesses,  and  the  core  is  represented 
by  a  real-valued  material  with  shear  modulus  50  psi  and  Poisson’s  ratio 
0.49.  The  first  entry  for  each  modehng  approach  corresponds  to  a  high 
element  aspect  ratio,  and  the  second  line  is  a  mesh  refined  to  the  point 
of  convergence.  The  table  shows  that  both  the  and  MM  modeling 
approaches  do  a  good  job  for  the  beams  with  aspect  ratios  of  40  and  400, 
but  the  MM  approach  is  inaccurate  for  the  beam  with  aspect  ratio  of  4.  Also 
shown  is  the  modeling  approach,  labeled  MR,  used  by  Miles  and  Reinhall 
[13].  It  is  essentially  the  same  as  the  MM  approach,  except  Miles  and 
Reinhall  recognized  that  the  base  and  constraining  layers  should  be  allowed 
to  deform  independently.  The  points  to  be  made  here  are  1)  a  mesh  of  20- 
node  elements  (CO-20)  reproduces  elasticity  results  very  well,  even  at  an 
element  aspect  ratio  of  1200,  2)  the  Mead  and  Markus  assumptions  work 
well  for  full-coverage  as  long  as  the  beam  aspect  ratio  is  not  too  small,  and 
3)  the  MR  approach  is  nearly  as  good  at  the  CO-20  element,  as  a  fraction 
of  the  cost  in  degrees  of  freedom. 


Table  1:  Percent  strain  energy  in  the  middle  layer  of  a  full-coverage, three- 
layer  sandwich  beam.  Comparison  with  Pagano’s  closed-form  results  for 
various  elements  for  beams  with  aspect  ratios  of  4,  40,  and  400. 


beam  ARf  =  4 

beam  AR  =  40 

beam  AR  =  400 

element 

DOF 

ARei 

%SE 

ARe 

%SE 

ARe 

%SE 

oo 

n/a 

16.4122 

n/a 

13.1835 

n/a 

37.8897 

CO-20 

12 

16.4121 

120 

13.1830 

1200 

37.9317 

3 

16.4123 

30 

13.1835 

300 

37.9575 

MR 

22 

3 

17.0117 

30 

13.4305 

300 

35.3694 

382 

0.19 

17.2516 

1.9 

14.5168 

18.8 

35.6651 

MM 

15 

3 

0.1668 

30 

13.8886 

300 

35.7721 

255 

0.19 

0.1754 

1.9 

14.5033 

18.8 

35.6587 

fratio  of  base  beam  length  to  maximum  total  beam  thickness 
jiratio  of  element  length  to  thickness 
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2.2  Effect  of  MM  Assumption 


The  benign-looking  beams  referred  to  earlier  were  chosen  to  be  508  mm 
(20  inches)  long  and  3.175  mm  (0.125  inches)  thick.  The  damping  treat¬ 
ments  reported  here  are  the  four  possible  combinations  of  0.127-  and  1.270- 
mm-thick  (5  and  50  mils)  viscoelastic  materials  and  0.254-  and  3.175-mm- 
thick  (10  and  125  mils)  constraining  layer.  The  damping  treatments  were 
applied  symmetrically  with  percentages  of  coverage  ranging  between  25% 
and  100%. 

Figure  2  shows  the  percent  difference  in  the  VEM’s  modal  strain  energy 
predicted  using  the  MM  assumptions  and  that  predicted  using  a  mesh 
comprised  entirely  of  20-node  elements.  For  clarity,  the  curves  are 


Figure  2:  Error  in  predictions  of  modal  strain  energy  vs.  percent  coverage  for 
the  first  three  modes  using  the  Mead-Mar kus  approach, 

labeled  by  VEM  thickness/constraining  layer  thickness  in  mili- inches.  The 
individual  meshes  have  been  refined  sufficiently  so  that  differences  that 
show  up  here  are  not  due  simply  to  poor  convergence.  The  modes  were 
extracted  in  separate  runs  to  account  for  the  frequency  dependence  of  the 
VEM  shear  modulus. 
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The  results  in  Fig.  2  confirm  that  the  MM  assumptions  are  best  for  the 
flexible  (thin)  constraining  layers  on  a  stiff  (thin)  VEM  and  worst  for  the 
stiff  (thick)  constraining  layers  on  a  soft  (thick)  VEM.  There  is  no  sig¬ 
nificant  difference  between  the  VEM  MSE  (modal  strain  energy  in  the 
viscoelastic  material)  over  all  coverages  and  modes  studied  for  the  two 
cases  with  0.254-mm-thick  (10  mils)  constraining  layers  (labeled  as  5/10 
and  50/10).  However,  the  error  in  the  MM  predictions  for  the  3.175-mm- 
thick  constraining  layers  (125  mils)  increases  monotonically  as  the  percent 
coverage  decreases,  except  an  anomaly  in  the  third  mode  at  75%  coverage 
which  will  be  discussed  later. 

Figure  3  shows  a  symmetric  half  of  the  first  mode  for  25%  coverage. 
Visually,  it  is  difficult  to  see  any  difference  in  the  mode  shapes  with  and 
without  the  equal-displacement  constraint.  Close  inspection  of  the  bottom 


K - 25% - >\ 


Figure  3:  First  mode  (symmetric  boundary  condition)  for  25%  coverage 
(50/125)  with  and  without  the  assumption  of  equal  transverse  displacements. 

mode  shape  shows  the  constraining  layer  peeling  away  slightly  from  the 
base  layer  at  the  free  end  of  the  constraining  layer.  This  small  difference 
accounts  for  the  -86%  error  in  VEM  MSE  (0.548%  with  the  MM  constraint 
and  3.962%  without  it)  shown  in  Fig.  2.  The  MR  approach  differs  by  only 
0.3%  from  the  the  baseline  CO-20  predictions,  thus  showing  the  value  of 
releasing  the  equal-displacement  constraint. 

The  trends  for  the  second  mode  are  almost  identical  to  those  of  the  first 
mode.  Figure  4  shows  this  mode  with  75%  coverage  with  and  without  the 
assumption  of  equal  transverse  displacements.  The  magnified  portions  of 
this  exaggerated  mode  shape  show  that  the  constraining  layer  wants  to  peel 
up  in  the  absence  of  the  constraint.  Here  the  constrained  model  predicts 
6.65%  MSE  and  the  unconstrained  predicts  8.99%,  and  this  accounts  for 
the  -26%  error  shown  in  Fig.  2.  Here  the  MR  models  differs  from  the 
baseline  by  only  0.4%.  The  full  models  were  run  for  this  mode  to  avoid  the 
complication  of  an  asymmetric  boundary  condition  for  the  beams  having 
only  one  axis  of  symmetry. 
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Figure  4:  Second  mode  for  75%  coverage  (50/125)  with  and  without  the  as¬ 
sumption  of  equal  transverse  displacements. 


The  MSB  predictions  under  the  MM  assumptions  do  not  get  worse  uni¬ 
formly  for  the  third  mode  as  they  do  for  the  first  two  modes.  Figures  5 
and  6  show  a  symmetric  half  of  the  third  mode  for  50%  and  75%  coverage 
(50/125  case)  both  with  and  without  the  assumption  of  equal  transverse 
displacements.  The  50%  case  is  better  than  the  75%  case  since  the  “float- 


Figure  5:  Third  mode  (symmetric  boundary  condition)  for  50%  coverage 
(50/125)  with  and  without  the  assumption  of  equal  transverse  displacements, 

ing”  end  of  the  damping  treatment  is  at  a  location  of  low  curvature  in  the 
base  beam. 
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equal  transverse  displacements 


Figure  6:  Third  mode  (symmetric  boundary  condition)  for  75%  coverage 
(50/125)  with  and  without  the  assumption  of  equal  transverse  displacements. 


3  Summary  and  Conclusions 

Representing  physical  problems  with  mathematical  models  is  a  large  part 
of  an  engineer’s  responsibility,  and  mathematical  modeling  always  involves 
assumptions  at  some  level.  Engineers  in  industry  use  models  to  investigate 
candidate  damping  designs,  and  researchers  in  academia  use  models  to  try 
out  new  techniques,  materials,  and  configurations  for  damping  treatments. 
Models  based  on  the  Mead  and  Markus  assumptions  yield  an  appropriate 
tool  for  many  important  problems  and  interesting  research  topics.  Nonethe¬ 
less,  engineers  and  researchers  alike  must  recognize  that  the  limits  of  their 
applicability  lie  within  the  realm  of  benign-look  beams,  particularly  for 
partial  coverage  damping  treatments. 

The  accuracy  of  the  Mead  and  Markus  modeling  assumptions  were  in¬ 
vestigated  on  a  508-mm-long  by  3.175-mm-thick,  simply  supported,  2-D 
beam  with  a  set  of  four  damping  treatments  covering  between  25%  and 
100%,  A  20-node  element  was  used  to  produce  the  basis  for  compar¬ 
isons  after  showing  that  it  reproduces  Pagano’s  elasticity  solution  very  well. 
A  variation  on  the  MM  approach  where  the  base  and  constraining  layers 
are  allowed  to  deform  independently  was  also  reported.  The  full-coverage 
implementation  of  this,  credited  to  Miles  and  Reinhall,  reproduced  the 
baseline  results  very  well. 

At  the  heart  of  the  MM  assumptions  is  the  constraint  that  the  base 
and  constraining  layers  undergo  the  same  transverse  displacements.  While 
(Fig.  6)  the  effect  on  the  mode  shapes  seems  insignificant,  hidden  from  the 
engineer  are  the  forces  necessary  to  enforce  this  constraint  and  the  effect 
on  the  distribution  of  modal  strain  energy.  The  later  point  is  shown  in 


Fig.  2  for  various  amounts  of  partial  coverage.  In  contrast,  the  maximum 
errors  for  these  same  cases  allowing  the  constraining  layer  to  deform  inde¬ 
pendently  of  the  base  layer  were  on  the  order  of  only  1%.  The  primary 
conclusions  of  the  paper  are  as  follows: 

1.  The  Mead  &  Markus  assumptions  work  best  with  the  combination  of 
relatively  weak  constraining  layer  and  relatively  stiff  core. 

2.  Simply  allowing  the  facesheets  to  deform  independently  is  a  vast  im¬ 
provement  over  MM.  This  carries  only  a  small  additional  cost  in  de¬ 
grees  of  freedom  for  finite  element  analysis,  but  the  mathematics  of 
closed-form  solutions  is  more  complicated  (not  shown  here). 

3.  Prevention  of  peeling  at  the  ends  of  the  damping  treatment  is  the 
main  cause  of  error  in  the  MM  predictions. 

There  are  several  ongoing  issues  connected  with  this  problem.  First  is  the 
question  of  what  is  gained  by  removing  the  equal-displacement  assump¬ 
tions  and  thus  complicating  the  models.  The  answer  depends  on  the  type 
of  constrained-layer  damping  treatment  being  designed.  The  damping  from 
thin-panel  treatments  like  those  in  use  for  the  past  40  years  is  predicted 
fine  using  the  MM  assumptions.  It  is  a  fact  of  modern  life  that  the  engineer 
often  has  to  increase  the  damping  in  a  structure  as  much  as  possible  while 
only  having  access  to  a  portion  of  the  structure.  This  motivates  research  on 
both  passive  and  active  partial-coverage  damping  treatments.  By  demon¬ 
strating  some  pitfalls  of  the  Mead  and  Markus  assumptions  for  certain 
classes  of  damping  treatments,  the  authors  intent  is  that  researchers  reex¬ 
amine  their  own  modeling  assumptions  for  applicability  to  their  research. 

The  peeling  at  the  ends  carries  its  own  set  of  issues.  Are  the  significant 
geometric  and  or  material  nonlinearities?  How  useful  are  viscoelastic  ma¬ 
terial  properties  measured  only  in  shear  (typical)?  These  questions  form 
the  bases  of  ongoing  research. 
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A  MATCHED  DISTRIBUTED  PIEZOELECTRIC  ACTUATOR  AND 
SENSOR  PAIR  FOR  CONTROL  OF  BEAM  MOTION 
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Abstract 

This  paper  presents  a  theoretical  and  experimental  study  of  a  matched 
triangularly  shaped  piezoelectric  PVDF  actuator  and  sensor  pair 
bonded  on  either  sides  of  a  cantilever  beam  for  the  control  of  vibration 
at  the  tip  position  of  the  beam.  The  distributed  piezoelectric  sensor 
only  detects  the  velocity  at  the  tip  of  the  beam  and  the  distributed 
piezoelectric  actuator  only  generates  a  force  at  the  tip  of  the  beam.  The 
generated  force  and  the  detected  velocity  are  thus,  in  principle, 
collocated  and  the  transfer  function  between  the  two  transducers 
should  correspond  to  a  driving  point  mobility  and  have  an  entirely 
positive  real  part.  A  simple  feedback  controller  connected  between 
these  two  transducers  should  thus  be  unconditionally  stable  so  that 
large  attenuations  of  tip  velocity  disturbances  should  be  possible.  This 
type  of  "smart  beam"  could  be  used  for  high  precision  positioning 
control  in  many  applications  and  could  allow  the  construction  of  very 
simple  and  compact  "smart  robotic  arms"  whose  bending  vibration  at 
the  tip  can  be  actively  controlled.  The  measured  transfer  function 
between  the  two  transducers  on  an  experimental  beam  shows 
unexpected  behaviour  characterised  by  an  overall  rising  trend  with 
frequency.  A  detail  study  of  this  behaviour  has  uncovered  two  main 
causes:  first,  coupling  between  the  actuator  and  the  sensor  via  in-plane 
vibration  of  the  beam,  and  second  effects  generated  by  the  non-perfect 
and  non-identical  shaping  of  the  two  PVDF  elements.  It  may  be 
possible  to  compensate  for  the  in-plane  coupling  effect  by  subtracting 
out  the  effects  of  the  in-plane  dynamics  of  the  beam,  which  can  be 
modelled  as  an  axial  spring  at  low  frequencies.  The  second  problem 
can  be  solved  by  increasing  the  accuracy  of  the  manufacturing  for  such 
a  smart  structure. 

1.  Introduction 

Piezoelectric  materials  have  been  widely  used  in  active  control  systems 
for  detection  and  suppression  of  vibration  [1-4],  for  the  control  of 
sound  radiation  and  transmission  [5-7],  and  for  the  position  control  of 
flexible  beams  [8].  The  geometry  of  such  transducers  can  be  varied 
from  small  patches  to  distributed  sheets  bonded  on  the  surface  of  a 
structure.  Collocated  and  matched  piezoelectric  sensor  and  actuator 
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pairs,  with  the  same  size  and  material,  have  been  used  to  detect  and 
control  the  vibration  of  structures  [7,  9]. 

This  paper  presents  a  study  of  a  matched  and  collocated  piezoelectric 
PVDF  actuator/ sensor  pair  bonded  on  either  side  of  a  cantilever  beam 
for  active  tip  position  control.  The  piezoelectric  actuators  and  sensors 
have  a  triangular  shape  to  produce  a  transverse  force  at  the  tip  [10]  and 
to  detect  the  tip  position  of  the  beam.  The  transfer  response  between 
the  two  transducers  should  thus  be  proportional  to  the  driving  point 
mobility  [11]  of  the  beam  tip,  which  has  an  entirely  positive  real  part.  A 
feedback  control  system  connected  to  such  a  system  is  guaranteed  to  be 
unconditionally  stable,  and  so  can  greatly  attenuate  any  tip  vibration, 
generated  by  slewing  of  the  beam  for  example.  This  type  of  a  "smart 
beam"  could  be  used  for  high  precision  positioning  and  pointing 
control  in  many  robotics  applications.  The  novelty  of  the  system 
presented  in  this  paper  is  given  by  the  matched  and  collocated 
actuator /sensor  pair  for  tip  position  control  of  a  beam.  This  solution 
allows  the  construction  of  very  simple  and  compact  smart  robotic  arms 
whose  bending  vibration  at  the  tip  can  be  actively  controlled  using  a 
relatively  simple  analogue  velocity  feedback  controller. 

Many  studies  have  assumed  that  this  sensor /actuator  pair  is  coupled 
only  by  the  bending  motion  of  a  beam  onto  which  the  pair  is  bonded.  It 
is  demonstrated  in  this  paper  that  the  piezoelectric  actuator  and  sensor 
elements  are,  in  fact,  coupled  via  both  in-plane  and  bending  motions  of 
the  structure.  This  is  an  important  problem  that  could  limit  both  the 
control  effectiveness  of  collocated  and  matched  sensor/actuator  pair 
and  the  stability  of  a  feedback  control  system.  Therefore  for  the  design 
of  active  vibration  control  (AVC)  and  active  structural  acoustical 
control  (ASAC),  it  is  very  important  to  take  into  account  both  the  in¬ 
plane  and  out-of-plane  coupling  effects  of  collocated  sensor  and  actuator 
pairs.  In  order  to  cancel  in-plane  coupling  in  a  matched  and  collocated 
sensor/ actuator  pair,  Yang  and  Huang  [9]  suggested  the  use  of  a 
double  pair  arrangement  using  a  pair  of  actuators  and  a  pair  of  sensors, 
which  could  provide  a  way  of  detecting  and  actuating  only  out-of¬ 
plane  motion.  However,  this  paper  suggests  a  different  way  of 
avoiding  these  problems,  by  compensating  for  the  in-plane  coupling. 

2.  Matched  piezoelectric  actuator  and  sensor  pair  with  triangular 
shape 

The  cantilever  beam  used  in  the  experiments  and  illustrated  in  Figure  1 
is  made  of  aluminium  and  it  is  1  mm  thick  (2/zJ  with  dimensions 
200x30  mm  (L^xL^,).  Two  triangularly  shaped  PVDF  films  are 
symmetrically  bonded  on  either  side  of  the  beam.  Each  PVDF  film  is  0.5 
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mm  ( )  thick,  200  mm  long,  and  30  mm  wide.  The  triangular  shaped 

sensor  and  actuator  can  detect  and  excite  the  out-of-plane  vibration  at 
the  tip  position  of  the  cantilever  beam  as  will  be  described  below.  Two 
insulation  layers  consist  of  two  copper  foils  and  one  polyimid  foil  are 
bonded  together  as  illustrated  in  Figure  1.  One  of  the  two  identically 
designed  PVDF  films  is  for  an  actuator  and  the  other  is  for  a  sensor. 
The  total  thickness  of  the  beam  structure  is  thus  about  3  mm,  which  has 
been  greatly  exaggerated  in  Figure  1  for  clarity. 


L  =200  mm  i 
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Figure  1.  Arrangement  of  a  collocated  piezoelectric  actuator /sensor 
pair  coupled  with  a  cantilever  beam. 

2.1.  Response  of  a  piezoelectric  triangularly  shaped  sensor 
It  is  assumed  that  the  clamped-end  is  at  ;c  =  0  and  the  free-end  is  at 
x-L^  and  the  out-of-plane  position  at  x  is  w(jc)  so  that  w(0)  =  0  and 
vi;'(0)  =  0.  For  the  triangular  sensor  considered  in  Figure  1,  the  spatial 
sensitivity  weighting  function  S{x)  of  the  triangularly  shaped 
piezoelectric  sensor  can  be  defined  for  ;c  =  0  to  by 

S(x)  =  -k{x-L^),  (1) 


where  k  =  LyJ(2L^)  is  the  slope  of  the  triangular  shaped  sensor. 

If  the  beam  is  subject  only  to  out-of-plane  vibration,  the  charge  output 
^oop  (^)  piezoelectric  sensors  can  be  written  as 


dx. 


(2) 


where  is  piezoelectric  stress  constant,  and  +^^2  is  the 

distance  between  the  neutral  axis  of  the  beam  and  the  sensor.  After 
some  manipulation  equation  (2)  can  be  solved  using  the  boundary 
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conditions  of  the  sensor  and  the  beam.  The  charge  output  of  the  sensor 
due  to  the  pure  out-of-plane  motion  of  the  beam  can  be  expressed  by 

=  (3) 

where  is  out-of-plane  displacement  at  the  tip  of  the  beam. 

Therefore  the  current  generated  by  the  charge  output  is  proportional  to 
the  tip  velocity  w(L^,t)  representing  the  time  derivative  of  the  tip 
displacement  of  the  beam  and  is  equal  to 

Lp  (0  =  A„„p  (0/dr  =  -2e,,h^^„kw{L^  ,t).  (4) 

If  the  out-of-plane  position  of  the  beam  is  expressed  in  terms  of  modal 
expansion  as  w{x,t)  =  Y,^^niO<l>AA ,  then  the  charge  output  by 

n 

the  sensor  can  be  written  as 

n 


2.2.  Excitation  due  to  a  piezoelectric  triangularly  shaped  actuator 

A  triangularly  shaped  piezoelectric  PVDF  actuator  bonded  to  one  side 
of  the  cantilever  beam  as  shown  in  Figure  1  with  the  same  dimensions 
as  the  sensor  is  considered  here.  For  the  analysis  of  the  actuation 
mechanism,  both  the  beam  and  the  actuator  are  regarded  as  two- 
dimensional  elements.  The  forced  out-of-plane  motion  equation  for  the 
beam-actuator  assembly  with  a  spatial  sensitivity  S(x,y)  of  the 
actuator  can  be  written  as  [7] 


dt^ 


(6) 


d-S(x,y)  ^  d'S(x,y)  ,  d^S(x,y) 
—  +  2e36— r-T - +  e  - 


dx^ 


dxdy 


^32 


where  =  /j,,  -t-  /  2  ( is  half  thickness  of  the  beam  and  is 

thickness  of  the  actuator),  m  is  the  mass  per  unit  length  of  the 
assembly,  V^(t)  is  the  applied  voltage  to  the  piezoelectric  actuator  to 
the  out-of-plane  direction  ,  and  D,  and  {x,  y)  are  the  out-of-plane 

stiffnesses  of  the  beam  and  the  actuator.  After  some  manipulation,  the 
inside  of  the  parentheses  in  the  forcing  function  of  the  right  hand  side 
of  equation  (6)  can  be  expressed  using  the  Macauley  notation  as  [10] 
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(7) 


d-S(x)  ,  d^S(x)  ,  a^5U) 

=  e,,(<x>-^  -<x- L,  >'" ){<y-kx+Lj2>''  -<y  +  kx-L^ /2 >" ) 

-2A:^3j(<  x>~^  -<  x-Lj^  >”^)(<  y-kx-^Lyjl  >“^  +  <  y-^kx- Lyj2>~^) 

+  (^^^31  +£32)(<  Jf>'’  -<x-L^  >^''){<  y -kx+  Lj2>~^  -  <  y  +  kx- Lj2>~'^\ 

If  only  the  out-of-plane  vibration  of  the  beam  is  considered,  then 
equation  (7)  indicates  that  the  beam  is  excited  by  a  concentrated  force 
/,  at  the  tip  x  =  L^  and  two  forces,  at  the  comers  where  the  beam  is 
clamped.  Also  line  moments  and  also  act  along  the  edges  of  the 
triangular  actuator  as  shown  in  Figure  2.  The  amplitudes  of  these  force 
and  moment  excitations  are  given  by  [10] 

f,{t)  =  m  =  (0,  (8) 

m,(/)  =  ^2  = 

The  effect  of  the  out-of-plane  excitations  and  along  the  two 
lateral  edges  of  the  triangular  actuator  can  be  ignored  since  they  are 
located  at  the  clamped  end.  Therefore  it  can  be  concluded  that  the  out- 
of-plane  excitation  of  the  beam  is  just  given  by  and  x -directional 
component  of  as  illustrated  in  Figure  2. 


V 


Figure  2.  Distribution  of  out-of-plane /orce  due  to  a  triangularly  shaped 
actuator  bonded  to  a  beam. 

3.  Measured  transfer  functions 

Two  frequency  responses  of  the  driving  point  mobility  (velocity /force) 
[11]  at  the  tip  of  the  cantilever  beam  were  measured  on  the 
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experimental  beam  and  are  shown  in  Figure  3.  In  the  first  measurement 
in  Figure  3(a),  the  input  force  applied  at  the  beam  tip  by  a  shaker  (Ling 
Dynamic  Systems  model  V201)  has  been  measured  with  a  force 
transducer  (B&K  Type  8200)  connected  to  a  spectrum  analyser 
(Advantest  R9211C  FFT  analyser)  via  a  charge  amplifier  (B&K  Type 
2635).  The  velocity  at  the  tip  of  the  beam  was  measured  by  an 
accelerometer  (B&K  Type  4375)  also  connected  to  the  spectrum 
analyser  via  another  charge  amplifier  (B&K  Type  2635)  using  its 
internal  integrator. 


(a) 


Ffequsncy  (Hz) 


(b) 

Figure  3.  Comparison  of  two  measured  mobility  responses,  (a)  Shaker 
input  and  accelerometer  output,  (b)  PVDF  actuator  voltage  input  and 
sensor  current  output. 
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Figure  3(b)  shows  the  measured  mobility  response  between  the 
triangularly  shaped  PVDF  actuator/sensor  pair  bonded  to  the  beam, 
measured  with  the  spectrum  analyser.  The  input  signal  to  the  actuator 
element  was  white  noise  in  the  frequency  range  between  0  and  IkHz 
and  has  been  amplified  to  around  100  V  using  a  power  amplifier  (PCB 
AVC  790  series).  The  current  output  i{0))  taken  from  the  sensor 
element  has  been  measured  with  a  B&K  charge  amplifier  Type  2635. 
The  current  output  from  the  sensor  element  was  designed  to  be 
proportional  to  the  out-of-plane  velocity  at  the  tip  of  the  beam  as  in 
equation  (4)  and  the  force  generated  by  the  actuator  element  was 
designed  to  be  proportional  to  the  input  voltage,  as  in  equation  (8). 
Hence  the  frequency  response  between  the  piezoelectric  triangular 
actuator  and  sensor  pair  in  Figure  3(b)  was  expected  to  be  equal  to  that 
measured  in  Figure  3(a). 

Figure  3(a)  shows  a  typical  feature  of  driving  point  mobility  of  a 
cantilever  beam.  The  resonances  are  alternated  by  anti-resonances 
which  occur  at  frequencies  quite  close  to  the  following  resonance.  Also 
the  phase  response  lies  between  ±90"  and  the  amplitude  tends  to 
decrease  with  frequency  [12].  However,  Figure  3(b)  shows  an 
unexpected  rising  trend  with  frequency  which  indicates  a  behaviour 
quite  different  than  that  of  Figure  3(a).  The  origin  of  this  mismatching 
between  the  two  measurements  will  be  described  at  the  next  section 
through  the  analysis  on  the  actuation  and  detection  mechanism  of  the 
PVDF  elements. 

4.  In-plane  coupling  between  the  actuator  and  sensor 

A  piezoelectric  material  such  as  PVDF  film  subject  to  an  electric  field 
can  only  be  extended  or  contracted  in  the  in-plane  direction.  That  is, 
the  piezoelectric  material  alone  can  only  induce  a  purely  in-plane  force 
only.  The  out-of-plane  forces  in  equation  (8)  and  Figure  2  are 
originated  by  these  in-plane  forces  acting  over  the  distance  between  the 
piezoelectric  material  and  the  neutral  axis  of  the  beam.  The  in-plane 
forces  will  also  generate  in-plane  strains  in  the  beam,  although  these 
are  small  and  would  not  normally  be  detected  by  an  accelerometer  for 
example.  If  a  piezoelectric  sensor  is  used,  however,  its  output  will  be 
strongly  affected  by  the  in-plane  strain  and  this  will  cause  additional 
coupling  between  the  actuator  and  sensor,  as  pointed  out  by  Yang  and 
Huang  [9].  This  in-plane  coupling  is  analysed  below. 

If  the  beam  is  under  pure  in-plane  vibration,  the  in-plane  charge  output 
of  fho  triangularly  shaped  piezoelectric  sensor  on  the  beam  can 
be  written  as 
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(9) 


i.  .du(x,t) 


=  ^3,lA,(0f 


9v^„W 


where  the  in-plane  displacement  u  is  expressed  in  terms  of  modal 
expansion  as  M(xr)  =  ^A„(t)i//„(x).  For  the  in-plane  motion  of  a 

n 

cantilever  beam,  whose  mode  shapes  are  given  (jc)  =  sin — ^)lLx 

[13],  then  after  some  manipulation  the  in-plane  charge  output 

can  be  expressed  for  the  spatial  sensitivity  S{x)  of  the  sensor  element 
given  by  equation  (1)  as 


(2«-l);r 


1  -  cos 


(2/1  -  l);r 


Therefore,  the  measured  charge  output  of  the  sensor  will  be  the  sum  of 
both  the  out-of-plane  charge  output  and  the  in-plane  charge 

output  . 

If  the  purely  in-plane  excitation  of  the  PVDF  actuator  element  is 
considered,  the  in-plane  line  forces  can  be  obtained  by  dividing  the  line 
bending  moments  and  in  equation  (8)  by  .  The  resulting  in¬ 
plane  line  forces  and  /2  can  be  decomposed  into  components  of 
f\yf  fix'  fly  and  for  the  cantilever  beam  clamped  at  jc^O ,  the  in-plane 
and  the  out-of-plane  components  can  be  expressed  by 

fix(0  =  k^e,y,(t)sine  fy{t)  =  e,,V,{t)cose 

m^/t)  =  k^e^^h^^,V^(t)sme  m^y{t)  ^  e cos G, 

where  6  is  the  slope  of  the  piezoactuator  given  by  tan0  =  /: .  Thus,  the  total 
force  applied  to  the  cantilever  beam  by  the  actuator  are  given  by  a 
concentrated  force  f,  at  tip  of  the  actuator,  the  components  of  the  in¬ 
plane  force  and  the  out-of-plane  force  //ij^,  and  along  the 

each  gradient  of  the  spatial  sensitivity  S(x,y)  as  shown  in  Figure  4. 
Thus  the  triangular  actuator  can  induce  in-plane  motion  as  well  as  out- 
of-plane  motion  of  the  cantilever  beam. 

4.1.  Overall  coupling 
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The  analytical  model  of  the  PVDF  actuator-beam-PVDF  sensor  system 
has  been  shown  that  the  mobility  in  this  case  is  composed  of  individual 
out-of-plane  and  in-plane  contributions. 


f,(t)  =  4ke,,h,„V,(r) 


Figure  4.  Distribution  of  the  in-plane  and  the  out-of-plane  forces  due  to 
a  triangularly  shaped  actuator  bonded  on  a  cantilever  beam. 

The  out-of-plane  motion  w(x,t)  of  the  cantilever  beam  due  to  the 
distributed  and  imiform  out-of-plane  force  component  and  the 

concentrated  tip  force  /,(t)  as  given  in  equations  (8)  and  (11)  can  be 
expressed  for  steady  state  frequency  response  as 


wix,t)  =  ^ 

n 


where  rj  is  a  loss  factor.  The  out-of-plane  mobility  representing  input 
voltage  to  the  actuator  element  to  tip  velocity  detected  by  the  sensor 
element  can  be  thus  be  expressed  as 


>v(4)  _  ^31  { sin(tan~'  k)  +  y 

V,it)  ^  PAL\  rK^d  +  jr?)-®^]' 


The  out-of-plane  mobility  transfer  function  can  be  written  with  the 
current  output  i„„p(t)  =  dq^,„^{t)ldt  as 

"""  pAL]  '^[colil  +  jT,)-w^] 
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The  in-plane  motion  u(x,t)  of  the  cantilever  beam  due  to  the 
distributed  and  uniform  in-plane  force  component  /i^(/)  as  given  in 
equation  (11)  can  be  expressed  as 


u{x,t)  =  Yu 

n 


pAL^{(ol{\  + 


(15) 


The  in-plane  mobility  transfer  function  T-^  representing  input  voltage 

to  the  actuator  element  by  output  current  detected  by  the  sensor 
element  can  be  given  as 


L{t)  .  4^3,/:^sin(tan  ^  k)L 
- =  jCO ^ - r - ^ 

V,(t)  pAn^ 


•I 


r,  (2«-i)  1 

1  -  cos - K 

2 

2 

(16) 


The  total  measured  mobility  for  the  PVDF  actuator  and  sensor  pair  is 
thus  given  by 

T  ,=T  -7..  (17) 

total  aoff  ip  '  ' 


Figure  5.  Calculated  mobility  responses  of  the  piezoelectric  sensor  and 
actuator:  pure  out-of-plane  response  (thick  line),  pure  in-plane 
response  (dashed  line),  and  the  coupled  motion  (thin  line). 
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Based  on  the  above  analytical  modelling,  the  imexpected  measured 
mobility  response  in  Figure  3(b)  could  be  imderstood  and  decoupled 
into  in-plane  and  out-of-plane  responses.  The  individual  mobility 
responses  calculated  using  equations  (14)  and  (16)  are  plotted  in  Figure 
5  together  with  their  sum.  This  total  calculated  mobility  is  now  similar 
to  the  measured  one  in  Figure  3(b).  This  means  the  understanding  the 
in-plane  behaviour  of  a  beam  coupled  with  single  piezoelectric 
actuator/ sensor  pair  is  crucial  understanding  its  overall  behaviour. 

4.2.  Compensation  to  in-plane  coupling  effect 

The  pure  out-of-plane  mobility  could  be  extracted  from  the  total 
response  by  eliminating  the  in-plane  response.  The  first  estimated 
natural  frequency  of  in-plane  mode  is  aroimd  6000  Hz  for  the 
experimental  beam  and  so  the  frequency  range  of  interest  (below  1000 
Hz)  is  located  within  the  stiffness  controlled  range  of  in-plane  response. 
The  mobility  of  the  cantilever  beam  within  the  stiffness  controlled  range 
can  be  expressed  as  [14],  where  is  the  in-plane 

stiffness.  Thus  the  in-plane  mobility  could  be  plotted  as  an  almost 
straight  line  in  a  linear  scale  or  a  parabolic  curve  in  a  logarithmic  scale 
as  shown  in  Figure  5.  The  in-plane  mobility  can  be  expressed  in  the 
frequency  range  of  interest  as 

=  jcos,  (18) 

where  s  =  is  a  constant.  If  the  value  of  s  could  be  determined,  the 
in-plane  mobility  could  be  subtracted  from  the  coupled  mobility. 


Figure  6.  Extraction  of  pure  out-of-plane  mobility  (thick  line)  from  the 
measured  mobility  (thin  line)  by  subtracting  out  the  estimated  in-plane 
mobility  component  (dashed  line),  (a)  A  linear  scale,  (b)  A  logarithmic 
scale. 
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In  the  case  of  the  measured  response  in  Figure  3(b),  s  has  been 
estimated  to  be  1.2x10"^  and  the  resulting  in-plane  mobility  is  plotted 
as  the  dashed  line  in  Figure  6.  The  solid  thick  line  in  Figure  6  is  the  out- 
of-plane  mobility  response  calculated  by  compensating  the  measured 
mobility  (thin  line)  with  the  estimated  in-plane  mobility. 

The  extracted  pure  out-of-plane  mobility  in  Figure  6  shows  a  similar 
response  and  trend  with  frequency  to  the  measured  mobility  using 
shaker-accelerometer  in  Figure  3(a),  However,  the  extracted  pure  out- 
of-plane  in  Figure  6  shows  the  unexpectedly  strong  out-of-plane 
resonances  at  the  second  and  fourth  modes.  These  resonances  occur  at 
even  modes,  which  suggest  that  they  could  be  caused  by  the 
piezoelectric  actuator  and  sensor  shaping  error,  as  discussed  below. 

5,  Sensitivity  to  shaping  errors  of  the  two  layers  of  PVDF 

Lee  and  Moon  [2]  showed  that  the  response  of  modal  actuators  and 
sensors  was  sensitive  to  small  errors  in  the  shapes  of  the  transducers, 
particularly  affecting  the  high  frequency  response.  After  some 
investigation  of  the  shaping  errors  of  the  PVDF  actuator  and  sensor 
used  here  it  was  found  that  the  two  PVDF  elements  are  not  identical 
and  not  perfectly  collocated.  The  actuator  and  sensor  elements  are 
bonded  about  4mm  and  2mm  away  from  the  clamped  end  of  the  beam 
respectively  with  some  minor  cutting  errors  especially  in  the  sharp 
edges  at  the  tip  position. 


Figure  7.  A  computer  simulation  for  the  shaping  error  effect  in  out-of- 
plane  mobility  of  the  beam. 
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A  computer  simulation  with  the  analytical  model  developed  in  the 
previous  sections  gave  a  response  for  the  actual  transducer  shapes  as 
shown  in  Figure  7.  The  even  modes  could  thus  be  amplified  by  shaping 
error  of  the  PVDF  actuator /sensor  elements  comparing  with  those  of 
the  ideally  shaped  elements. 

Therefore,  the  shaping  errors  in  the  PVDF  elements  could  represent  a 
serious  problem  in  excitation  and  detection  for  this  smart  beam.  This  is 
one  of  the  possible  shortcomings  of  piezoelectric  actuator/sensor 
system  and  it  can  be  more  amplified  with  the  more  complex  shaping  of 
the  actuator/sensor  as  pointed  out  by  Preumont  et  al  [15].  The  two 
pairs  of  piezoelectric  actuators /sensors  suggested  for  the 
compensation  of  the  in-plane  coupling  by  Yang  and  Fluang  [9]  could 
increase  the  danger  of  this  shaping  and  collocation  errors.  Hence  more 
careful  workmanship  is  required  for  construction  of  these  shaped 
piezoelectric  actuator /sensor  systems. 

6.  A  possible  feedback  controller 

If  a  smart  structure  was  constructed  with  a  piezoelectric  actuator  and 
sensor  pair  which  was  free  from  shaping  errors,  the  out-of-plane 
behaviour  of  the  structure  could  be  actively  controlled  using  the  above 
in-plane  compensation  method.  For  example,  tip  position  control  for  a 
flexible  beam  with  a  pair  of  piezoelectric  actuator  and  sensor  may  be 
possible  by  compensating  the  in-plane  coupling  expressed  in  equation 
(17).  The  in-plane  compensation  part  could  be  implemented  with  a  first 
order  filter  in  the  position  active  control  system  which  could  be 
adaptive.  Velocity  feedback  control  could  then  be  implemented  for  the 
tip  position  control.  The  schematic  diagram  for  the  active  control  with 
compensating  the  in-plane  coupling  is  shown  in  Figure  8. 


oop 


Figure  8.  The  schematic  diagram  for  the  active  control  with 
compensating  the  in-plane  coupling. 
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7.  Conclusion 

This  paper  presents  a  study  of  a  collocated  triangularly  shaped 
piezoelectric  PVDF  actuator  and  sensor  pair  bonded  on  either  sides  of  a 
cantilever  beam  for  the  control  of  vibration  at  tip  position  of  the  beam. 
The  two  piezoelectric  elements  allow  both  the  excitation  and  the 
detection  of  bending  vibration  at  the  tip  position  of  the  beam.  The 
measured  mobility  using  the  PVDF  actuator/sensor  pair  has  been 
shown  to  be  affected  by  in-plane  coupling  due  to  not  a  pure  bending 
from  the  actuator.  The  analytical  model  was  developed  to  decompose 
the  response  into  an  in-plane  contribution  and  an  out-of-plane 
contribution.  A  compensation  method  to  cancel  the  in-plane  coupling 
was  suggested.  Flowever,  unwanted  strong  out-of-plane  resonances 
were  appeared  at  even  modes  even  after  the  in-plane  compensation. 
These  were  caused  by  the  errors  in  the  shaping  of  the  PVDF  actuator 
and  sensor.  A  computer  simulation  with  erroneous  shapes  showed  a 
similar  mobility  function  to  the  measured  one.  These  shaping  errors 
could  be  removed  with  careful  construction  process  in  piezoelectric 
actuator /sensor.  Therefore,  if  the  beam  is  free  from  the  PVDF  shaping 
error,  the  out-of-plane  behaviour  could  be  actively  controlled  with  an 
in-plane  compensating  filter.  Velocity  feedback  control  could  then  be 
implemented  for  the  tip  position  control  since  the  control  force  and 
measured  response  would  be  collocated.  This  type  of  "smart  beam" 
could  be  used  for  high  precision  positioning  control  in  many 
applications  and  could  allow  the  construction  of  very  simple  and 
compact  "smart  robotic  arms"  whose  bending  vibration  at  tip  can  be 
actively  controlled. 
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Abstract 

In  pipe  vibration  the  n=2  (ovalling  mode)  wave  causes  a  large  increase  of 
strain  in  the  pipe  wall  at  the  cut-on  frequency  when  the  wave  starts  to 
propagate.  Hence  from  a  fatigue  perspective  this  wave  is  of  major  concern. 
It  would  be  of  interest,  therefore,  to  design  a  control  system  to  suppress 
this  wave.  A  vital  part  of  this  system  is  the  sensor,  and  thus  the  design  of 
a  shaped  PVDF  modal  sensor  to  target  this  wave  is  investigated  in  this 
paper. 

Using  Flugge's  shell  theory,  the  sensitivity  of  the  sensor  to  the  n  =  2  mode 
is  desired  and  the  cross-sensitivity  of  the  sensor  to  higher  order 
circumferential  modes  is  estabhshed.  It  is  shown  that  for  an  acceptable 
level  of  the  performance  in  terms  of  cross- sensitivity  the  width  of  the 
sensor  has  to  be  less  than  one  third  of  the  wavelength  of  the  n  =  2  flexural 
wave  at  the  ring  frequency. 

Theoretical  predictions  of  the  modal  sensor  sensitivity  were  successfully 
validated  by  some  experimental  work. 


1.  Introduction 

In  many  processing  and  chemical  industries,  and  in  ships  and  aircraft, 
pipework  is  important  for  transporting  fluids,  i.e.  gas,  cooling  water  and 
hydraulic  fluid.  A  piping  system  can  be  excited  by  many  sources  connected 
to  the  structure  or  internal  fluid  such  as  compressors,  pumps,  or  valves. 
In  the  system,  the  propagating  wave  of  the  n=2  mode  (ovalling  mode) 
causes  a  large  vibration  in  the  pipe  wall  at  the  cut-on  frequency  and  may 
result  in  excessive  noise  radiation  or  in  failure  of  the  system  due  to 
fatigue.  There  is  the  motivation  to  actively  control  this  wave  and  part  of 
such  a  control  system  would  be  a  sensor  to  detect  this  wave.  In  this  paper 
the  design  of  a  shaped  PVDF  modal  sensor  to  sense  this  wave  is 
investigated. 

The  modal  sensor  was  first  introduced  by  Lee  and  Moon  [1],  who  applied  it 
on  a  beam,  and  included  an  analysis  of  the  modal  sensor  for  a  plate  as 
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well.  It  was  extended  in  theory  and  practice  for  a  plate  by  Gu  et  al  [2].  The 
analysis  of  a  PVDF  sensor  bonded  to  a  shell  was  developed  by  Tzou  [3]. 
Factors  that  affect  the  output  of  the  segmented  PVDF,  i.e.  thickness  of  the 
PVDF  and  sheU,  the  curvature  of  the  shell,  were  investigated  by  Tzou  and 
Bao  [4].  However,  the  sensors  for  a  pipe  in  both  pieces  of  work  were  not 
discussed  in  the  context  of  a  modal  sensor.  A  modal  sensor  for  an  semi¬ 
infinite  pipe  was  used  in  the  work  of  Fuller  and  Brevart  [5].  Since,  the 
shapes  of  the  modal  sensors  need  to  be  accurate;  otherwise  they  cannot  be 
used  in  an  active  control  system  to  completely  cancel  undesired  modes, 
Callahan  and  Baruh  [6]  preferred  to  use  segmented  PVDF  patches 
(rectangular  shape)  with  the  sensor  output  cancellation  technique. 
However,  this  technique  risks  the  ill-conditioning  of  the  modal  coordinate 
matrix  and  it  takes  some  time  to  converge  to  the  desired  mode.  Therefore, 
the  modal  sensor  for  the  pipe  in  the  work  reported  here  still  uses  the 
PVDF  in  the  form  of  sine  and  cosine  functions,  which  is  a  similar  sensor 
arrangement  to  that  of  Fuller  and  Brevart  [5]. 

To  derive  the  modal  sensor  equation,  it  is  important  to  understand  the 
behaviour  of  a  pipe.  Once  it  is  established,  the  experiment  is  carried  out  to 
verify  this  equation. 

2.  In  vacuo  dynamic  behaviour  of  a  pipe 

For  a  thin  walled  pipe,  structural  waves  propagate  in  the  axial  direction 
along  a  pipe  and  in  a  circumferential  direction  forming  a  helical  pattern 
as  shown  in  figure  1  (Fahy  [7])  where 

i-,0  and  X  vectors  in  the 

asial,  radial  and  tangential  directions, 
respectively.  The  wavenumber  of  the 
helical  wave,  ks,  is  the  vector  combination 
of  the  waveguide  components  in  both 
directions,  the  axial  wavenumber,  kx,  and 
circumferential  wavenumber,  ke,  which 
gives 

ks2  =  kx2  +  ko2 

The  axial  wavenumber  is  thus  given  by 

It  can  be  seen  that  kx  is  only  real  and  hence  propagating  when  ks^  >  ke^. 
Otherwise,  the  wave  is  evanescent.  Due  to  the  closure  of  the  pipe  in  the 
circumferential  direction  the  wave  propagation  must  be  continuous  in  this 
direction,  and  hence  the  circumferential  deformation  takes  the  form  of 
sine  or  cosine  functions  of  kea0,  where  ke  =  n/a,  n  is  the  mode  number,  a  is 
the  radius  of  a  pipe,  0  is  the  azimuthal  angle  and  (j)  is  the  orientation 


a  semi-infinite  cylinder  and 
axial,  circumferential  and 
helical  wavenumbers. 
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angle  (azimuthal  reference  angle).  In  other  words,  two  equally  hehcal 
waves  in  opposite  direction  interfere  in  circumferential  to  form  a  standing 
wave  giving  such  functions  around  the  pipe.  With  the  form  of  such  a 
function  in  the  circumferential  direction  shown  in  figure  2,  at  n=  0  (also 
known  as  the  breathing  mode)  there  is  only  stretching  or  contracting  of 
the  pipe  wall,  while  at  n  =  1  (bending  mode)  and  n  >  2  (lobar  modes),  the 
pipe  cross  section  is  in-extensional. 


Figure  2:  Forms  of  mode  deformation  of  a  pipe. 


Table  1:  Pipe  data 


E(N/m2) 

p  (kg/m3) 

v 

a  (mm) 

h  (mm) 

3.55*109 

1430 

0.4 

33 

1.9 

0.025 

Note  :  E  is  the  Young’s  modulus,  p  is  the  density,  v  is  the  Poisson’s  ratio,  a 
is  the  radius,  h  is  the  thickness  and  r|  is  the  loss  factor. 


With  the  circumferential  mode  shapes  formed  in  the  pipe  wall,  the  lobar 
modes  propagate  with  the  axial  waveguide  with  wavenumber,  kx.  For 
frequency  less  than  the  ring  frequency,  tOr,  the  non-dimensional  axial 
wavenumber,  knb  =kxa,  can  be  obtained  from  the  equation  (Variyart  and 
Brennan  [9]) 


2  +n^)^(k^b  +n^  +0-v^)knb 

(k^b+n^Xk^+n^+l) 


where  Q  =  co/o)r,  =  h2/12a2  and  h 
is  the  thickness  of  the  pipe.  Since 
the  interest  of  this  work  is  the 
propagation  of  the  n=  2  wave, 
only  the  axial  wavenumbers  for 
this  mode  are  presented.  Using 
the  pipe  data  from  Table  1,  the 
real  and  imaginary  wavenumbers 
are  calculated  for  Q  <  1  and  are 
shown  in  figure  3.  Before  the  cut- 
on  frequency,  all  waves  are 
decaying  standing  waves  and  after 
the  waves  cut  on,  there  are  two 


Figure  3:  Dispersion  curve  of  n  =  2 
mode 
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decaying  standing  waves  (b  =  3  &  4)  of  equal  but  opposite  sign  which  was 
first  shown  by  Fuller  and  Fahy  [8],  a  near  field  flexural  wave  (b  =  2)  and  a 
flexural  wave  (b  =  1).  Because  the  decaying  standing  and  near  field  waves 
are  evanescent,  only  the  flexural  wave  can  potentially  propagate.  The 
radial  shell  displacement  w  for  a  semi-infinite  pipe  is  given  by  (Variyart 
and  Brennan  [9]) 

w(s,0, t)=  cos(n0)-i->.2 

n=lb=l 

where  Wn  is  the  radial  amplitude  of  the  n^^  mode,  Xi  =  cos(n(t))  ,  X2  = 
sin(n(|))  and  s  =  x/a. 


3.  Modal  sensor  for  a  pipe 

A  schematic  diagram  of  a 
composite  section  of  a  pipe,  which 
consists  of  an  inner  layer  of  pipe 
and  an  outer  layer  of  sensor,  is 
shown  in  figure  4.  Generally,  the 
mid-surface  of  the  pipe  itself  is 
changed  due  to  increasing 
thickness  firom  a  PVDF,  however 
since  the  distributed  PVDF  sensor 
is  very  thin,  it  is  assumed  that 
the  mid-surface  of  the  pipe  is 
unchanged.  The  assumption,  that 
the  sensor  is  perfectly  bonded  on  the  pipe,  is  also  made  so  that  the  strain 
is  continuously  distributed  through  the  composite  pipe.  It  is  well  known 
that  the  pvDF  sensor  uses  the  direct  piezoelectric  effect,  which  converts 
mechanical  strain  to  an  electrical  charge  (Liee  [10]).  Without  a  skew  angle, 
which  is  the  angle  between  axes  of  the  sensor  and  of  the  pipe,  the  effect  in 
terms  of  an  electric  displacement  may  be  represented  (Lee  [10]  and  Lee 
and  Moon  [1])  as 

D3  =  833E3  +  esiSe  +  e32Sx  •••(!) 

where  Sx  and  Se  are  the  axial  and  circumferential  strains,  respectively,  833 
is  the  permittivity  at  constant  stress  (F/m),  E3  is  the  electric  field  (V/m) 
and  031  and  632  are  the  piezoelectric  stress  constants  (C/m^).  The 
piezoelectric  stress  constants  are  given  by 


Figure  4:  Schematic  diagram  (Not  to 
scale)  of  composite  section  of  a  pipe 


®31 

VpvEpv/(l-v;J 

-^32  _ 

_Vp,Ep,/(l-v^J 

- 1 

> 

CL 

> 

! 

_d32. 

...(2) 


where  Epv  is  Young’s  modulus  of  PVDF  (N/m^),  Vpv  is  Poisson’s  ratio  of 
PVDF,  and  d3i  and  d32  are  the  piezoelectric  strain  constants  (C/N). 
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Following  Flugge's  shell  theory  (Leissa  [11],  Flugge  [12]),  the  axial  (Sx) 
and  circumferential  (So)  strains  at  an  arbitrary  distance  z  from  the  mid¬ 
surface  of  a  pipe  may  be  expressed  in  terms  of  the  pipe  strain  combination 
between  stretching  (extensional  deformation)  and  bending  (in-extensional 
deformation)  strains  of  the  mid-surface  of  the  pipe.  It  is  shown  in  figure  2 
that  the  extensional  deformation  dominates  the  motion  of  the  pipe  for  the 
n  =  0  mode,  while  the  deformation  of  n  =  1  or  higher  modes  is  in- 
extensional  (Flugge  [12]  and  Timoshenko  and  Woinowsky-Krieger  [13]). 
Since  the  main  aim  of  this  work  is  to  develop  a  modal  sensor  for  the  n  =  2 
mode  of  the  pipe,  in  which  the  stretching  strain  is  equal  to  zero,  only  the 
bending  strains  in  the  axial  and  circumferential  directions  represent  the 
motion  of  the  pipe.  Because  one  of  the  conditions  for  in-extensional 


deformation  (Timoshenko  and  Woinowsky-Krieger  [13])  is 


dv 


-w  and  the 


ratio  of  the  thickness  to  the  radius  of  the  pipe  may  be  neglected  in 
comparison  with  unity,  and  hence  the  axial  and  circumferential  strains 
may  be  expressed  as 


S,,  =-z 


and  Sfl  =  — - 


for  n  >  1 


.(3  a,  b) 


In  the  case  that  the  width  of  the  sensor  is  much  smaller  than  the 
wavelength  of  a  propagating  wave,  the  axial  strain  is  approximately 
constant  over  the  width  of  the  sensor.  The  assumption  wiU  be  justified 
later  in  terms  of  the  maximum  width  of  the  sensor.  Assuming  the  strains 
discussed  above,  the  electric  displacement  given  in  equation  (1)  becomes 


-+w 


...(4) 


In  order  to  measure  the  charge  generated  from  the  PVDF  sensor,  a  closed- 
circuit  arrangement  (Lee  [10]  and  Callahan  and  Baruh  [6]),  in  which  the 
surface  electrodes  of  both  sides  of  the  sensor  are  short-circuited,  is 
employed  so  that  the  electric  field  E3  is  zero.  With  such  an  arrangement, 
the  generated  charge  is  approximately  the  average  of  the  electric 
displacement  integrated  over  the  area  of  both  sides  of  the  effective  surface 
electrodes.  So 


q(t)  = 


(ft 


Ap(z— Zo+hpy  /2) 


D3adxd0  + 


lAp(z=Zo-hpv/2) 


D^adxdG  I 


..(5) 


where  Ap  is  the  effective  surface  area  of  the  PVDF,  hpv  is  the  thickness  of 
the  PVDF,  Zo  =  (h  +  hpv)/2  is  the  distance  from  the  mid-plane  of  the  pipe  to 
the  mid-plane  of  the  PVDF. 
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After  some  mathematical  manipulation,  the  generated  charge  in  the 
frequency  domain  of  a  cosine  function  modal  sensor  for  the  n  =  2  mode  is 
given  by 


qc  =47tX,fA2i^W2J,(k2bP3)ej'‘-^‘  +...1...(6) 

V  b=ik2b  b=lK6b  ) 

where  Sc  is  the  central  location  of  a  modal  sensor  normalised  by  the  radius 
of  a  pipe,  pfi,is  the  ratio  of  a  half  of  width  of  the  sensor  to  the  radius  of  the 
pipe,  An  =  zoe3i(n2-l)  and  JmO  is  the  Bessel  function  of  order  m.  The  sensor 
detects  a  series  of  mode  displacements,  which  are  n  =  2,  6,  10  and  so  on.  In 
this  work,  the  investigation  is  up  to  the  n  =  6  mode  because  the  frequency 
range  of  interest  is  below  the  ring  frequency,  in  which  the  maximum  mode 
is  n  =  7  (nr  =  Vl2  a/h;  Fahy  [7]). 


Figure  5:  Cross  sensitivities  of  the  responses  of  the  n  ==  6  mode  to  those  of 
the  n  =  2  mode  for  various  ps  (in  (c)  and  (d),  the  frequency  at  7000  Hz  is 
chosen  only  to  show  a  trend  of  the  response). 

Since  the  responses  of  the  n  =  2  and  n  =  6  modes  depend  upon  ps,  it  is 
therefore  interesting  to  evaluate  the  cross  sensitivity  of  the  n  =  2  sensor, 
which  is  its  response  to  the  n  =  6  mode  to  that  of  n  =  2  mode,  for  various 
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ps.  Using  the  pipe  data  given  in  Table  1,  numerical  assessments  of  the 
cross  sensitivity  in  the  near  and  far  fields  of  an  excitation  force  at  the  fi-ee 
end  of  the  pipe  are  shown  in  figure  5.  As  expected,  the  cross  sensitivity  in 
the  near  field  shown  in  figure  5a  largely  reduces  at  370  Hz  where  the 
waves  of  the  n  =  2  mode  cut  on.  This  does  not  occur  in  the  far  field  because 
there  is  no  motion  of  the  n  =  6  mode  before  it  cuts  on.  Figure  5b  clearly 
shows  that  the  cross  sensitivity  increases  with  increasing  ps.  Using  a 
criteria  of  -20  dB  cross  sensitivity,  it  illustrates  in  figure  5c  and  5d  that, 
with  Ps  up  to  0.4  in  the  near  field  of  the  vibration  source  and  to  0.2  at  the 
far  field,  the  responses  of  the  n  =  6  modes  are  insignificant.  So,  equation 
(6)  can  be  reduced  to  the  first  term,  which  is  the  response  of  the  n  =  2 
mode.  To  simplify  it,  the  Bessel  function  of  first  order  can  be  expanded  as 
(Arfken  [14]) 

J 1  (k  2  b  P  s )  =  • 

2  2^2!  2^2!3! 

where  !  is  the  factorial.  If  the  product  of  k2bbs  is  less  than  unity,  then 
higher  orders  can  be  ignored.  Having  the  maximum  wavenumber  of  the  n 
=  2  mode  at  the  ring  frequency  shown  in  figure  3  equal  to  approximately 
6,  Ps  should  be  less  than  0.16  to  satisfy  the  above  requirement.  Hence,  the 
generated  charge  becomes 

=27t?i,p,Zoe3|(n^ for  n  =  2  ...(7) 

b=l 


Since  ps  =  pw  /2a,  where  pw  is  the  width  of  the  modal  sensor,  and  the  non- 
dimensional  wavenumber  of  the  n  =  2  mode  at  the  ring  frequency  k2b  = 
27Ta/^2r,  where  A.2r,  is  the  wavelength  of  the  n  =  2  wave  at  the  ring 
frequency,  the  criterion  for  determining  the  width  of  the  sensor  is  thus 
given  by 


Since  only  the  flexural  wave  can  potentially  propagate,  it  means  that,  if 
the  width  of  the  modal  sensor  is  less  than  one  third  of  the  wavelength  of 
the  n  =  2  flexural  wave  at  the  ring  frequency,  it  only  senses  the  response 
of  the  n  =  2  mode.  This  width  formula  of  the  modal  sensor  for  the  pipe  is 
similar  to  that  done  by  Gu  et  al  [2],  who  evaluated  it  for  a  flat  plate. 

Because  the  orientation  of  the  wave  is  unknown,  the  sine  shaped  modal 
sensor  is  also  required.  To  derive  its  modal  sensor  equation,  the  same 
procedure  to  obtain  the  expression  of  the  generated  charge  for  the  cosine 
function  shape  is  apphed  and  it  is  given  by 

=27tX2PsZ„e3i(n^ for  n  =  2  ...(8) 

b=l 
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The  total  generated  charge,  qt,  for  a  mode  with  an  arbitrary  orientation 
can  be  obtained  by  combining  the  amplitude  from  both  sine  and  cosine 
shaped  sensors  in  terms  of  the  square  root  of  the  sum  of  the  squares  and 
is  given  by 

4 

q,  =27tp5Z<,e3,(n^ for  n  =  2  ...(9) 

b=I 

The  orientation  angle  can  be  determined  as 


[M 

1  -1 
=  — tan 

l^i  J 

1  n 

k.qc ) 

...(10). 


With  a  radial  excitation  force  applied  at  the  end  of  the  pipe,  the  measured 
responses  of  the  modal  sensor  are  in  the  form  of  the  transfer  function, 
Coulomb/  Newton.  Now,  the  amplitude  of  the  n^^  circumferential  mode, 
Wn,  of  a  semi-infinite  pipe  is  given  by  (Variyart  and  Brennan  [9]) 


b=l 


27103  ^pha^ 


b=l 


...(11) 


where  Sn  =  1  for  n  =  0  and  Sn  =  2  for  n  >  1,  Fo  is  the  amphtude  of  the 
excitation  force  and 


Ak=- 


(k^b+n^)' 


4k„ 


2P^(k^,  ■ 


■n'Xk^t 


+  n^  -l)(k^t,' 


-v2)k:b-n'(k^b 


+  n  ^  +  — ) 
2 


Hence,  by  combining  equation  (8)  and  (11)  the  transfer  functions  of  the  n 
=  2  sine  and  cosine  shaped  modal  sensors  are  given  by 


z  .  and 


03^pha^  b=! 


qs  _  j6^2PsZoe3ifl‘  ^  ^ 


a3^pha^  b=i 


...(12  a,b) 


Using  equation  (9)  and  equation  (12a,  b),  the  total  transfer  function  is 
given  by 


Tl 

Fo 


j6p,Zoe3iQ-  4 

2  .  2  2-^b® 

CO  pha  b=i 


...  (13) 
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4.  Experimental  Setup  and  Procedure 

Experimental  work  was  conducted  to  calidate  the  theory  presented  in 
section  2  and  3.  Modal  sensors  were  fabricated  by  cutting  52  pm  thick 

PVDF  in  the  shape  of  a  sine  _  _ 

function  with  ps  =  0.009  d32| 

approximately  (both  sine  and  Patch  i  Patch  2  Patch  3 

cosine  function  modal  sensors  6:  Arrangement  of  modal  sensor 

are  the  same  but  there  are 

placed  at  a  90®  circumferential  angle  to  each  other  on  the  pipe,  which  is 
similar  arrangement  to  Fuller  and  Brevart’s  experiment  work  [5]).  The 
poling  of  the  patches  is  arranged  as  shown  in  figure  6  and  they  were 
electrically  connected  together.  Since  the  PVDF  sheet  has  piezoelectric 
strain  constants,  dsi  =  23*10*^2  m/y  ^nd  d32  =  3*  10-^2  y^^ith  Epv  =  2*10® 

N/m^  and  Vpv  =  1/3,  then  the  piezoelectric  stress  constants  are  esi  =  54*10*® 
C/m^  and  032  =  24*10*®  C/m^.  A  schematic  diagram  of  the  experimental 
setup  is  shown  in  figure  7.  The  2.7  m  plastic  pipe,  whose  properties  are 
given  in  Table  1,  was  suspended  by  cords.  It  was  free  at  one  end  and  had 
an  anechoic  termination  at  another  end  to  ensure  that  its  behaviour  was 
as  a  semi-infinite  pipe,  which  was  confirmed  by  the  experiment  work  done 
by  Variyart  and  Brennan  [9].  Both  modal  sensors  shaped  as  sine  and 
cosine  functions  were  placed  close  together,  300  mm  and  310  mm 
respectively  from  the  excitation  point.  The  pipe  was  excited  at  the  free  end 
by  a  small  shaker,  which  was  driven  by  a  random  signal  supplied  by  an 
HP  3566A  Signal  Analyzer. 


Figure  7:  Experimental  setup  for  evaluation 
of  the  modal  sensor. 


5*  Results  and  Discussion 

The  total  response  of  the  n  =  2  modal  sensor,  which  is  shown  in  figure  8, 
agrees  reasonable  well  with  the  theory  except  at  low  frequencies,  where 
the  pipe  behaves  as  a  mass.  Other  discrepancies  between  the  predicted 
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of  Transfer  function  ( pC/N) 


and  measured  results  may  also  be  due  to  inaccuracy  in  the  shapes  of  the 
modal  sensors  and  the  significant  response  of  the  pipe  at  the  cut-on 
frequencies  of  other  modes,  where  there  are  large  reflected  waves. 

Before  the  waves  cut  on,  the  pipe  has  very  small  displacements,  so  the 
orientation  angle  of  the  pipe  of  13®  shown  in  figure  9  was  determined  from 
equation  (10)  after  the  wave  cut  on  at  about  370  Hz. 


Figure  8:  Amplitude  of  the  total  Figure  9:  Orientation  angle  of  the 

response  measured  by  the  modal  pipe  with  respect  to  the  force 

sensors;  “measured  result;  ---  position 

equation  (13) 


6.  Conclusions 

This  paper  has  described  a  theoretical  and  experimental  investigation  into 
a  modal  sensor  for  the  n  =  2  mode  of  a  pipe.  Based  on  Flugge's  shell 
theory,  the  relationship  between  the  charge  generated  from  a  PVDF 
sensor  and  the  combination  of  the  axial  and  circumferential  bending 
strains  has  been  estabUshed  for  the  case  of  in-extensional  deformation.  By 
using  the  Bessel  function  to  describe  the  pipe  strains  induced  on  the 
surface  of  a  modal  sensor,  it  was  found  that  the  modal  sensor  is  sensitive 
to  higher  order  modes  as  well  as  the  n=2  mode.  This  is  because  the 
circumferential  strain  is  coupled  with  the  axial  strain  via  the  Poisson’s 
ratio  of  the  pipe.  If  the  axial  strain  over  the  surface  of  the  modal  sensor  is 
not  constant,  the  higher  order  modes  can  be  detected  by  the  sensor.  The 
cross -sensitivity  is  dependent  upon  the  ratio  of  one  half  of  the  modal 
sensor  width  to  the  radius  of  the  pipe  (ps).  However,  if  ps  is  small  enough 
to  keep  the  axial  strain  constant  over  its  surface,  the  modal  sensor  will 
only  be  sensitive  to  the  circumferential  bending  strain  of  the  pipe  so  that 
it  is  only  sensitive  to  the  n  =  2  mode.  This  means  that  the  performance  of 
the  modal  sensor  in  detecting  only  the  n  =  2  mode  increases  with  the 
decrease  of  its  sensitivity  because  of  its  surface  area  reduced.  It  is  found 
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that  to  keep  the  axial  strain  of  n  =  2  mode  constant  over  the  frequency 
range  of  interest,  the  width  of  the  modal  sensor  has  to  be  less  than  one 
third  of  the  wavelength  of  the  n  =  2  flexural  wave  at  the  ring  frequency 
and  hence  it  only  senses  the  response  of  the  n  =  2  mode. 
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ABSTRACT 

A  Lagrange-Rayleigh-Ritz  (LRR)  model  of  a  mass  loaded  satellite  panel 
is  developed  to  enable  the  effect  of  structural  imcertainties  on  the 
stability  of  an  active  control  system  to  be  studied.  The  control  is 
achieved  via  piezoelectric  sensors  and  actuators  and  these  elements  are 
incorporated  within  the  model.  The  effect  of  structural  uncertainties  is 
investigated  via  the  Monte-Carlo  method,  and  also  via  the  FORM  (First 
Order  Reliability  Method)  approach  to  reliability  assessment.  Good 
agreement  between  the  two  methods  is  reported  for  an  example  system 
in  which  the  Linear  Quadratic  Gaussian  (LQG)  control  algorithm  is 
employed,  and  the  relative  efficiency  of  the  FORM  approach  is 
highlighted. 


1.  INTRODUCTION 

Sensitive  equipment  on  board  spacecraft  must  often  be  moimted  on 
structural  panels  where  vibrations  are  induced  by  the  fimctioning  of 
other  equipment.  Microgravity  experiments  or  accurately  targeted 
optical  instruments  are,  in  fact,  frequently  mounted  on  panels  where 
reaction  wheels,  crycoolers  and  other  subsystems,  act  as  vibration 
sources  [l].  A  typical  satellite  structure  is  subjected  to  vibration 
disturbances  [2]  at  frequencies  ranging  from  1  -1000  Hz  arising  from 
items  such  as  reaction  wheels,  gyroscopes,  thrusters,  and  electric 
motors,  and  passive  damping  technology  is  often  not  an  efficient  or 
even  a  feasible  way  of  reducing  the  induced  vibration  to  acceptable 
levels.  For  this  reason  there  has  been  much  interest  in  the  use  of  active 
vibration  control  systems.  The  current  paper  is  concerned  with  aspects 
of  such  an  active  control  system  for  an  equipment  loaded  satellite 
panel. 
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Active  feedback  control  of  vibrations  (both  on  spacecraft  and 
more  general  systems)  has  attracted  much  attention  in  recent  years  [3], 
and  much  effort  has  been  expended  in  the  development  of  effective 
and  robust  control  algorithms  [4].  The  need  for  robustness  arises  from 
the  uncertainties  which  inevitably  occur  in  a  mathematical  model  of  a 
real  system.  Such  uncertainties  may  arise  from  modelling  errors,  or 
more  fundamentally  from  a  lack  of  knowledge  of  the  detailed 
properties  of  the  system,  such  as  material  constants,  dimensions,  and 
boundary  conditions.  Control  engineers  represent  such  effects  as 
either  structured  or  unstructured  uncertainties,  and  modern  control 
algorithms  are  intended  to  maintain  robustness  and  stability  under 
such  perturbations.  It  can  often  be  difficult  to  confirm  that  the  control 
system  does  in  fact  perform  well  under  realistic  perturbations,  due 
mainly  to  the  lack  of  a  suitable  model  for  the  exploration  of  these 
effects.  Such  a  model  is  presented  here  for  an  actively  controlled 
satellite  panel. 

The  authors  have  previously  developed  an  efficient  Lagrange- 
Rayleigh-Ritz  (LRR)  model  [5]  of  a  mass  loaded  panel  that  is  actively 
controlled  through  the  use  of  piezoelectric  patches  as  both  sensors  and 
actuators.  When  compared  to  the  conventional  Finite  Element  Method 
(FEM)  [6]  of  structural  modelling,  the  LRR  approach  requires  relatively 
few  degrees  of  freedom  while  retaining  the  essential  physical 
characteristics  of  the  real  system.  Thus  the  LRR  approach  provides  a 
convenient  way  of  assessing  various  control  algorithms  and  strategies. 
Furthermore,  it  is  shown  in  the  present  paper  that  the  model  enables 
statistical  studies  of  the  effects  of  uncertainties  in  the  system 
properties.  The  model  can  be  used  in  conjunction  with  Monte-Carlo 
simulations  to  estimate  the  probability  of  an  unstable  plant,  or 
alternatively  the  FORM  [7]  (First  Order  Reliability  Method)  approach 
can  be  used  to  yield  a  more  efficient  (albeit  more  approximate) 
estimate  of  this  probability.  Each  method  is  illustrated  here  by 
application  to  a  Linear  Quadratic  Gaussian  (LQG)  controller. 

2.  MATHEMATICAL  MODEL 

In  this  work,  attention  is  restricted  to  a  mass  loaded  panel  which  is  an 
acceptable  compromise  between  problem  complexity  and  the  need  to 
gain  useful  insights  as  to  the  benefits  (and  limitations)  of  linear  active 
control  schemes.  A  schematic  diagram  of  the  arrangement  considered 
is  shown  in  Figure  1,  where  the  equipment  mounted  on  the  panel  is 
modelled  as  lumped  masses  and  the  disturbances  as  point  forces.  The 
sensors  and  actuators  for  the  active  control  system  to  be  designed  and 
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implemented  are  twin  patches  of  piezoelectric  material  [8]  bonded  onto 
opposite  faces  of  the  panel.  Figure  2. 


Figure  2:  Piezoelectic  patch  and  panel  deformation 


The  Lagrange  Rayleigh  Ritz  (LRR)  procedure  used  to  model  this 
system  is  based  on  Lagrange's  equations  of  motion  which  in  the 
general  case  take  the  form: 


d 

dt[aq,  I 


dq, 


=  Q. 


(1) 


Here  T  and  U  are  the  kinetic  and  potential  energies  of  the 
system,  and  and  are  respectively  the  i-th  generalised  co-ordinate 
and  generalised  force.  In  this  case  the  kinetic  energy  and  potential 
energy  (elastic  and  electric)  can  be  expressed  as 
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(2a,b) 


T  =  Tp,+T,^+Tp, 

^  ^P^elast  ^P^clastclcct  ^P^elecl 


where  Tp,  ,  T,^  and  Tp^  are  respectively  the  kinetic  energy  of  plate, 
lumped  masses  and  piezoelectric  patches,  Upj  is  the  elastic  energy 
stored  in  the  plate,  is  the  elastic  energy  stored  in  the  piezoelectric 
patches,  Up^  represents  the  additional  energy  due  to  the  voltage 
driven  piezoelectric  effect,  and  Up^  is  the  electric  energy  stored  due 
to  the  dielectric  characteristics  of  the  piezoelectric  material. 

The  displacement  field  (out-of-plane  displacement  w)  is 
described  as  a  superposition  of  shape  functions  (consisting  of  the 
first  Nm,Nn  modes  of  the  bare  panel),  multiplied  by  the  time 
dependent  modal  co-ordinates 

Nm  Nn 

w(x,y,t)  -  (X,  „  (t)  -  s'i))  (3) 

m=l  n=l 


where  the  Nm^Nnxl  column  vectors  s  and  <|)  contain  the  shape 
functions  and  modal  co-ordinates,  respectively. 

The  external  excitation  consists  of  N/ point  forces  F  acting  on  the 
panel  at  arbitrary  locations,  and  therefore  the  generalised  forces  will 
have  the  form: 


Nf 


j=i  50, 


or 


Sff 


(4) 


where  f  is  the  Nfxl  column  vector  of  forces  and  is  a  matrix  whose 
columns  are  the  modal  shape  vectors  s/  evaluated  at  corresponding 
force  locations. 

It  is  now  necessary  to  compute  each  of  the  terms  in  (2),  starting 
with  kinetic  energies.  Each  of  these  can  be  calculated  using  standard 
formulae  [9],  and  their  final  forms  in  terms  of  the  corresponding  inertia 
matrices  are: 


(5a,b,c) 

The  potential  energy  of  the  system  is  stored  as  the  elastic  energy 
of  the  plate  and  the  elastic /electric  energy  of  the  piezoelectric  patches. 
For  the  plate,  using  standard  formula: 
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(6) 


Up.=^(t)'K,,(t) 


where  K  .  is  the  plate  stiffness  matrix: 


pi 

fff  E„,z^ 


+  .  .  _  ,  ++2v  ■-;  -  ,  +2(l-v) 


2„ 


dx^  dxr  (9y 


dxJ-  dy^ 


dxdy  dxdy 


pxdydz 

(7) 


By  using  the  same  procedure  for  the  piezoelectric  patches  it 
follows  that 


U 


elast 


elast 


(8) 


where  is  the  stiffness  matrix  associated  with  the  patches,  which  is 
fully  populated. 

The  additional  stress  which  arises  in  the  i-th  piezoelectric  patch 
when  an  electric  field  e  is  applied  across  the  material,  can  be  expressed 
as: 


^elect 


^  y elect  j 


(9) 


Here  and  d^,^  are  the  piezoelectric  constants  of  the  material, 
which  is  assumed  to  have  pole  direction  z  perpendicular  to  the  plate. 
This  additional  stress,  multiplied  by  the  assumed  stain,  defines 
Upzeiasteieci'  wluch  Can  bc  calculated  by  substituting  (9)  into  the 
expression: 


=|JJ|  dxdydz 

pz 


(10) 


where  pz  denotes  the  piezoelectric  patches.  Therefore  it  is  possible  to 
write  the  elastoelectric  potential  energy  stored  in  the  Np  patches  as: 


U 


P^^elastelect 


P^clastelccl 


(11) 


where  v  is  the  column  vector  which  contains  the  Np  patch  voltages. 

Also  the  energy  stored  in  the  piezoelectric  material  as  electric 
energy  can  be  expressed  as: 
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(12) 


Upz,..  =JJJ^e^fdxdydz 

P2,  ^ 

where  e  is  the  electric  field  and  d  is  the  electrical  displacement 
(charge /area).  For  each  patch  the  electrical  displacement  is 

^i=epziP|v  (13) 


where  is  the  dielectric  constant  of  the  piezoelectric  material  of  the  i- 
th  patch  and  and  p.  is  a  vector  with  1/hp^,  in  the  position  of  the  i-th 
piezoelectric  patch  and  zeros  in  all  the  other  positions.  Hence,  an 
equivalent  expression  for  the  stored  electric  energy  is 


U 


elect 


P^eletl 


V 


(14) 


where  the  elements  of  the  matrix  are  the  capacitances  of  the 

piezoelectric  patches. 

All  the  energy  terms  are  now  available  as  functions  of  the 
generalised  co-ordinates  <t)  and  v.  Hence  it  is  a  straight  forward  task  to 
apply  Lagrange's  equations  of  motion  (1)  to  yield: 


(M„+M„  +  M„)*+(K„  +  K,.,_)|,  +  jr;_v  =  Q 


K 


d)+K  v: 

:t  ^  pitted 


{15a,b) 


Equation  (15a)  results  from  differentiating  the  energy  terms 
with  respect  to  the  modal  co-ordinates  <|)  and  (15b)  by  differentiating 
these  terms  with  respect  to  the  voltages  v.  This  procedure  has  assumed 
that  all  modal  co-ordinates  and  voltages  are  degrees  of  freedom  of  the 
system.  In  the  case  when  all  patches  act  as  actuators,  their  voltages  v^ 
are  externally  driven  and  hence  equation  (15b)  is  redundant.  If  all 
patches  are  to  be  used  as  sensors  equation  (15b)  can  be  used  to  write  an 
expression  for  the  voltages  as  a  function  of  the  modal  co-ordinates. 
This  expression  can  then  be  substituted  into  equation  (15a)  to  produce 
a  complete  set  of  equations  in  the  unknown  <|).  The  most  general  case 
arises  when  some  of  the  patches  act  as  actuators  and  others  as  sensors, 
and  it  is  necessary  to  partition  the  matrix  elastelect  to  separate  out 
actuator  and  sensor  contribuhons.  To  do  this,  let  and  be  the  sub 
vectors  of  the  voltages  at  the  actuators  and  sensors  respectively,  and 
denote  the  corresponding  partitions  of  the  matrix  Kp^  elastelect  by  Kp^^ 
elastelect  and  Kp^^  elastelect  respectively.  Then  equation  (15a)  can  be 
rewritten  as 
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M0  +  C,<P  +  (k,^  +  V,  +  s;/  (16) 

where  all  the  inertia  elements  are  included  in  the  matrix  M  and  the 
stiffness  due  to  the  elasticity  in  Also 

1^  _  _ t  TT^  /-I  rrx 

^PZS  *“  '^PZSdas.rlcc.^PZSeiecl^PZWelcc. 


represents  the  contribution  to  the  stiffness  from  the  piezoelectric 
energy  stored  in  the  patches  acting  as  sensors,  where  is  the 

partition  of  Kp^  corresponding  to  the  sensors.  The  presence  of  the 
term  also  shows  that  damping  has  been  introduced  into  the  overall 
system. 

Extensive  verification  of  this  modelling  technique  has  been  done 
by  comparing  the  results  produced  with  those  obtained  by  modelling 
the  same  mass  loaded  panel  using  the  FEM.  Complete  details  of  this 
verification  can  be  found  in  [5]. 


3.  CONTROL  SYSTEM 


The  mathematical  model  developed  in  the  previous  section  can  be 
written  in  state  space  form  to  provide  a  standard  mathematical  basis 
for  control  studies  [10].  The  model  in  its  final  form  is: 

X  =  Ax  +  ByVa+Bf  f 

(18a,b,c) 

Worn  =CwX 
where: 


0 

I 

0 

0 

X  = 

A  = 

B  = 

B,  = 

rM-‘(K,us+Kp^) 

1 

P 

V 

=  oj  =  oj  (19  a,b,c,d,e,f) 

w„„,  is  the  output  displacement  vector  and  is  the  vector  of  the  mode 
shapes  evaluated  at  the  output  location.  Given  this  state  space 
description,  it  is  possible  to  design  a  controller  whose  objective  is  to 
minimise  the  displacement  at  a  specified  point  on  the  panel  in  the 
presence  of  point  force  disturbances  acting  at  other  location(s).  The  aim 
of  the  controller  is  the  minimisation  of  the  performance  index: 
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(20) 


J  =  j(Wou,‘QWou,  +  v/RvJdt 
0 

where  Q  (positive  semi  definite)  and  R  (positive  definite)  are 
weighting  matrices  of  compatible  dimensions  to  be  selected  by  the 
designer.  Appropriate  selection  of  the  entries  in  the  weighting  matrices 
Q  and  R  allows  a  balance  between  minimisation  of  the  output  of  the 
plant  (which  is  our  main  objective),  and  the  minimisation  of  the 
control  effort.  The  strength  of  the  actuators  as  well  as  the  power 
available  for  their  functioning  will  in  fact  be  limited  (in  any  real 
application)  and  there  is  nothing  to  be  gained  in  designing  for  a 
performance  level  which  can  be  achieved,  in  theory,  using  the  control 
system,  if  the  result  is  an  unrealistic  control  effort. 

In  practice  the  design  of  the  controller  is  performed  by  solving 
an  LQG  problem,  and  once  a  satisfactory  controller  has  been  designed 
by  this  method  it  is  applied  to  the  actual  plant.  The  frequency  response 
of  the  plant  with  and  without  control  is  shown  in  Figure  3. 


Frequency  (Hz) 

Figure  3:  Frequency  response  to  IN  input  disturbance  force  for 
nominal  plant  with  and  without  active  control 

4.  MONTE-CARLO  SIMULATIONS 

As  mentioned  in  the  earlier  sections,  the  physical  properties  of  an 
engineering  system  can  be  subject  to  a  degree  of  uncertainty.  In  the 
present  case  the  material  properties  of  piezoelectric  patches  and  panel, 
could  differ  from  the  nominal  design  values.  The  panel  boundary 
conditions  may  differ  from  the  ideal  simple  supports  which  are 
assumed  in  the  present  analysis.  Also  the  panel  dimensions,  and  the 
locations  of  the  piezoelectric  patches  are  subject  to  a  certain  degree  of 
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uncertainty.  In  this  work,  variation  in  the  system  dimensions  is 
intended  to  make  an  allowance  for  uncertainties  in  the  boundary 
conditions  as  well  as  uncertainties  in  the  actual  dimensions,  since  both 
these  factors  produce  changes  in  the  natural  frequencies  and  mode 
shapes.  It  is  of  interest  to  study  the  effect  of  these  imcertainties  on  the 
performance  of  an  active  controller  which  has  been  designed  on  the 
basis  of  the  nominal  plant,  and  this  issue  is  addressed  in  the  present 
section  via  Monte  Carlo  simulations.  The  statistical  properties  of 
various  physical  parameters  have  been  specified,  and  these  properties 
have  then  been  used  in  conjunction  with  a  random  number  generator 
to  produce  an  ensemble  of  structures.  By  applying  an  active  controller 
(designed  on  the  basis  of  the  nominal  system)  to  each  member  of  the 
ensemble,  it  is  possible  to  determine  the  probability  of  an  unstable 
system. 


5.  FORM  ANALYSIS 

The  Monte-Carlo  technique  described  in  the  previous  section  tends  to 
be  computationally  intensive,  since  a  large  ensemble  of  random  plants 
needs  to  be  analyzed  to  ensure  a  statistically  accurate  result, 
particularly  when  the  probability  of  an  unstable  plant  is  relatively  low. 
An  alternative  approach  is  to  employ  the  FORM  (First  Order  Reliability 
Method)  approach,  in  which  the  xmcertain  parameters  (the  system 
dimensions,  damping  etc)  are  considered  to  be  components  of  a  vector 
X,  and  the  'safety'  of  the  system  is  described  by  a  function  referred  to 
as  the  'safety  margin'  ^(X)  [7].  The  system  is  considered  to  have  failed 
if 

5(X)<0.  (21) 

In  the  present  application  g{X)  can  be  taken  to  be  the  negative  of  the 
real  part  of  the  least  stable  pole.  The  "exact"  probability  of  failure  is 
given  by  the  integral  of  the  joint  probability  density  function  of  X  over 
the  failure  region.  In  general  this  integral  is  a  very  difficult  quantity  to 
compute,  due  to  the  fact  that  X  can  be  of  high  dimension  and  g(X)  can 
have  a  complex  geometry.  The  FORM  approach  seeks  an  approximate 
probability  of  failure  by  transforming  the  variables  X  to  a  set  of 
uncorrelated  Gaussian  variables  Z,  each  of  which  has  zero  mean  and 
urtit  standard  deviation.  The  probability  of  failure  is  then  estimated  as 
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Pf=<t>{-I3), 


{22a, h) 


)3'=min{Z^Z|  g(X)  =  0} 


where  O  is  the  cumulative  normal  distribution  function.  Geometrically, 
P  is  the  shortest  distance  between  g{Z)  and  the  origin,  as  shown  in 
Figure  4.  Equation  (22a)  is  exact  if  the  safety  margin  g(Z)  is  a  linear 
function;  otherwise  the  result  is  an  approximation  which  is  based  upon 
linearising  the  safety  margin  about  the  point  of  closest  approach  to  the 
origin.  Equation  (22b)  represents  a  constrained  optimisation  problem, 
which  can  be  solved  numerically  providing  g(X)  can  be  evaluated  for  a 
specified  value  of  X  -  the  present  LRR  approach  provides  an  efficient 
way  of  doing  this. 


The  nominal  system  considered  is  the  simply  supported  mass 
loaded  aluminium  panel  (305mm  by  203mm  with  thickness  1.52mm) 
shown  in  Figure  1,  with  piezoelectric  patches  acting  as  sensors  and 
actuators,  full  details  can  be  found  in  reference  4.  The  panel  length, 
breadth,  and  thickness  have  been  taken  to  be  Gaussian  random 
variables  with  standard  deviations  of  respectively  0.33mm,  0.33mm, 
and  0.066mm.  The  damping  has  also  been  taken  to  be  random,  with  a 
standard  deviation  of  3%  of  the  nominal  value.  It  can  be  noted  that  the 
relatively  large  variation  in  the  system  dimensions  is  intended  to  make 
an  allowance  for  uncertainties  in  the  boundary  conditions  as  well  as 
uncertainties  in  the  actual  dimensions. 

In  the  Monte  Carlo  simulations,  an  ensemble  of  1700  plants  was 
considered,  and  it  was  found  that  20  were  unstable,  giving  a  failure 
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probability  of  0.0118.  The  poles  yielded  by  a  sample  of  550  of  the 
simulations  are  shown  in  Figure  5;  the  poles  of  both  the  controlled  and 
the  uncontrolled  plant  are  shown  in  the  figure.  It  can  be  seen  that  some 
of  the  poles  of  the  controlled  plant  have  a  very  high  degree  of 
variability,  e.g.  pole  number  18  becomes  unstable,  for  some  perturbed 
plants. 

The  FORM  analysis  yielded  )3=2.27,  which  corresponds  to  a 
failure  probability  of  around  0.012.  The  failure  point  (i.e.  the  point 
satisfying  equation  (34))  lies  on  the  portion  of  g(X)  that  is  associated 
with  pole  18,  and  thus  both  the  probability  of  failure  and  the  mode  of 
failure  are  in  good  agreement  with  the  Monte  Carlo  results.  This 
analysis  required  a  small  fraction  of  the  computer  time  needed  for  the 
Monte  Carlo  studies  (typically  30  to  60  calls  to  the  function  g(X)),  and 
thus  the  combination  of  FORM  with  the  present  LRR  modelling 
technique  provides  a  very  efficient  method  of  studying  the  robustness 
properties  of  an  active  control  system. 


Figure  5:  Poles  of  the  plant  (x  open  loop,  +  closed  loop). 
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7.  CONCLUSIONS 


The  present  paper  has  presented  a  mathematical  model  of  an  actively 
controlled  mass  loaded  spacecraft  panel,  which  was  then  used  to 
investigate  the  robustness  of  the  active  control  system.  The 
mathematical  model  captures  the  essential  physics  of  the  system  in  a 
realistic  way,  while  avoiding  the  use  of  an  excessive  number  of  degrees 
of  freedom.  The  efficiency  of  the  model  is  such  that  various  control 
strategies  can  rapidly  be  assessed,  and  furthermore  it  is  feasible  to 
perform  Monte-Carlo  simulations  to  investigate  the  effect  of  random 
perturbations  in  the  system  properties.  Furthermore,  FORM  can  be 
employed  to  yield  an  even  more  efficient  assessment  of  the  system 
robustness.  The  results  reported  here  are  of  a  preliminary  nature  and 
are  designed  to  illustrate  the  methodology  rather  than  provide  a 
definitive  assessment  of  a  particular  controller  for  a  specific  system. 
The  present  approach  can  clearly  aid  control  system  design  both  in 
terms  of  algorithm  development  and  in  the  application  of  an  algorithm 
to  a  specific  system. 
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ABSTRACT 

Rolling  noise  from  railways  is  produced  by  vibrations  of  both  the  v^eel  and  the 
track.  A  promising  means  to  reduce  the  component  of  noise  radiated  by  the  track  is  to 
increase  the  damping  experienced  by  the  rail.  This  reduces  the  length  over  vdiich 
vibrations  are  transmitted  along  the  rail  and  thereby  the  noise  radiated.  To  achieve  this, 
a  tuned  mass-spring  absorber  system  has  been  designed.  To  cover  a  wide  range  of 
frequCTicies,  multiple  tuning  frequencies  are  used  along  with  a  material  with  a  high  loss 
factor.  Suitable  materials  have  been  found  from  tests  on  samples  and  prototypes  of  the 
damper  have  be^  built  and  tested,  both  in  the  laboratory  and  in  the  field.  Results  are 
very  promising  with  reductions  of  the  track  component  of  noise  of  the  order  of  6  dB. 

1.  INTRODUCTION 

The  most  important  source  of  environmental  noise  from  railway 
operations  in  many  countries  is  rolling  noise.  Even  where  locomotive  noise  or 
warning  horns  produce  higher  maximum  levels,  the  longer  duration  associated 
with  the  rolling  noise  of  the  rest  of  the  train  means  that  it  remains  a  very 
important  source  for  the  overall  average  level.  The  usual  counter-measure 
adopted  in  recent  years  is  to  install  high  noise  barriers  alongside  the  track. 
These  are  costly  and  intrusive.  Reduction  of  noise  at  the  source  can  be  more 
attractive,  but  this  requires  a  thorough  understanding  of  the  mechanisms, 

RoUing  noise  is  generated  by  the  excitation  of  the  wheels  and  track  by  the 
combined  roughness  of  their  running  surfaces.  The  vibration  response  of  the 
wheels,  the  rails  and  the  sleepers  beneath  them  all  contribute  significantly  to  the 
overall  spectrum  of  noise.  The  relative  importance  of  these  different  sources 
depends  on  the  design  of  wheels  and  track,  the  roughness  spectrum  and  the 
speed  of  the  train.  In  many  situations  the  rail  is  the  greatest  overall  source.  A 
theoretical  model,  'TWINS’,  for  the  generation  of  this  noise  has  been  available 
for  some  time  [1,2].  This  has  led  to  the  investigation  of  a  number  of  noise- 
reducing  technologies.  This  paper  describes  the  development  and  testing  of  a 
rail  damping  device  for  reducing  the  vibration  of  the  rail. 

Figure  1  shows  a  typical  one-third  octave  band  spectrum  of  the  sound 
power  predicted  for  a  single  wheel  and  the  associated  track  vibration.  This 
prediction  is  for  a  train  speed  of  100  km/h  and  a  roughness  spectrum  for  tread- 
braked  rolling  stock,  which  are  typical  for  freight  traffic  in  Europe.  In  this  case, 
the  sleeper  is  the  dominant  source  of  noise  below  400  Hz  and  the  wheel  is  the 
major  source  in  the  1600  Hz  band  and  above.  Overall  the  rail  is  the  greatest 
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source  here,  being  responsible  for  the  broad  peak  in  the  spectrum  from  the 
500  Hz  to  the  2000  Hz  band.  This  also  coincides  with  the  peak  in  the 
roughness  excitation.  It  can  be  seen  that  the  sound  radiation  from  the  vertical 
vibration  of  the  rail  is  greater  than  that  from  the  lateral  component. 


Total 
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=  112.8  dB(A) 
=  106.3  dB(A) 


.  =110.6dB(A) 

Rail  vertical 

-  =  104.2  dB(A) 

Rail  lateral 

X - X  =  99.6  dB(A) 

Sleeper 


Frequency  [Hz] 


Figure  1.  Predicted  rolling  sound  power  generated  per  wheel  for  a  standard 
920  mm  freight  wheel  running  on  a  standard  track  at  100  km/h. 


For  the  noise  from  the  track,  it  has  been  shown  that  the  stiflBiess  of  the 
rail  pads,  located  between  the  rail  and  sleepers,  has  a  strong  influence  on  the 
levels  of  noise.  It  controls  the  balance  of  the  vibration  response  of  the  rail  and 
sleeper  and  the  rate  of  decay  of  vibration  along  the  rail  [3, 4].  The  sound  power 
produced  by  the  rail  in  a  particular  frequency  band  is  inversely  proportional  to 
the  decay  rate  A  in  dB/m,  since  a  high  decay  rate  implies  a  short  radiating 
length.  An  optimum  stiffness  of  rail  pad  exists  at  which  the  rail  and  sleeper 
components  of  sound  are  equal.  However,  this  is  very  stiff  compared  to  the  pad 
stiffiiesses  now  commonly  adopted.  Low  stiffness  pads  have  become  standard 
in  the  rail  industry  as  they  reduce  high  frequency  forces  transmitted  to  the 
sleepers  and  to  the  ballast.  This  reduces  track  component  damage  and  the 
tamping-related  costs  of  track  maintenance.  Furthermore  there  is  evidence  that 
such  stiff  pads  may  be  counter-productive  for  noise  by  leading  to  an  increase  in 
the  roughness  of  the  rail  head. 

The  starting  point  for  reducing  the  rail  noise  has  therefore  been  taken  as  a 
typical  ballasted  track  with  UIC  60  rails,  monobloc  concrete  sleepers  and  a  rail 
pad  stiffiaess  of  200  MN/m  per  pad.  The  spectra  presented  in  Figure  1  have 
been  calculated  for  this  track.  A  preliminary  study  showed  that  constrained 
layer  damping  treatments  would  only  be  effective  above  2  kHz.  In  order  to 
obtain  high  damping  of  the  rail  at  lower  frequencies,  a  damped  mass-spring 
absorber  system  has  been  considered.  An  initial  parameter  study  is  used  to 
show  its  effectiveness  and  to  identify  the  optimal  configuration.  This  is 
followed  by  more  detailed  analysis  of  a  practical  implementation. 


568 


2.  INITIAL  STUDIES  OF  TUNED  ABSORBERS 


2.1  Methodology 

Initially  the  concept  of  a  tuned  absorber  system  was  studied  using  a 
simple  track  model  to  identify  appropriate  parameters.  Within  the  TWINS 
software  a  number  of  track  models  exist.  For  these  initial  studies,  a  model  is 
used  in  which  the  rail  is  represented  as  a  Timoshenko  beam  on  a  continuous 
spring-mass-spring  foundation  representing  the  rail  pad,  sleeper  and  ballast. 

The  eifect  of  damping  devices  on  the  rate  of  decay  of  vibration  along  the 
rail  has  been  calculated  using  a  two  step  approach.  Firstly,  the  effect  of  the 
damping  treatment  on  the  rail  vibration  is  calculated  for  an  unsupported  rail. 
This  frequency-dependent  decay  rate  is  then  added  to  that  for  the  untreated  rail 
in  track.  The  sound  power  is  calculated  by  modifying  the  component  associated 
with  each  wave  according  to  the  difference  in  combined  decay  rate. 

Figure  2  shows  the  effect  of  a  single  continuous  mass/spring  system.  This 
is  tuned  to  a  frequency  of  800  Hz,  has  a  mass  per  unit  length  of  17.5  kg/m  and 
a  loss  factor  of  0.35.  It  is  compared  with  decay  rates  measured  on  a  rail  in  situ. 


Figure  2  Track  decay  rates  for  vertical  vibration  of  the  reference  track  with  a 
continuous  tuned  absorber  system  added. 

For  the  untreated  rail  in  track,  at  low  frequencies,  the  waves  in  the  rail 
have  a  high  rate  of  attenuation  because  of  the  stifihess  of  the  foundation. 
Around  400  Hz,  for  vertical  vibration,  a  resonance  of  the  track  occurs  in  which 
the  rail  vibrates  on  the  stiffiiess  of  the  pad.  Above  this  frequency,  wave 
propagation  occurs  freely  and  the  decay  rate  for  the  untreated  track  declines 
rapidly.  This  dip  corresponds  to  the  peak  in  the  rail  noise  spectrum,  and  an 
effective  rail  damper  has  to  increase  the  decay  rate  in  this  frequency  region. 
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2,2  Single  frequency  system  for  vertical  and  lateral  motion 

The  computation  represented  by  Figure  2  for  the  decay  rates  of  vertical 
and  lateral  bending  waves  in  the  track  is  efficient  and  has  been  implemented 
within  an  automatic  procedure  to  vary  the  parameters  of  tuning  frequency  and 
damping  for  the  absorber.  The  dynamic  model  of  the  track,  which  is  a  relatively 
quick  part  of  the  overall  noise  calculation  procedure,  was  used  to  calculate  the 
decay  rates  for  a  large  number  of  parameter  combinations.  The  corresponding 
components  of  the  rail  sound  power  were  predicted  using  TWINS  for  a 
baseline  case,  and  the  change  in  each  has  then  been  estimated  from  the  change 
in  their  decay  rates  obtained  from  the  track  model.  The  mass/spring  system  is 
assumed  to  operate  at  the  same  frequency  for  both  vertical  and  lateral  waves. 

Figure  3  shows  the  variation  of  predicted  rail  noise  reduction  as  a 
function  of  the  tuning  frequency  of  the  absorber  for  different  train  speeds. 

Here  a  mass  of  10  kg  per  metre  of  rail  has  been  assumed.  The  figure  shows  that 
the  best  tuning  frequency  is  around  900  Hz  for  100  km/h  and  is  not  strongly 
dependent  on  the  train  speed. 


Tuning  Frequency  [Hz] 


Figure  3.  Reduction  in  rail  noise  from  the  reference  track  for  an  absorber  of 
mass  17,5  kg/m  and  loss  factor  0,35  as  a  function  of  tuning  frequency. 

Figure  4(a)  shows  the  effect  of  loss  factor  of  the  damper  for  a  train  speed 
of  100  km/h.  The  benefit  increases  with  loss  factor  for  values  up  to  about  0.35 
but,  above  this,  little  extra  noise  reduction  is  expected.  The  variation  of  the 
sound  reduction  with  the  active  mass  of  the  absorber  is  shown  in  Figure  4(b).  It 
can  be  seen  that  there  is  no  optimum  mass,  but  improved  noise  reduction  is 
obtained  as  the  mass  is  increased.  The  practical  limit  of  the  mass  of  the 
absorber  is  about  17.5  kg/m  due  to  space  constraints  as  will  be  seen  later.  This 
gives  a  reduction  of  5.3  dB. 
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Figure  4.  Effect  of parameters  of  single  tuned  absorber  on  reduction  in  rail 
noise  for  tuning  frequency  of 900  Hz.  (a)  Effect  of  loss  factor  for  mass  of 
17.5  kg/m.  (b)  Effect  of  absorber  mass  for  a  loss  factor  of  0.35. 


2.3  Two-frequency  systems 

Increasing  the  damping  loss  factor  broadens  the  peak  in  the  decay  rate  in 
Figure  2,  but  also  reduces  its  height.  Another  method  of  broadening  the  peak  is 
to  use  multiple  tuning  frequencies.  The  same  procedure  as  above  has  been  used 
to  study  the  noise  reduction  for  a  system  with  two  tuning  frequencies.  The  total 
added  mass  allowable  is  assumed  to  be  constant  at  17.5  kg/m.  The  system  is 
described  by  three  parameters  that  can  vaiy:  its  first  natural  frequency,  the  ratio 
of  the  two  tuning  frequencies  and  the  ratio  of  the  two  masses.  Identical  tuning 
frequencies  are  assumed  to  act  in  both  vertical  and  lateral  directions.  Figure  5 
indicates  the  combinations  of  parameter  values  considered.  Where  a  noise 
reduction  greater  than  5.5  dB  is  found  this  is  indicated  by  a  plus  sign  and  the 
optimum  configuration  is  shown  by  a  circle.  The  optimum  configuration  gave  a 
noise  reduction  of  5.9  dB(A),  a  gain  of  0.6  dB  over  a  single-frequency 
absorber.  Moreover,  a  two-frequency  system  is  more  robust  for  variations  in 
train  speed,  train  type  or  temperature  which  will  affect  the  stiffiiesses. 
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Figure  5.  Range  of parameter  study  for  two  separate  absorbers:  +  indicates 
noise  reductions  greater  than  5.5  dB(A),  O  indicates  optimum  configuration. 
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A  three-frequency  system  was  also  studied  in  the  same  way,  with 
variations  allowed  in  five  parameters.  However  it  was  found  to  give  much 
smaller  improvements  over  the  two-frequency  system  for  the  same  overall 
mass.  This  benefit  was  considered  to  be  insufficient  to  justify  the  added  cost  of 
a  three-frequency  system. 

Although  the  two-frequency  system  could  be  produced  using  two 
separate  single-degree-of-freedom  systems,  an  alternative  was  explored  in 
which  a  two-degree-of-freedom  system  is  added  to  the  rail.  Not  all 
combinations  of  frequency  and  mass  ratios  are  possible,  as  shown  in  Figure  6, 
but  the  optimum  system  that  was  found  corresponds  closely  to  the  optimum  of 
the  two  SDOF  systems,  and  the  noise  reduction  is  identical. 


mi/m2 


fi  [Hz] 


Figure  6.  Range  of parameter  study  for  stacked  two-frequency  absorbers. 

+;  noise  reductions  greater  than  5.5  dB(A),  O;  optimum  configuration. 

In  summary,  the  parameter  study  indicates  an  optimum  system  with 
tuning  frequencies  at  800  Hz  and  1600  Hz  operating  both  for  vertical  and 
lateral  directions.  It  has  subsequently  been  discovered  that  the  decay  rates  used 
for  track  (Figure  2)  were  affected  by  the  measurement  having  been  taken  at 
about  5°C;  for  a  higher  temperature  the  pad  stiffiiess  would  be  lower.  In  order 
for  the  solution  to  be  robust  for  a  range  of  temperatures,  a  modified  system  is 
considered  with  tuning  frequencies  at  630  Hz  and  1350  Hz. 

3.  IMPLEMENTATION 

Railway  track  is  designed  with  the  criteria  of  safety,  low  cost  of 
maintenance  and  standardisation  as  the  highest  priorities.  For  new  methods  of 
achieving  noise  reduction  to  be  accepted  in  the  short  or  medium  term,  they 
must  be  capable  of  being  fitted  to  the  established  infrastructure  design  with 
minimal  change  to  railway  practice.  Therefore,  the  present  development  has 
concentrated  on  a  design  of  rail  damper  that  may  be  fitted  to  the  standard 
UIC60  rail  section,  either  at  manufacture  or  as  a  retro-fit.  It  is  confined  to  a 
space  that  does  not  interfere  with  the  handling  machinery  for  track  laying  and 
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maintenance,  nor  with  the  rail  clips.  The  allowable  envelope  for  a  continuous 
absorber  is  shown  in  Figure  7. 


Figure  7.  The  UlC  60  rail  section  showing  the  space  occupied  by  the  absorber 
that  allows  normal  track  construction  and  maintenance. 

A  rail  absorber  was  designed  having  a  total  mass  per  unit  length  of 
17.5  kg/m,  with  two  masses  on  each  side  of  the  rail,  separated  from  each  other 
and  from  the  rail  by  layers  of  an  elastomeric  material.  The  design  was  made 
symmetrical  in  order  to  avoid  introducing  cross-coupling  between  the  vertical 
and  lateral  dynamics  of  the  rail.  The  system  has  two  resonances  in  the  vertical 
direction  in  the  desired  ratio,  but  this  was  not  possible  for  the  frequencies  in  the 
lateral  direction.  However,  the  vertical  rail  vibration  is  the  dominant  noise 
source  for  this  track  (see  Figure  1). 

Finite  element  models  of  the  rail  and  absorber  cross-section  were  used  to 
study  the  design  in  det^.  These  led  to  the  specification  for  an  elastomer  having 
a  Young’s  modulus  of  around  16  MNm'^  and  a  loss  factor  greater  than  0.35. 
The  desired  material  properties  should  be  achieved  over  a  suitable  working 
temperature  range.  The  specification  was  sent  to  a  number  of  suppliers  and 
materials  were  developed  by  measuring  the  dynamic  Young’s  modulus  and  loss 
factor  of  a  number  of  material  samples  over  the  frequency  range  from  300  Hz 
to  3000  Hz,  thereby  guiding  the  suppliers  toward  the  most  suitable  material.  In 
addition,  a  number  of  test  samples  of  15  cm  lengths  of  rail  were  assembled  with 
the  absorber  using  the  different  materials.  These  were  tested  to  ensure  that  the 
expected  tuning  frequencies  were  obtained  in  practice. 

Figure  8  shows  the  temperature  dependence  of  the  material  parameters 
for  one  of  the  materials  found  to  be  acceptable  and  which  was  used  in 
subsequent  prototypes.  It  can  be  seen  that,  in  order  to  meet  the  requirement  for 
a  high  loss  factor,  the  transition  between  the  glassy  and  rubbery  phases  of  the 
elastomer  occurs  in  the  working  temperature  range.  There  is  therefore  a  high 
dependence  of  both  parameters  with  frequency  and  temperature. 
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Temperature  (°C) 

Figure  8.  The  temperature  dependent  Young 's  modulus  and  loss  factor  of  the 

elastomer. 


4.  DETAILED  MODELLING 

For  the  detailed  evaluation  of  the  specific  design,  a  periodic  structure 
model  of  the  track  is  used  [5].  In  this,  a  10  mm  slice  of  the  rail  cross-section 
and  damper  are  modelled  using  finite  elements.  The  slice  is  then  assumed  to  be 
repeated  to  form  an  infinite  structure  on  which  the  modes  of  vibration  of  the 
cross-section  propagate  as  waves  with  complex  wave  numbers. 

For  this  purpose  the  finite  element  mass,  stiffness  and  damping  matrices 
for  the  rail  cross-section  with  the  absorber  were  obtained  using  8-noded 
hexahedral  elements.  The  damping  matrix  was  assembled  using  the  element 
stiffiiess  matrices,  each  multiplied  by  an  appropriate  element  loss  factor.  In  this 
way  the  model  was  able  to  account  for  the  different  material  damping  of  the 
elastomeric  and  steel  components  of  the  composite  cross-section. 

The  decay  rates  were  calculated  using  three  sets  of  material  properties  of 
the  elastomer,  that  are  valid  at  different  frequencies.  An  interpolation  scheme 
was  then  used  between  the  three  curves  obtained  to  give  the  decay  rates 
corresponding  to  the  stiffness  that  applies  at  intermediate  frequencies.  The 
resulting  predicted  curves  for  the  vertical  and  lateral  decay  rates  of  the  free  rail 
with  absorbers  are  presented  in  Figure  9. 

A  4  m  length  of  rail  was  fitted  with  the  absorber  and  measurements  of  the 
decay  of  vibration  in  the  rail  were  made.  At  low  frequencies  the  decay  rate  was 
measured  indirectly  by  modal  analysis.  At  fi-equencies  above  about  700  Hz, 
where  this  was  no  longer  possible  due  to  very  high  modal  damping,  the  decay 
rate  was  sufficient  for  it  to  be  measured  directly  within  the  4  m  length.  The 
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measured  vertical  and  lateral  decay  rates  are  given  in  Figure  9  for  comparison 
with  the  predictions.  At  high  frequency  the  measured  decay  rates  are  a  little 
higher  than  those  predicted  for  the  pure  bending  waves  because  of  the 
participation  of  wave  types  corresponding  to  deformation  of  the  rail  section  in 
the  measured  response  of  the  rail. 


Figure  9.  Predicted  decay  rates  compared  to  measurements  ona  4m  length  of 

freely  suspended  rail 


Frequency  [Hz] 


undamped 

-  =106.9 

with  damper 


dB(A) 

dB(A) 


Figure  10,  Predicted  rail  sound  power  with  and  without  the  absorbers. 


The  predicted  noise  reduction  for  these  decay  rates  can  be  seen  in 
Figure  10.  The  decay  rates  measured  on  the  4  m  samples  have  been  used  in  this 
prediction.  Thus  at  a  rail  temperature  of  20®C  a  reduction  of  the  rail  noise  of 
5.4  dB(A)  is  expected.  From  the  predicted  performance  at  this  temperature  the 
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reduction  is  5.6  dB(A).  Estimates  of  the  sound  power  radiated  by  the  active 
masses  themselves  suggest  that  the  noise  reduction  would  be  compromised  by 
less  than  1  dB(A)  by  this  source,  due  to  the  high  loss  factor  and  small  area. 

A  prediction  of  the  decay  rates  for  the  elastomer  properties  at  0°C  has 
also  been  made.  This  shows  that,  due  to  the  stiffening  of  the  material  and 
consequent  raising  of  the  operating  frequencies  of  the  absorber,  its  benefit 
would  be  reduced  to  3.4  dB(A).  This  effect  must  be  taken  into  account  in 
further  refinement  of  the  absorber  for  production.  However,  it  must  also  be 
offset  against  the  changes  in  decay  rate  of  the  untreated  track  with  temperature. 

5.  FIELD  MEASUREMENTS 

Field  measurements  on  a  track  fitted  with  a  prototype  rail  absorber  were 
conducted  in  May  1999  as  part  of  the  ‘Silent  Track’  project  [6].  The  decay 
rates  in  the  track  were  measured  using  impact  excitation  and  rolling  noise 
measurements  were  made  using  a  test  train.  The  rail  temperature  was  in  excess 
of  30°C,  which  meant  that  the  rail  pads  were  softer  than  was  the  case  in  the 
previous  decay  rate  measurements  (Figure  2),  and  the  rail  noise  component 
would  be  higher.  On  the  other  hand,  the  rail  damper  elastomer  would  also  have 
a  lower  stiffeess  and  therefore  a  lower  tuning  frequency.  From  Figure  3  it  can 
be  seen  that  this  will  reduce  the  performance  of  a  single  frequency  damper,  and 
the  same  is  the  case  for  the  two-frequency  damper. 


Frequency,  Hz 

Figure  IL  Measured  decay  rates  in  track  compared  to  predictions  and 
laboratory  measurements. 

The  measured  decay  rates  for  vertical  bending  waves  at  the  field  test 
site  are  shown  in  Figure  1 1 .  The  decay  rate  for  the  track  without  absorbers  is 
lower  than  that  in  Figure  2  due  to  the  higher  temperature.  It  is  used  here  as  the 
basis  to  which  either  the  predicted  or  laboratory  measurements  of  decay  rate 
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for  the  freely  supported  rail  (Figure  9)  have  been  added.  In  both  cases,  results 
corresponding  to  20^C  have  been  used.  The  decay  rates  achieved  (measured 
with  absorbers)  compare  well  with  those  predicted  using  either  method. 
However  the  first  frequency  of  the  absorber  can  be  seen  to  occur  at  a  lower 
frequency  in  the  track  measurements  (around  500  Hz)  due  to  the  higher 
temperature. 

For  the  noise  measurements,  a  weighted  average  of  the  sound  pressure  at 
three  microphones,  3  m  from  the  near  rail  at  different  heights,  was  used.  The 
levels  measured  from  a  test  train  passing  at  100  km/h  with  and  without  the 
absorbers  are  shown  in  Figure  12,  The  measurement  shows  an  overall  reduction 
of  5.6  dB(A). 

Sound  100 
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Figure  12,  Results  of  measurements  of  rolling  noise  at  100  km/h  using  a 
vehicle  fitted  with  a  noise  reducing  wheel  Average  from  three  microphones 

at  Sm  from  near  rail 

In  order  to  show  the  reduction  in  track  noise  most  clearly,  these  results 
are  for  a  low-noise  wheel  [7,8].  This  had  no  effect  on  the  track  component  of 
noise.  However,  the  overall  measured  noise  is  influenced  significantly  by  the 
noise  from  the  wheel  in  the  1600  Hz  band  and  above.  The  full  reduction  of  the 
track  noise  is  therefore  not  seen  in  these  bands.  Estimates  in  which  the  wheel 
noise  is  removed  indicate  a  reduction  of  6.0  to  6.2  dB(A)  in  the  track  noise  due 
to  the  absorber.  These  results  are  consistent  with  the  predictions. 

6.  SUMMARY 

The  stages  in  the  development  of  a  damping  device  to  reduce  the  rail 
component  of  rolling  noise  have  been  described,  A  damped  tuned  absorber  has 
been  chosen  to  give  a  broad  band  reduction  in  noise  in  the  region  500  to 
2000  Hz.  An  initial  parameter  study  using  an  efficient  method  was  used  to 
obtain  the  main  parameters  which  were  realised  in  a  design  using  steel  masses 
and  an  elastomer  formulated  to  a  specification.  Samples  were  tested  in  the 
laboratory  using  a  combination  of  modal  analysis  and  direct  decay  rate 
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measurements.  This  confirmed  the  results  of  detailed  modelling,  which  takes 
account  of  the  temperature-  and  frequency-dependence  of  the  material.  This 
modelling  can  therefore  be  used  as  an  accurate  design  tool  for  further 
development  and  refinement  of  the  absorber.  Field  tests  of  a  prototype  absorber 
have  demonstrated  that  it  reduces  rail  noise  by  about  6  dB(A)  for  a  modem 
track  design  with  soft  rail  pads.  At  0®C  the  benefit  is  expected  to  be  about 
3  dB(A),  but  this  can  be  improved  by  alterations  to  the  material  specification. 
For  a  track  with  a  stiffer  pad  the  reduction  will  be  much  smaller,  but  the  design 
has  been  optimised  for  soft  pads  as  they  are  likely  to  become  more  widely  used 
for  other  reasons.  Apart  from  the  additional  weight,  a  rail  fitted  with  the 
absorber  can  still  be  handled  using  conventional  machinery. 
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ABSTRACT 

Procedures  for  characterising  the  dynamic  properties  of  standard  hydraulic  oil- 
filled  (SHO)  and  electro-rheological  fluid  (ERF)-filled  shock  absorbers  are 
presented.  The  conventional  shock  absorber  has  fixed  settings  of  stiffiiess  and 
damping  ratings,  whereas  for  the  ERF  shock  absorber,  these  parameters  can  be 
varied  via  an  applied  electric  field.  It  is  shown  that  the  SHO  shock  absorber  is 
relatively  soft  in  compression  but  relatively  hard  in  extension.  Conversely,  it 
is  shown  that  the  present  design  of  ERF  shock  absorber  is  relatively  hard  in 
compression  but  relatively  soft  in  extension. 

1  INTRODUCTION 

The  selection  of  shock  absorbers  for  vehicles  is  an  optimisation  problem.  This 
is  because  of  the  conflicting  demands  of  the  stiffiiess  and  damping 
characteristics  of  the  suspension  system  imposed  by  the  requirements  for  ride 
comfort  and  vehicle  handling  [1].  For  ride  comfort,  a  soft  shock  absorber  is 
required  but  this  leads  to  poor  handling.  Conversely,  for  good  handling,  a 
hard  shock  absorber  is  needed  which  results  in  poor  ride  comfort  conditions. 
Using  conventional  hydraulic  oil-filled  shock  absorbers,  the  optimum  shock 
absorber  is  selected  by  a  trial-and-error  subjective  approach.  This  involves 
fitting  of  shock  absorbers  of  various  stiffness  and  damping  coefficients  to  a 
vehicle.  The  vehicle  is  test-driven  and  the  performance  of  the  shock 
absorbers,  in  terms  of  ride  comfort  and  handling,  are  judged  qualitatively. 
This  process  is  repeated  until  a  suitable  set  of  shock  absorbers  of  appropriate 
stiffhess  and  damping  values  are  selected. 

Obviously,  this  trial-and-error  approach  is  not  satisfactory.  Also,  the  selected 
shock  absorber  is  optimal  only  for  the  same  types  of  loading  and  road  surface 
conditions  used  in  the  tests.  To  overcome  this  problem,  there  is  the  need  for 
an  adaptive  or  active  approach.  A  number  of  active  and  semi-active 
suspension  systems  have  been  developed.  These  include  self-levelling,  semi¬ 
active,  and  fully-active  suspension  systems  [2].  In  the  self-levelling 
suspension  systems,  the  conventional  suspension  components,  namely  the 
springs  and  dampers,  are  replaced  with  air  springs.  Self-levelling  air 
suspension  systems  are  used  on  heavy  trucks  and  in  some  luxury  cars.  Semi- 
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active  suspension  systems  consist  of  a  spring  and  a  damper  with  the  damping 
properties  being  altered  using  a  solenoid-controlled  valve  attached  to  the 
damper.  Fully-active  suspension  systems  are  essentially  hydraulic  actuators 
which  rely  on  hydraulic  pumps  and  servo-valves  for  their  operation.  Semi¬ 
active  and  fully-active  suspension  systems  are  more  complicated  and  more 
expensive  than  their  passive  counterparts.  Also,  their  performance,  especially 
their  response  time,  is  often  limited.  One  of  the  means  for  overcoming  these 
limitations  is  the  use  of  an  electrorheological  (ER)  fluid  instead  of  hydraulic 
oil  in  shock  absorbers. 

ER  fluids  consist  of  suspensions  of  dielectric  particles  in  an  electrically 
insulating  fluid  medium  [3-5].  When  placed  in  an  electric  field,  the  dynamic 
properties  of  the  fluids  are  altered  by  varying  the  applied  electric  field 
strength.  As  the  electric  field  strength  is  increased  fi-om  zero,  the  ER  fluid 
becomes  more  viscous.  At  sufficiently  high  field  strength,  the  ER  fluid 
becomes  a  gel-like  soft  solid.  However,  when  the  electric  field  is  switched 
off,  the  ER  fluid  reverses  to  its  original  fluid  state.  Thus,  the  use  of  an  ER 
fluid  in  a  shock  absorber  will  enable  the  continuous  tuning  of  the  stiffhess  and 
damping  coefficients  of  the  shock  absorber  to  desired  values.  This  will 
eliminate  the  trial-and-error  subjective  approach  for  selecting  passive  shock 
absorbers  of  optimum  dynamic  properties.  It  will  also  overcome  the 
limitations  inherent  in  the  semi-active  and  fully-active  suspension  systems 
based  on  existing  dampers  filled  with  hydraulic  oil.  In  addition,  using  ER 
fluids  will  enable  the  continuous  optimisation  of  the  properties  of  the  shock 
absorber  for  various  loading  and  road  surface  conditions. 

In  this  paper,  the  results  of  the  experimental  characterisation  of  the  non-linear 
dynamic  characteristics  of  both  a  conventional  and  an  ERF  shock  absorbers 
are  presented.  It  is  shown  that  the  conventional  shock  absorber  is  soft  in 
compression  but  hard  in  extension,  whereas  the  ERF  shock  absorber  is  soft  in 
extension  but  hard  in  compression.  Furthermore,  it  is  shown  that  increasing 
the  electric  field  strength  applied  to  the  ERF  shock  absorber  significantly 
increases  the  magnitude  of  the  restoring  compression  force  produced  but  only 
slightly  increases  the  magnitude  of  the  restoring  extension  force. 

2  MODELS  FOR  CHARACTERISING  DYNAMIC  PROPERTIES 

For  a  multi-degree  of  freedom  system,  the  output  response  vector  of 
amplitudes  {Y(co)}  in  the  frequency  domain  is  related  to  the  input  excitation 
vector  {X(cl>)}  by 


{Y{co)}^[H{co)\{X{co)}  (1) 

where  [H(co)]  is  the  frequency  response  function  (FRF)  matrix.  For  example, 
{X(6))}  could  be  the  vector  of  dynamic  excitation  forces  applied  to  the  four 
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wheels  of  a  car  mounted  on  a  four  pillar  test  rig,  while  {Y(co)}  is  the  vector  of 
response  amplitudes  measured  at  various  points  on  the  vehicle  body.  In  such  a 
case,  the  FRP  matrix  [H(co)]  will  contain  the  dynamic  characteristics  of  any 
component  along  the  transmission  path  such  as  the  tyres  and  shock  absorbers. 
To  obtain  the  dynamic  properties  of  a  shock  absorber  alone,  a  single  input- 
single  output  relationship  is  used.  The  shock  absorber  is  subjected  to  an  input 
excitation  x(t)  and  its  output  response  is  measured.  The  characteristics  of 
the  shock  absorber  are  obtained  from 

Y{co)  =  H{o))X{co)  (2) 

where  X(ci))  and  Y(o})  are  the  Fourier  transforms  of  x(t)  and  y(t)  respectively, 
and  H(a>)  is  the  frequency  response  fimction  which  contains  the  dynamic 
characteristics  of  the  shock  absorber. 

For  a  viscous  damper,  the  output  restoring  force  fy(t)  generated  when  it  is 
subjected  to  a  input  relative  velocity  x{t)  is  given  by 

fj{t)  =  cx{t)  (3) 

where  c  is  a  constant  known  as  the  damping  coefficient.  The  damper 
characteristics  represented  by  Eq.(3)  is  linear.  These  characteristics  can  be 
simply  expressed  by  the  constant  damping  coefficient  c. 

However,  for  a  shock  absorber,  the  output  restoring  force  fd(t)  generated  is 
generally  a  non-linear  function  of  input  relative  displacement  x(t)  and  relative 
velocity  x{t)  expressed  as 


fAt)  =  f{x{t\x{t)')  (4) 

The  non-linear  characteristics  represented  by  Eq.(4)  can  be  represented  by  a 
polynomial  equation  and/  or  graphically  using  force-displacement  and  force- 
velocity  curves.  Also,  a  three-dimensional  map  which  is  known  as  the 
restoring  force  surface  (RFS)  is  used  to  depict  the  non-linear  variation  of  the 
restoring  force  with  displacement  and  velocity.  The  RFS  method  is  a  non- 
parametric  technique  for  identification  of  non-linear  dynamical  systems  [6]. 
The  non-linear  restoring  force  / (x,  x)  is  plotted  as  a  surface  over  the  state 
plane  (x,  x). 

3  EXPERIMENTAL  TEST  PROCEDURES 

A  standard  hydraulic  oil-filled  (SHO)  shock  absorber  for  a  medium  range 
British  car,  and  an  equivalent  electrorheological  fluid  (ERF)  shock  absorber 
were  developed.  The  SHO  shock  absorber  was  obtained  from  the  Ford  Motor 
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Company  while  the  ERF  shock  absorber  was  developed  at  the  University  of 
Manchester  [7].  Each  of  the  shock  absorbers  was  fixed,  in  turn,  in  an  Instron 
hydraulic  test  machine.  The  lower  end  of  the  shock  absorber  was  fixed  to  the 
actuator  of  the  test  machine  by  means  of  a  set  of  clamps  operating  at  30  bar. 
The  other  end  of  the  shock  absorber,  the  piston  rod  of  the  shock  absorber,  was 
fixed  to  a  similar  set  of  clamps  which  were  connected  to  the  frame  of  the  test 
machine  via  a  force  transducer.  Thus,  the  shock  absorber  was  constrained  to 
vertical  motion.  Further  details  of  the  shock  absorbers,  the  experimental 
apparatus,  and  of  the  composition  and  dynamic  properties  of  the 
electrorheological  fluid  used  can  be  found  elsewhere  [7-10]. 

The  shock  absorbers  were  excited  sinusoidally  at  various  frequencies  within 
the  range  of  0.5  Hz  to  25  Hz,  and  at  various  amplitudes  within  the  range  ±0.05 
mm  to  ±28.0  mm.  As  the  frequency  was  increased,  the  maximum  amplitude 
of  excitation  achievable  was  reduced  due  to  the  power  limitations  of  the 
actuator  of  the  test  machine.  For  each  test,  the  input  displacement  excitation 
and  the  output  force  response  were  measured  using  a  linear  voltage 
displacement  transducer  (LVDT)  and  a  force  transducer  respectively.  Both 
the  displacement-time  and  the  force-time  data  sets  were  averaged  in  order  to 
reduce  random  effects.  Also,  the  displacement-time  data  was  differentiated 
numerically  in  order  to  obtain  the  velocity-time  data.  Thus,  the  data  triplet 
(/,  X,  x) ,  which  comprises  of  the  restoring  force,  displacement  and  velocity 
was  obtained  for  each  of  the  test  conditions.  In  addition,  the  ERF  shock 
absorber  was  tested  at  electric  field  voltages  of  0  kV  and  4  kV. 

4  COMPARISON  OF  MEASURED  CHARACTERISTICS 

Because  of  space  constraints,  the  dynamic  properties  of  the  standard  hydraulic 
oil  and  the  electrorheological  fluid  absorbers  are  presented  at  a  selected 
excitation  fi-equency  of  0.5  Hz  and  at  dynamic  amplitudes  of  up  to  ±28.0  mm. 
In  all  the  results,  positive  displacements,  velocities  and  forces  denote 
extension,  while  negative  displacements,  velocities  and  forces  denote 
compression. 

Figure  1  shows  the  displacement,  velocity  and  force  histories  of  the  SHO 
shock  absorber  at  an  excitation  frequency  of  0.5  Hz  and  dynamic  amplitude  of 
28.0  mm.  Whereas  the  displacement  and  velocity  histories  are  sinusoidal,  the 
figure  shows  that  the  force  history  is  sinusoidal  in  the  extension  or  rebound 
stroke  but  non-sinusoidal  in  the  compression  or  jounce  stroke.  It  is  also  seen 
that  the  peak  force  in  the  extension  stroke  is  about  170  N,  whereas  the  peak 
force  in  the  compression  stroke  is  about  50  N.  Thus,  the  shock  absorber  is 
relatively  soft  in  compression  but  relatively  hard  in  extension.  The 
corresponding  force-displacement  and  force-velocity  characteristics  of  the 
shock  absorber  are  shown  in  Figure  2.  These  characteristics  again  show  the 
soft  compression  hard  extension  behaviour  of  the  shock  absorber. 
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'igure  1:  Displacement,  Velocity  and  Force  Histories  of  Standard  Hydraulic 
)il  Shock  Absorber  at  0.5  Hz  Excitation  and  28.0  mm  Dynamic  Amplitude. 


Figure  2:  Force-Displacement  and  Force- Velocity  Characteristics  of  Standard 
Hydraulic  Oil  Shock  Absorber  at  0.5  Hz  and  Amplitudes  of  up  to  28.0  mm. 
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In  the  case  of  the  ERF  shock  absorber,  Figure  3  shows  its  displacement-time, 
velocity-time  and  force-time  characteristics  at  an  excitation  frequency  of  0.5 
Hz,  dynamic  amplitude  of  28.0  mm,  and  at  0.0  kV  electric  field.  It  is  obvious 
that  both  the  displacement  and  velocity  input  excitations  are  sinusoidal. 
However,  the  output  force  response  is  distorted  and  non-linear  in  both  the 
compression  and  extension  strokes.  The  sharp  discontinuities  in  the  restoring 
force  as  the  velocity  passes  through  a  value  of  zero,  where  it  changes  sign, 
indicates  some  sticktion  effects.  In  addition,  the  peak  force  in  the  compression 
stroke  is  about  270  N,  while  the  peak  force  in  the  extension  stroke  is  about  190 
N.  Therefore,  it  can  be  inferred  that  the  shock  absorber  is  relatively  hard  in 
compression  but  relatively  soft  in  extension.  The  corresponding  force- 
displacement  and  force-velocity  characteristics  of  the  shock  absorber  are 
shown  in  Figure  4.  These  characteristics  again  show  the  hard  compression  but 
soft  extension  behaviour  of  the  ERF  shock  absorber.  The  sticktion  effects  in 
the  neighbourhood  of  x  =  0  are  clearly  seen  in  the  force-velocity 
characteristics. 
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Figure  3:  Displacement,  Velocity  and  Force  Histories  of  ER  Fluid  Shock 
Absorber  at  0.5  Hz  and  28.0  mm  Dynamic  Amplitude. 
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Figure  4:  Force^Displacement  and  Force- Velocity  Characteristics  of  Standard 
Hydraulic  Oil  Shock  Absorber  at  0.5  Hz  and  Amplitudes  of  up  to  28.0  mm. 
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Figure  5:  Displacement,  Velocity  and  Force  Histories  of  Standard  Hydraulic 
Oil  Shock  Absorber  at  0.5  Hz  and  28.0  mm  Dynamic  Amplitude. 
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The  displacement-time,  velocity-time,  force-time,  force-displacement  and 
force-velocity  characteristics  of  the  ERF  shock  absorber  at  an  excitation 
frequency  of  0.5  Hz,  dynamic  amplitude  of  28.0  mm,  and  at  4.0  kV  electric 
field  are  shown  by  Figures  5  and  6.  From  Figure  5,  it  is  seen  that  both  the 
displacement  and  velocity  input  excitation  are  sinusoidal.  However,  the  output 
force  response  is  highly  distorted  and  highly  non-linear  in  both  the 
compression  and  extension  strokes.  The  sharp  discontinuities  in  the  restoring 
force,  in  the  neighbourhood  of  x  =  0  ^  are  much  more  pronounced.  Also,  the 
peak  force  in  the  compression  stroke  is  now  about  500  N,  while  the  peak  force 
in  the  extension  stroke  is  about  200  N.  This  gives  a  ratio  of  compressive-to- 
tensile  force  of  2.5  which  is  much  higher  than  the  ratio  of  1.4  obtained  when 
there  was  no  applied  electric  field.  Hence,  it  is  can  be  inferred  that  the  shock 
absorber  becomes  relatively  harder  in  compression  as  the  applied  electric  field 
potential  is  increased.  In  addition,  the  magnitude  of  the  sticktion  effects 
increases  as  the  magnitude  of  the  applied  electric  field  potential  is  increased. 


Figure  6:  Force-Displacement  and  Force-Velocity  Characteristics  of  Standard 
Hydraulic  Oil  Shock  Absorber  at  0.5  Hz  and  Amplitudes  of  up  to  28.0  mm. 

The  force-velocity  characteristics  of  the  SHO  shock  absorber  and  of  the  ERF 
shock  absorber  at  excitation  frequency  of  0.5  Hz  and  at  dynamic  amplitudes  of 
0.2,  2.0  and  20.0  mm  are  compared  in  Figure  7.  The  ERF  shock  absorber  was 
subjected  to  electric  field  potentials  of  0.0  kV  and  4.0  kV.  The  figure  shows 
that  at  very  low  amplitudes  of  vibration,  the  force-velocity  characteristics  of 
the  SHO  shock  absorber  are  approximately  linear.  However,  as  the  excitation 
amplitude  is  increased,  the  characteristics  of  the  SHO  shock  absorber  become 
more  and  more  non-linear  and  the  magnitudes  of  the  restoring  force  produced 
also  increase.  The  figure  also  shows  that  force-velocity  characteristics  of  the 


586 


FOWCE  (KNJ  force  (KN>  FORCE  <KN) 


VELOCITY  (tiVs) 


Figure  7:  Force-Velocity  Characteristics  of  Hydraulic  Oil  and  ER  Fluid  Shock 
Absorbers  at  0.5  Hz  and  Amplitudes  of  (a)  0.2  (b)  2.0,  and  (c)  20.0  mm. 
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ERF  shock  absorber  are  non-linear  at  very  low  as  well  as  at  very  high 
amplitudes  of  vibration.  Furthermore,  it  is  seen  that  the  magnitudes  of  the 
restoring  forces  generated,  and  the  areas  of  the  hysteresis  loops  produced  are 
significantly  increased  as  the  amplitude  of  excitation  is  increased,  and  as  the 
electric  field  potential  is  increased. 

In  Figure  8  is  shown  a  comparison  of  the  restoring  force  surface  characteristics 
of  the  SHO  shock  absorber  and  the  ERF  shock  absorber  at  0.5  Hz  excitation 
jfrequency  and  at  a  range  of  amplitudes  from  0.1  to  28.0  mm.  An  electric 
potential  of  4.0  kV  was  applied  to  the  ERF  shock  absorber.  The  figure  shows 
the  smooth  transition  of  the  restoring  force  characteristics  of  the  SHO  shock 
absorber  from  relatively  high  positive  values  to  relatively  low  negative  values. 
This  again  implies  a  soft  compression  and  hard  extension  behaviour. 
Conversely,  there  is  an  abrupt  transition  of  the  restoring  force  characteristics 
of  the  ERF  shock  absorber  from  relatively  low  positive  values  to  relatively 
high  negative  values.  That  is,  the  ERF  shock  absorber  exhibits  a  hard 
compression  and  a  low  extension  behaviour.  Also,  both  restoring  force 
surfaces  show  that  the  dynamic  properties  of  the  two  shock  absorbers  are 
highly  non-linear. 

6  CONCLUSIONS 

The  procedures  for  characterising  the  dynamic  properties  of  shock  absorbers 
have  been  presented.  It  has  been  shown  that  the  standard  hydraulic  oil-filled 
shock  absorber  is  relatively  soft  in  compression  but  relatively  hard  in 
extension.  This  property  of  the  SHO  shock  absorber  is  as  desired,  namely:  in 
the  compression  stroke,  when  a  shock  is  absorbed,  the  restoring  force  needs  to 
be  relatively  small.  But  in  the  extension  stroke  of  the  shock  absorber,  when 
the  shock  energy  is  dissipated,  the  restoring  force  needs  to  be  relatively  high. 
Conversely,  it  was  shown  that  the  present  design  of  an  electrorheological  fluid 
shock  absorber  is  relatively  hard  in  compression  but  relatively  soft  in 
extension.  This  behaviour  is  contrary  to  that  desired.  Thus,  the  design  of  the 
ERF  shock  absorber  needs  to  be  improved  in  order  to  re-distribute  the 
restoring  force  characteristics  in  a  more  favourable  way. 
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AERODYNAMICS  AND  FLUTTER 


Active  Buffet  Load  Alleviation  for  an  F/A-18  Vertical  Tail 
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Abstract 

A  wind  tunnel  experiment  using  a  15%  scaled  F/A-18  model  was 
performed  to  demonstrate  the  use  of  the  rudder  to  control  dynamic  response 
during  buffeting.  For  the  test,  a  flexible  left-hand  vertical  tail  was  used  with  a 
rigid  fuselage  model.  The  vertical  tail  was  designed  with  a  movable  rudder 
(+/-14  °  max.)  that  was  controlled  using  a  hydraulic  actuator.  Nominal  control 
of  produced  25%  RMS  reduction  while  the  maximum  rudder  motion  of 
+/-14®  produced  an  average  RMS  bending  moment  reduction  of  42%.  In 
addition,  it  was  found  that  control  of  the  tail’s  first  torsion  mode  is  feasible 
with  a  20%  RMS  reduction  in  torsion  moment  response.  Based  on  these 
results,  the  dynamic  fatigue  life  can  be  significantly  improved,  4  to  10  times 
the  current  life. 


Background 

Modem  fighter  aircraft  fly  at  high  angles  of  attack  (AoA)  to  gain 
maneuvering  advantages  over  opponents.  They  achieve  this  high  lift  by  use  of 
vortices,  generated  by  lifting  surface  features  that  produce  lift  after  the  wing 
has  stalled.  At  high  AoA,  these  vortices  burst  ahead  of  the  empennage 
resulting  in  the  empennage  being  engulfed  in  a  region  of  turbulent  and 
swirling  flow  producing  strong  unsteady  pressures.  The  effect  of  these 
unsteady  pressures  is  buffet,  which  is  defined  as  random  loading  that  arises 
from  the  pressure  fluctuations.  The  F/A-18  exhibits  this  type  of  buffet, 
(Figure  1).  Buffet  has  been  studied  for  many  years  by  several  researchers  on 
the  F/A-18.  The  dynamic  loads,  which  are  caused  by  unsteady  vortex 
breakdown,  have  characteristic  frequencies  that  can  excite  stmctural  modes. 
The  magnitude  and  frequency  spectrum  of  this  pressure  field  depends  on  the 
angle  of  attack,  flight  speed,  and  wing/leading  edge  extension  configuration. 

The  characteristics  of  these  buffet  loads  are  highly  dependent  on  flight 
conditions.  Previous  research  has  investigated  the  statistics  of  buffet  in  flight 
and  has  shown  that  if  the  aircraft  is  flying  at  a  constant  altitude  and  airspeed, 
the  response  is  reasonably  stationary  {1)(2).  As  expected,  when  the  aircraft  is 
rapidly  changing  altitude  and  airspeed,  i.e.  maneuvering,  then  the  buffet 
response  changes  accordingly.  In  wind  tunnel  tests,  data  are  collected  at  a 
constant  angle  of  attack  and  dynamic  pressure.  In  flight  test,  data  are 
measured  at  specified  conditions  to  verify  wind  tunnel  data;  however,  the 
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aircraft  can  maintain  a  constant  condition  for  only  1.5  seconds,  as  kinetic 
energy  is  lost.  In  actual  usage,  pull-up  maneuvers  may  occur  at  pitch  rates  up 
to  30  degrees  per  second  in  typical  buffeting  flight,  and  any  alleviation  system 
must  be  able  to  respond  to  these  rapidly  changing  conditions. 

The  effect  of  pitch  rate  is  to  delay  vortex  burst  to  higher  AoA.  Under 
dynamic  pull-up  conditions,  the  vortex  burst  occurs  at  a  point  further 
downstream  than  under  static  conditions.  The  delayed  bursting  results  in  a 
buffet  condition  equivalent  to  static  conditions  at  lower  AoA  (3). 


Figure  1.  F-18  at  High  Angle-ol-Attack  Showing  Vortices 


Previous  Research 

Various  methods  for  alleviating  empennage  buffeting  have  been 
explored.  Perhaps  the  most  common  one  is  strengthening  the  structure.  This 
lengthens  the  fatigue  life  of  the  structure  but  increases  weight  and  is  very 
likely  to  move  the  fatigue  failures  to  un-strengthened  adjacent  structure.  On 
the  F-15,  a  Boron/Epoxy  patch  was  used  to  stiffen  the  main  torque  box  (4). 
This  technique  was  effective  at  reducing  the  load  in  the  upper  torque  box  by 
shifting  the  second  bending  frequency  from  the  peak  buffet  forcing 
frequencies  and  by  introducing  a  new  load  path  through  the  patch  instead  of 
the  substructure.  The  F/A-18  C/D  employed  a  fence  mounted  on  the  leading 
edge  extensions  to  re-direct  the  vortex  and  control  the  burst  point.  This 
technique  reduced  tail  buffeting  from  450  g’s  to  200  g’s  at  the  cost  of  slightly 
reduced  aircraft  performance.  Passive  damping  has  also  been  studied  for  use 
on  the  F/A-18  C/D  vertical  tails  and  horizontal  tail  (5)(6)(7).  In  these  studies, 
various  constrained  viscoelastic  layer-damping  treatments  were  analyzed  and 
tested.  Full-scale  tests  were  performed  on  an  F/A-18  C/D  horizontal  tail 
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using  a  graphite/epoxy-damped  patch.  The  patch  was  effective  in  adding 
damping  into  the  structure,  but  the  damping  performance  was  temperature 
sensitive  and  did  not  match  analytic  predictions.  In  other  studies  on  the 
vertical  tail,  internal  treatment  using  spacers  and  an  integrally  damped 
composite  skin  showed  great  promise  in  adding  significant  damping  into  the 
primary  modes  of  the  vertical  tail. 

Several  investigations  have  demonstrated  active  load  alleviation 
systems  using  “smart”  materials  distributed  over  the  vertical  tail  structure  to 
control  the  first  few  structural  modes  (8)-(12).  The  analytical  and 
experimental  results  from  these  programs  show  that  piezoelectric  driven  skins 
may  reduce  the  transmitted  buffet  load  that  causes  fatigue  at  all  flight 
conditions. 

The  active  rudder  concept  was  first  studied  at  McDonnell  Aircraft  in 
the  late  I970’s  for  use  on  the  F-15.  In  1990,  the  RANN  Corporation  studied 
the  use  of  control  surfaces  (i.e.,  the  rudder  and  tip  vanes)  for  controlling  buffet 
response.  RANN  performed  studies  on  both  the  F-15  and  F/A-18  (8).  They 
concluded  that  for  the  F/A-18  the  concept  looked  quite  promising  due  to  its 
larger  rudder  surface  area  compared  to  the  overall  fin  surface  area.  Boeing  and 
NASA/LaRC  are  investigating  this  concept.  NASA  has  performed  various 
wind  tunnel  experiments  using  an  active  rudder  on  a  16%  scale  F/A-18  C/D 
vertical  tail  and  has  been  successful  (9)-(10).  This  paper  summarizes  the 
Boeing  program  using  this  concept  and  the  extension  of  the  effect  to  include 
pitch  rate  effects. 


Wind  Tunnel  Experiment 

Testing  was  performed  in  the  Boeing  Mini-Speed  Wind  Tunnel 
(MSWT)  test  Facility  in  St.  Louis,  MO.  The  model  was  configured  with  a 
dynamically  scaled  flexible  vertical  tail,  mounted  on  the  left-hand  side  of  the 
model.  All  other  parts  on  the  model  were  “rigid”.  Instrumentation  was 
installed  on  the  flexible  vertical  tail  to  monitor  internal  dynamic  loads  and 
accelerations  due  to  vortex  impingement. 

The  wind  tunnel  model  was  a  rigid  15%  aerodynamics  model.  The 
basic  model  components  include:  fuselage  with  flow  through  ducts,  wing 
leading  edge  extensions,  basic  wing,  wing  tip  mounted  AIM-9  sidewinder 
missiles,  rigid  horizontal  tails,  one  rigid  vertical  tail,  and  one  flexible  vertical 
tail  with  an  hydraulically  controlled  movable  rudder.  The  leading  edge  slats 
were  deflected  to  typical  angles  for  in-flight  maneuvers,  (Figure  2).  The 
flexible  tail  is  a  flutter  model  design  with  aluminum  spar  and  balsa  wood 
cross  sections.  The  balsa  wood  sections  are  non-structural  and  give  the  tail  its 
aerodynamic  shape.  A  hydraulic  actuator  is  incorporated  into  the  tail  to  move 
the  rudder  during  the  controlled  runs.  The  flexible  vertical  tail  is  instrumented 
with  strain  gages  and  accelerometers  for  quantifying  the  bending  moment  and 
for  providing  real-time  feedback  to  the  active  control  system. 

The  MSWT  is  a  continuous  flow  wind  tunnel,  which  can  be  configured 
as  a  closed  or  open  circuit.  The  open  jet  test  section  is  15  feet  high,  20  feet 
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wide  and  20  feet  long.  Subsonic  flight  can  be  obtained  up  to  Mach  0.1 1  at 
atmospheric  pressure  with  Reynolds  number  of  0.75  million  per  foot.  This 
translates  into  speeds  up  to  126  feet/second  at  Q=18  psf  For  this  test,  the 
tunnel  was  configured  as  a  closed  circuit.  Tests  were  performed  at  dynamic 
pressures  of  1.5,  3.5,  5.2,  7.0  and  10.0  pounds  per  square  foot  (psf),  which  is 
66-psf  to  444-psf  full-scale  at  sea  level.  The  model  was  pitched  up  to  7 
deg/sec  at  each  dynamic  pressure  in  addition  to  the  static  (constant  AoA)  tests. 
Pitching  the  model  was  accomplished  by  using  a  hydraulic  actuator  mounted 
to  the  aft  end  of  the  model. 


Figure  2.  F/A-18  15%  Wind  Tunnel  Model  is  shown  in  its  inverted  installation. 

A  vibration  modal  test  was  performed  to  verify  the  dynamic 
characteristics  of  the  F/A-18  15%  flexible  vertical  tail.  The  natural 
frequencies  of  the  first  five  vertical  tail  modes  were  identified.  The 
frequencies  are  shown  in  Figure  3  with  a  comparison  to  the  full  aircraft 
results. 
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Mode  Shape 

Model 

Hz 

Aircraft 

Hz 

First  Bending 

16 

16 

Rudder  Rotation 

22 

32 

First  Torsion 

41 

54 

Second  Bending 

60 

58 

Second  Torsion 

75 

86 

Figure  3.  Modal  Test  Summary 
Control  System  Implementation 

For  this  project,  Neural  Predictive  Control  (NPC)  was  used  (11)-(12) 
to  control  the  hydraulic  actuator  for  active  rudder  positioning  to  reduce  buffet. 
A  133  MHz  Pentium  based  PC  was  used  to  provide  the  processing  power  for 
the  NPC  digital  controller  running  at  400Hz;  as  well  as,  real  time  data  logging 
and  graphical  plotting.  The  PC  was  also  equipped  with  a  plug-in  SHARC 
board  containing  8  RISC  processors  useful  for  modeling  the  plant  in  real  time. 
Analog-to-Digital  and  Digital-to- Analog  boards  working  at  ±10  volts 
mounted  within  the  PC  were  used  for  data  I/O. 

The  test  plan  called  for  controlling  only  the  first  bending  mode,  then 
controlling  only  the  torsion  mode.  Root  bending  strain  was  used  and  the 
control  input  for  the  bending  mode.  The  inboard  torsion  strain  gauge  was 
used  for  torsion  mode  control.  Another  issue  examined  was  controller 
performance  as  a  function  of  maximum  allowed  deflection.  It  is  important 
that  buffet  reduction  not  interfere  with  flight  performance.  Controller 
performance  at  ±8  °  and  ±  14°  maximum  rudder  defection  was  examined. 
The  neural  controller  was  trained  at  one  specific  static  AoA  for  each  band  of 
interest,  (Figure  4). 

In  many  systems,  it  is  desirable  to  generate  modeling  data  under 
disturbance  free  conditions.  In  this  case  the  control  surface  of  the  rudder  used 
aerodynamic  forces  to  oppose  aerodynamic  forces.  Accordingly,  the  model  to 
be  used  for  control  had  to  be  created  under  quite  noisy  conditions,  in  some 
cases  the  signal  to  noise  ratio  could  be  as  low  as  1-to-lO.  To  complicate 
matters,  the  amount  of  authority  available  due  to  aerodynamic  forces  is  a 
function  of  Q  and  AoA.  It  was  postulated  that  a  suitable  model  for  control 
could  be  developed  at  each  Q  since  data  was  collected  at  a  low  enough  angle 
of  attack  to  limit  the  amount  of  noise  due  to  buffet.  To  train  the  neural 
network,  the  rudder-to-strain  transfer  function  was  obtained  at  an  AoA  of  T, 
where  buffeting  is  very  low.  After  a  neural  network  model  of  the  tail  and 
rudder  has  been  trained,  it  was  then  ready  to  be  used  within  the  predictive 
control  framework.  There  were  two  modes  of  interest  in  this  test  -  first  mode 
bending  response  at  16  Hz  and  a  torsion  mode  response  at  41  Hz. 
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Figure  4.  Neural  Predictive  Control  Buffet  Load  Alleviation  System 

As  stated  previously,  the  objective  is  to  control  the  torsion  mode  of  the 
tail  as  well  as  the  bending  mode.  As  can  be  seen  in  Figure  5,  authority  as 
measured  by  the  Rotational  Variable  Displacement  Transducer  (RVDT),  was 
sharply  curtailed  beginning  at  about  35Hz.  Although  mode  2  authority  was 
reduced  by  a  factor  of  four,  there  was  still  enough  bandwidth  to  attempt 
control  of  the  torsion  mode.  Results  from  the  Boeing  1996  wind  tunnel  test 
entry  show  that  the  rudder  is  more  effective  at  lower  tunnel  speeds.  Hence,  it 
was  expected  that  different  Neural  Predictive  Models  would  be  required  for 
different  Q’s  but  not  for  AoA  variations,  (Figure  6). 


Figure  5.  Rudder  response  transfer  function  as  measured  using  a  RVDT 
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Angle  of  Attack  Effects 


Dynamic  Pressure  Effects 


Angle  of  Attack  Dynamic  Pressure  (psf) 


Figure  6.  1996  WT  Test  Results:  Average  Response  Reductions  as  a  Function  of  Q  and  AOA 


Test  Results 

As  mentioned,  the  test  was  conducted  at  dynamic  pressures  of  1 .5, 3.5, 
5.2,  7.0  and  10.0  pounds  per  square  foot  (psf),  which  equates  to  66  psf  to  444 
psf  at  full  scale  and  at  pitch  rates  of  0,  1,  3,  5  and  7  degrees  per  second.  A 
strain  gage  placed  at  the  root  of  the  main  vertical  tail  spar  was  used  to 
measure  the  bending  moment.  Strain  was  measured  directly.  The  bending 
moment  was  derived  from  calculations  derived  from  calibration  runs  where 
known  weights  were  hung  from  the  vertical  tail.  Since  a  control  surface 
(rudder)  is  being  used,  the  amount  of  rudder  control  authority  (RCA)  was 
regulated  to  +/-  8°  and  +/-  14°.  Mode  1  control  of  the  buffet  response  was  very 
successful.  A  25%  reduction  of  Mode  1  RMS  (Root  Mean  Squared)  response 
was  achieved  for  a  nominal  rudder  deflection.  Figure  7.  However,  a  42% 
RMS  response  average  reduction  was  measured  for  a  maximum  allowed 
deflection  of  14°,  Figure  8.  Mode  11  active  control  was  also  successful.  Initial 
results  indicate  Mode  II  RMS  response  reductions  ranging  from  10-29%, 
(Figure  9). 
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Figure  7.  Mode  I  Control:  1st  Bending  RMS  %  Reduction  for  47-  8  deg  RCA. 
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Figure  8.  Mode  I  Control:  1®*  Bending  RMS  %  Reduction  for  +/- 14  deg  RCA. 


The  active  rudder  was  able  to  reduce  RMS  bending  moment  by  25%  to 
42%  during  steady  state  tunnel  conditions.  During  dynamic  pitching  test 
conditions,  the  dynamic  response  of  the  vertical  tail  was  lower,  and  the  peak 
response  tended  to  shift  to  higher  AoA,  (Figure  10).  During  controlled  runs, 
the  response  improvement  was  similar  to  the  static  (steady  state)  controlled 
runs  with  some  mixed  results  at  various  AoA/Q’s,  Figure  1 1 . 


£  20.00% 


Mode  II  Control 

Band  II  RMS  %  Reduction  0=10.0  (psf) 
Maximum  Rudder  Actuation;  +/-14  degrees 


►  OB  Bending  Band  II  RMS 
•  OB  Torsion  Band  II  RMS 


06  Torsion 
(In-Lbs^/Hz) 


Band  II  NPC  Control 
0=10  psf  AOA=20  degrees 


22  24  26  28 

Angle  of  Attack  (AOA  *  Deg) 


Frequency  (Hz) 


Figure  9.  Response  Reduction  for  Band  tl  Control 


The  Effect  of  Pitch  Rale  on  RMS  Response 
for  Highest  Buffet  Response,  0=3.5  psf 


Figure  10.  Root  Bending  Moment  Response  vs.  AoA  at  Pitch  Rate 
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Figure  11.  Comparison  Between  Static  and  7^ /sec  Pitch  Rate  Runs 

During  these  tests,  baseline  and  controlled  tests  were  performed  at  +/- 
5°  rudder  offset,  where  +  5°  is  outboard  and  -5^  is  inboard  with  two  important 
results.  The  first  being  that  the  mean  load  decreases  by  20%  when  the  rudder 
is  deflected  5*^  (Outboard)  and  has  little  effect  when  deflected  -5°  (Inboard)  as 
compared  to  the  0°  condition,  (Figure  12).  At  these  AoA,  the  vortex  is 
primarily  outboard  and  there  is  a  strong  suction  pressure  on  the  tail  in  that 
direction.  Deflecting  the  rudder  outboard  helps  to  create  a  bending  moment 
that  counters  the  vortex  suction.  Hence,  this  suggested  that  the  rudder  could  be 
used  to  control  the  static  portion  of  the  buffet  loading.  The  RMS  bending 
moment  did  not  change  appreciably  when  the  rudder  was  fixed  inboard  or 
outboard  with  an  average  of  29%  overall  RMS  reductions,  Figure  13. 
However,  the  mean  bending  moment  increases  by  8%  over  the  open  loop 
fixed  rudder  runs,  Figure  12. 
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Figure  12.  Mean  Signal  Bending  Moment 
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Figure  13.  RMS  Signal  Bending  Moment 
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Fatigue  Life  Improvement 

For  the  vertical  tail,  fatigue  is  broken  down  into  damage  caused  by 
maneuver  and  static  pressure  loads  and  those  caused  by  dynamic  buffeting. 
But,  the  dynamic  fatigue  damage  is  a  lower  percentage  of  the  total  fatigue  life 
in  the  lower  tail  and  increases  in  percentage  in  the  outboard  portion  of  the  tail. 
The  most  expensive  damage  occurs  in  the  root  rib  and  spar  caps.  The 
approximate  damage  percentages  in  the  root  area  (Spar  and  Former  Flanges) 
of  the  tail  are  26%  due  to  mode  I  and  33%  due  to  mode  IL  and  41%  due  to 
maneuver  and  static  pressures.  A  large  portion  of  the  static  load  is  attributable 
to  the  suction  pressure  caused  by  the  vortex  on  the  tail.  Hence,  the  tail  is 
under  a  condition  of  combined  dynamic  and  static  loading.  An  effective  load 
alleviation  system  would  be  able  to  reduce  both  portions  of  the  response. 

In  order  to  determine  the  effect  of  the  active  rudder  on  the  fatigue  of 
the  airframe  other  data  must  be  used.  The  first  is  percentage  of  damage  per 
mode  for  the  entire  flight  envelope.  For  fleet  tracking  purpose,  this  data  is 
available  as  a  table  in  terms  of  AoA  vs.  Q.  For  the  F/A-1 8,  the  flight  region  of 
interest  lies  between  Q=  75  to  400  psf  and  AoA  =  20  to  45  deg.  The  second 
piece  of  data  required  is  the  Usage  Data  (or  time  spent  at  condition.)  Again 
this  data  is  generated  from  date  from  fleet  fatigue  tracking  systems  and  is  also 
a  table  of  Time  (seconds)  as  function  of  Q  and  AoA.  From  this  information,  a 
reference  fatigue  prediction  can  be  made.  Assuming  that  damage  is  defined  as 


Where,  Dj  is  the  damage,  nj  is  the  number  of  damage  cycles  per  1000 
hrs,  and  Nj  is  the  cycles  to  failure.  The  Dj’s  come  from  Percentage  Damage 
Table,  and  the  ni’s  come  from  the  Usage  Data  Table.  Hence,  a  table  of  N,’s 
can  be  calculated.  6000  hour  A/C  fatigue  life  and  16  Hz  center  frequency  were 
assumed.  The  table  of  Ni’s  was  calculated  by  converting  the  n,’s  into  cycles 
multiply  by  6  (6(XX)  hrs  /1 000  hrs)  and  16  Hz,  and  then  dividing  by  the 
percent  damage,  Di,  for  that  Q  &  AoA. 

The  next  step  was  to  determine  the  reference  RMS  Strain  level 
associated  with  these  Nj’s.  These  were  determined  by  assuming  a  power  law 
fatigue  relationships  for  a  typical  aluminum  alloy.  The  lower  spar  fitting  was 
made  of  AL-7050.  The  following  relationship  was  used  to  calculate  the  RMS 
Strain  where  a=  5.448  and  b=-0.3163. 

/  XJ  \  1 

£(A^J-10 

The  next  step  was  to  determine  the  RMS  strain  levels  adjusted  for 
active  control  based  on  the  wind  tunnel  test  data,  (Figure  7  and  Figure  8).  The 
wind  tunnel  results  were  measured  at  different  Q’s  and  AoA’s. 

From  the  test  data,  25%  reduction  was  achieved  with  the  rudder  set  at 
+/-8®  and  42%  at  +/-14®.  The  previous  calculations  were  then  run  in  reverse, 
using  the  reduction  factors  from  the  test  and  multiplying  those  by  the 
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reference  RMS  strain.  The  cycles  to  failure,  Nj,  were  calculated.  Finally,  the 
damage,  Dj,  per  Q  &  AoA  block  can  be  calculated  from  the  ratio  of  the  Dj  = 
Ui/Ni.  In  summing  these  damages,  Di,  the  answer  was  4.43%  versus  26%  for 
the  baseline.  This  is  a  dynamic  LIF  of  26/4.43  =  ^  for  the  (+/-  8®)  control 
tests.  The  results  for  the  (+/-14°)  is  0.8  %  or  a  dynamic  LIF  of  26/0.8  =  32.5! 

The  goal  of  the  buffet  load  alleviation  system  was  to  reduce  dynamic 
response  and  eliminate  fatigue  damage.  Based  on  these  test  results,  some 
indication  of  fatigue  life  improvement  (LIF)  can  be  determined.  If  only  Mode 
I  is  considered  then  the  LIFs  are  5.8  and  32  for  the  +/-8  and  +/-14  degree 
rudder  maximum  rotations,  respectively.  When  the  Mode  II  dynamics  and 
maneuver  loads  are  considered,  then  these  LIF  reduce  to  1 .27  and  1 .33,  Figure 
14.  Based  on  the  Mode  II  active  control  results,  an  average  of  20%  reduction 
were  achieved  during  worst  case  buffet.  This  translates  into  a  LIF  of  4.6  in 
Mode  II  damage.  Combine  this  with  the  Mode  I  LIF  of  5.8  equates  to  a  Total 
LIF  of  1.9.  This  still  assumes  41%  damage  due  to  steady  state.  The  steady 
state  load  was  a  major  portion  of  the  fatigue  life  associated  with  the  root 
locations,  and  greater  life  improvements  could  be  realized  if  the  NPC 
controller  was  allowed  to  also  command  static  deflections.  If  an  18% 
reduction  in  maneuver  loads  is  achievable  based  on  the  test  results,  then  the 
Total  LIF  is  3.63  or  an  additional  15,818  flight  hrs. 
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Figure  14.  Predicted  Fatigue  LIF  Improvement  Factors  based  on  Different  Combined 

Control  Techniques 


Summary 

Dynamic  fatigue  in  the  vertical  tail  is  caused  by  the  first  bending  and 
torsion  buffet  response  of  the  tail.  Since  a  control  surface  (rudder)  was  being 
used,  the  amount  of  rudder  control  authority  to  +/-  8^^  and  +/-  14°  was  regulated. 
A  25%  reduction  of  Mode  I  RMS  (Root  Mean  Squared)  response  was  achieved 
for  a  nominal  8°  rudder  deflection.  A  42%  RMS  response  reduction  was 
measured  for  a  maximum  allowed  deflection  of  14°,  Initial  results  indicate 
Mode  II  RMS  response  reductions  ranging  from  10’29%.  Finally,  the  active 
rudder  enabled  RMS  bending  moment  reduction  during  transient  conditions  of 
about  16%  for  the  highest  pitch  rates  conditions  tested.  Active  control  was 
generally  better  at  lower  dynamic  pressures  where  the  vortex  is  positioned  for 
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maximum  buffet  on  the  tail.  The  variation  in  rudder  control  authority  did  not  in 
general  change  with  Angle  of  Attack. 

For  the  fixed  rudder  offset  runs,  these  results  would  suggest  that  the 
rudder  concept  may  have  the  added  benefit  of  controlling  the  static  as  well  as 
the  dynamic  loads  on  the  tail  increasing  the  fatigue  life  improvement  factors  by 
10  to  30  times  those  using  only  dynamic  loads  control.  This  must  be  kept  in 
mind  when  comparing  rudder  control  versus  PZT  control  approaches,  since  the 
rudder  produces  a  static  bending  moment  when  deflected  into  the  air  stream. 
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AN  EXPERIMENTAL  INVESTIGATION  OF  TANGENTIAL 
BLOWING  TO  REDUCE  BUFFET  RESPONSE  OF  THE 
VERTICAL  TAILS  OF  AN  F-15  WIND  TUNNEL  MODEL 

BY 

M.A.  Ferman*,  E.W.  Turner**,  and  L.J,  Huttsell** 

ABSTRACT 

A  concept  employing  tangential  blowing  was  investigated  experimentally  as  a  possible 
means  for  mitigating  buffet  response  of  fighter  aircraft  empennage.  Wind  tunnel  tests  of  a 
4.7  %  scale  model  of  the  F~15  Fighter  were  inn  in  the  Subsonic  Aerodynamics  Research 
Laboratory  (SARL),  WPAFB,  OH.  Tangential  blowing  was  introduced  from  thiee  points: 
(a)  the  nose,  (b)  tlie  wing  root  leading  edge,  and  (c)  the  gun  bump,  using  symmetric  blowing 
fr  om  both  sides  of  the  model.  Individual  blowing  from  each  of  the  three  locations  was  used, 
as  were  all  combinations,  and  results  were  compared  to  baseline  data  without  blowing.  The 
model  was  equipped  with  one  flexible  tail  and  one  rigid  tail,  and  instrumented  so  that 
oscillatory  pressures  could  be  measured  on  both  tails,  and  vibratory  root  bending  and  torsion 
moments  and  tip  acceleration  on  the  flexible  tail.  Angles  of  attack  (AOA)  from  0  to  32 
degrees,  and  yaw  angles  of  -4,  0,  +4  degrees  were  investigated.  Two  dynamic  pressures  (Q) 
were  employed,  30  and  56  psf,  both  to  check  on  data  scaling,  and  to  assess  the  blowing 
effectivity  at  two  Q’s. 

Generally,  an  influence  of  blowing  was  seen  in  die  response  and  the  pressures,  but  it  is 
difficult  to  cite  complete  general  trends  in  a  simple  statement.  Most  cases  showed  some 
reduction  in  response  from  blowing,  though  the  broadband  and  narrowband  results  differed 
as  to  the  degree  and  trend,  especially  bending  response  as  compared  to  torsion,  and 
especially  depending  on  the  combination  of  AOA  and  yaw  angle  considered.  In  some  cases, 
blowing  actually  increased  response  slightly.  The  wing  blowing  position  was  the  most 
effective,  the  gun  position  was  the  next  most  effective,  while  the  nose  was  the  least  effective. 
This  t5q>e  of  tangential  blowing  appeal  s  to  reflect  a  Coanda  effect,  since  the  blowing  was 
injected  well  upstream  of  the  empennage,  but  closely  followed  the  model  surfaces  until 
reaching  the  tails.  The  results  suggest  fiirther  investigation  and  application  is  merited. 

Tliis  work  was  sponsored  by  the  Air  Force  Research  Laboratoiy  (AFRL)  under  their 
Unsteady  Aerodynamics  Integrated  Product  Team  (IPT)  effort.  The  results  of  the  tests,  data 
acquisition,  data  reduction,  and  the  evaluation  of  the  effectivity  of  the  blowing  are  detailed  in 
a  three  volume  Report,  [l]-[3].  This  paper  is  a  brief  summary  of  that  work,  and  extends  a 
earlier  paper,  [4]  which  gave  a  status  report  of  work  through  Fall  1997.  A  separate  effort 
under  this  IPT  employed  pizeoelectric  actuators  and  modem  contiol  methods  as  another 
means  for  mitigating  buffet  response  on  the  empennage  of  this  model. 

BACKGROUND  AND  APPROACH 

A  number  of  modem  fighter  aircraft  attain  high  angle-of-attack  maneuvering  capability 
through  vortex  lift.  At  the  lower  angles  of  attack,  the  vortex  core  is  tightly  wound  and 
convects  aftwards,  producing  an  additional  static  (steady-state)  lift  effect,  with  little  or  no 
associated  vibratoiy  loading  effects.  At  the  higher  AOA’s,  these  vortices  exhibit  what  is 
called,  breakdown,  whei  e  a  turbulent  characteristic  appears  to  be  superimposed  on  the 
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calmer  vortex  core.  Thus,  in  addition  to  the  principal  lifting  effect,  a  stiong  vibratoiy 
loading,  or  buffeting,  is  present  from  the  buist  vortices.  While  the  burst  vortex  still  convects 
aftwards,  it  is  wider  and  generally  touches,  or  comes  closer  to  the  empennage  than  did  the 
original  vortex  core.  Thus,  Buffeting  pressures  ai  e  able  to  induce  sti  ong  excitation  of  the 
empennage,  leading  to  severe  stmctural  stiains  occurring  at  frequencies  whereby  a  large 
numbers  of  cycles  could  be  quickly  accumulated,  potentially  causing  oversti  ess,  cracking  or 
foreshortened  fatigue  life.  Several  twin  tailed  aircraft,  The  F-14,  F-15,  and  F/A-18  have 
experienced  these  buffeting  loads,  and  engineers  have  had  to  consider  these  effects  in  their 
designs  for  safe  flight  operation.  Techniques  to  reduce  buffet  have  used  stmctural  stiffening, 
addition  of  composite  doublers,  and  inclusion  of  fences  or  vents,  see  [5]-[10].  A  wide  range 
of  reseaiches  into  the  use  of  pizeoelectric  dampers  and  other  new  concepts  have  been 
initiated  by  many  investigators. 

The  concept  considered  herein  attempted  to  alter  these  turbulent  flows  by  employing  airflow 
injected  tangentially  along  the  fuselage  and  wing,  but  upsti  eam,  of  the  empennage  of  a 
modem  fighter  aircraft.  These  contiolled  airflows  aie  often  refened  to  as  “blowing”.  Since 
the  F-IS  Fighter  operates  at  high  angles  of  attack,  and  since  it  has  experienced  buffet  fi  om 
voitical  flow  breakdown,  a  wind  tunnel  model  of  scale  4.7  %  of  the  F-15  was  selected  for 
the  investigation.  A  standaid  aerodynamics-type  model  was  used,  but  modified  to 
accommodate  the  blowing  ports  and  tubing  to  provide  the  tangential  blowing  sources.  Thiee 
blowing  positions  were  employed  in  the  tests;  namely,  the  wing  root  location  ,  the  gun  bump 
location,  and  the  nose.  The  nominal  tails  used  in  aerodynamics  tests  were  removed  and 
replaced  with  special  tails  for  this  testing.  The  left  hand  side  (LHS)  tail  was  replaced  by  a 
scaled  flexible  tail,  designed  to  replicate,  at  this  scale,  the  first  several  natural  vibration 
modes  of  the  full  size  tail.  This  tail  was  insti  umented  with  pressure  transducers,  root 
bending  and  torsion  strain  gauge  bridges,  and  accelerometers  at  the  tip.  The  other  tail  (RHS) 
was  replaced  by  a  relatively  rigid  tail  and  equipped  with  pressure  transducers.  The  flexible 
tail  instimnentation  provided  data  on  oscillatory  root  bending  and  torsion  moments,  tip 
acceleration,  and  pressures.  The  rigid  tail  instrumentation  provided  data  on  oscillatory 
pressures  without  influence  of  tail  flexibility  and  vibration. 

Tests  were  conducted  in  the  SARL  wind  tunnel  at  Wright  Patterson  Air  Force  Base  during 
Fall  1995,  and  were  sponsored  by  AFRL  under  an  IPT  effort.  A  thiee  volume  report  [1]- 
[3  ]  was  prepaied  under  the  IPT  and  is  divided  as:  (a)  Volume  I-Test  Results,  Discussion, 
and  Conelation,  (b)  Volume  II-  Response  Data,  and  (c)  Volume  III  -  Oscillatory  Pressuie 
Data.  A  buffet  bibliography  has  been  included  to  aid  other  investigators.  Flow  visualization 
tests  were  mn,  and  are  partially  documented  in  [4]. 

TEST  FACILITY 

The  SARL  is  a  modem  wind  tunnel  with  a  high  contiaction  ratio,  open  circuit,  operation 
capable  of  Mach  Numbers  up  to  0.55.  It  is  fully  equipped  for  flutter,  aerodynamics,  buffet, 
and  loads  testing  .  Tlie  Tunnel  test  section  is  approximately  10  ft.  high  by  7  ft.  wide  and  15 
ft.  in  length,  and  has  2  ft.  flats  at  the  wall  and  side  intersections,  making  an  octagonal-type 
cross  section.  Relatively  large  models  can  be  tested.  An  automated  sting  can  be  pitched  and 
yawed  rather  rapidly  at  a  given  elevation,  and  has  variable  rates  of  motion.  The  sting 
elevation  can  be  varied.  A  large  portion  of  the  viewing  wall  is  high  quality  Plexiglas, 
providing  excellent  viewing  and  allows  use  of  Laser  sheet  illumination.  Data  acquisition 
equipment  is  available  to  captiue  data  taken  from  a  wide  range  of  instinmentation.  Data  can 
be  digitized  for  rapid  data  reduction,  both  insitu  and  post  test.  Online  data  is  recorded 
through  a  MicoVAX  III  computer  connected  to  a  softwai  e  controlled,  120  channel 


604 


multiplexer  and  connected  to  a  13  bit  100,000  samples  per  second,  auto  ranging,  AC  to  DC 
converter.  Balance  channel  signals,  discrete  pressure  transducer  data,  sti*ain  gauge  signals, 
and  accelerometer  signals  were  fed  through  Dynamic  brand  amplifier/bridge  conditioners. 
Additionally,  a  Metrum  dynamic  data  recorder  was  used  for  the  bending  and  torsion  and 
acceleration  data  for  the  flexible  tail.  A  majority  of  the  dynamic  data  taken  was  reduced  post 
test  by  digital  data  reduction  methods  using  a  VAX  1 1 780  computer  for  most  of  this  work. 
Some  specific  data  reduction  and  analysis  was  carried  out  with  a  Micron  Super  PC 
computer.  Fast  Fourier  transfonn  methods  were  used  to  develop  PSD  and  rms  results  for  the 
data  taken  from  the  wind  tunnel  tests.  The  digitized  data  were  fed  to  these  computer 
programs,  and  used  anti-aliasing  filters  and  noise  filtering  to  produce  high  quality  data.  The 
anti-aliasing  filter  was  a  4  pole  Chebysev,  low  pass  type,  set  at  625  Hz. 

MODEL 

The  wind  tunnel  model  is  shown  in  a  planview  diawing  in  Fig.  1  and  indicates  some  details 
of  the  instiTimentation.  Fig.  2  is  a  photo  of  the  model  on  the  wind  tunnel  sting.  Fig.  3  details 
the  instrumentation  on  the  flexible  tail.  The  rigid  tail  is  similai*,  except  that  it  has  no 
accelerometers  and  no  stiain  gauges.  The  flexible  tail  was  equipped  with  bending  and 
torsion  stiain  gauge  bridges  to  measure  root  bending  and  root  torsion  moments,  both  static 
and  oscillatory.  Accelerometers  were  placed  at  the  forwai  d  and  aft  areas  of  the  tip  of  tlie 
flexible  vertical  tail  to  capture  overall  and  bending  and  torsional  motions  there.  The  flexible 
tail  was  also  equipped  to  measure  static  and  oscillatory  pressuies,  with  pressuie  fransducers 
located  identically  to  those  on  the  rigid  tail,  as  shown  in  Fig.  3.  The  pressure  pickups  were 
placed  on  both  faces  of  the  tails  so  that,  a  pressm*e  difference,  AP,  across  the  tail  could  be 
obtained  at  each  location.  Data  acquired  were  digitized  at  a  rate  of  5  kHz  samples  per 
second  per  channel,  and  higher  rates  were  compared  to  insure  accuracy.  Data  were  recorded 
with  a  Metrum  RSR5 12  Digital  Tape  Recorder,  with  32  Channels  being  recorded 
simultaneously. 

The  natural  fi  equencies  of  the  model  flexible  tail  were  measured  by  the  model  manufacturer. 
Dynamic  Engineering  Incorporated  (DEI),  and  again  by  AFRL.  These  results  are  shown 
here  along  with  Finite  Element  Analysis  (FEM)  results  fr  om  DEI. 


AFRL  Lab  Test* 

DEI  Test** 

DEI 

FEM 

Hz. 

Hz. 

Hz. 

MODE  1 

39,8 

37.5 

36.8 

First  Bend. 

MODE  2 

169.0 

160.6 

159.3 

First  Tors. 

MODE  3 

189.0 

183.8 

195.3 

Second  Bend. 

*  Tail  clamped  to  fixture  **  tail  on  model 


The  tangential  blowing  at  the  nose,  the  gun  bump  and  at  the  wing  root  was  done 
independently,  and  all  combinations  were  used;  namely,  nose/wing,  nose/gun,  wing/gun. 
These  flow  injections  were  done  simultaneously  on  both  sides  of  the  model,  maintaining 
flow  symmetry.  Wing  blowing  pressures  of  0,  45,  and  65  psi  were  used.  A  blowing 
pressure  of  87  psi  at  the  gun  location  was  used  throughout  the  tests,  while  the  pressure  at  the 
gun  bump  location  was  maintained  at  65  psi  for  all  cases. 

DATA  ACQUISITION  AND  REDUCTION 
The  data  acquired  were  directly  digitized  for  subsequent  reduction,  and  some  on  line  data 
were  constantly  monitored  for  check  pointing  to  ensure  that  par  ameters  were  in  range  of 
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anticipated  values.  Oscillatory  pressures,  root  bending  moment,  and  root  torsion  moments 
were  acquired  and  developed  into  PSD  format  and  nns  summary  fonnat  to  aid  in  tiacking 
buffet  effects  versus  angle  attack  and  yaw  angle  for  two  values  of  dynamic  pressure,  30  and 
56  psf,  and  for  blowing  at  tlie  thi  ee  positions  (  nose,  wing  and  gun  bump)  and  for  various 
blowing  pressures.  A  few  pressiue  CSD’s  were  detennined  to  indicate  typical  behavior. 
Some  acceleration  data  in  PSD  and  nns  forms  were  also  included  in  the  report  in  both 
volumes.  The  bulky  data  consisting  of  many  PSD  plots  ai  e  shown  in  [2]  and  [3]  while  some 
t>pical  PSD’s  aie  in  [1],  The  rms  summaiy  plots  are  in  [1],  in  both  dimensional  and 
nondimensional  fonns,  to  enhance  discussion.  In  [1]  are  also  shown  (a)  ims  root  bending 
moments  for  the  flexible  tail,  calculated  from  rms  pressuies,  (b)  coherence  bmctions  for 
selected  pressuie  pick-ups,  (c)  and  flexible  tail  bending  acceleration  data  derived  from  the 
data  fiom  the  accelerometers  at  the  tip  of  the  tail. 

RESULTS 

A  lai'ge  data  base  was  accumulated  in  this  test,  and  a  list  of  variables  is  noted  here;  namely: 
Test  Valuable 

Dynamic  Pressure,  Q,  =  30,  56  psf 
Angle  of  Attack  (  AO  A)  ,  Alpha.,  range  of  0-32  deg 
Yaw  angle(  Beta)...0, -4, +4  deg 
Blowing  pressuies 

No  blowing  (base  cases) 

Wing  Blowing  (WBP)  of  45  and  65  psi 
Gun  Blowing  (WBP)  of  65  psi 
Nose  Blowing  (NBP)  of  87  psi 

Measurands 

Flexible  Tail 

Oscillatory  Root  bending  and  torsion  moments 
Tip  acceleration 

Bending  moment  from  pressure  integiation 
Oscillatory  Pressures 

Rigid  Tail 
Oscillatoiy  Pressures 

(Dimensional  and  nondimensional  data  fonns  aie  shown  for  these  measurands) 

Yaw  is  defined  as  positive  when  the  right  wing  moves  forwaid  when  viewing  down  onto  the 
aircraft.  Pitch,  or  angle  of  attack  (AO A),  is  defined  as  positive  when  pitching  the  nose 
upwai'ds.  A  right  hand  vector  nile  at  the  c.g.  applies  to  yaw  and  pitch.  Only  positive  angles 
of  attack  were  used  in  tliese  tests. 

Fig.  4  typifies  the  influence  of  angle  of  attack  (AOA)  and  yaw  angle  ( beta)  on  root  bending 
and  torsion  of  the  flexible  tail,  for  the  case  with  no  blowing,  for  broadband  data,  for  a  Q  of 
56  psf  Note,  bending  is  growing  at  the  highest  AOA,  while  torsion  seems  to  have  peaked 
and  is  reduced  at  that  angle.  For  both  bending  and  torsion  below  an  AOA  of  24-28  deg.,  the 
positive  yaw  tends  to  show  less  buffet  effect,  while  negative  yaw  increases  responses.  This 
makes  sense,  since  the  vortex  tends  to  trail  directly  backwaids,  and  thus  negative  beta  pushes 
the  LHS  tail  into  the  vortex,  while  conversely  positive  beta  does  the  opposite.  Above  24-28 
degrees,  the  yaw  effects  aie  mixed  or  even  reversed  indicating  the  vortex  has  grown  much 
lai  ger,  likely  fully  burst.  Similarly,  Fig.  5  summaiizes  the  influence  of  wing  blowing 
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pressures  (WBP)  of  0,45,65  psi  on  flexible  tail  root  bending  and  torsion  moments  versus 
AOA  for  the  case  of  beta  of  0  deg.,  for  a  Q  of  56  psf  Note  that  only  AOA’s  of  20  deg  or 
higher  were  shown.  While  an  influence  of  WBP  is  shown,  mostly  reducing  response,  a  few 
points  show  the  opposite.  These  data  are  for  broadband  response.  Nan  ow  band  data 
conesponding  to  both  Fig,  4  and  5,  show  similar,  but  some  what  different  trends,  depending 
on  the  yaw  angle  and  depending  whether  torsion  versus  bending  is  considered,  and  fbrther 
depending  on  the  vibration  mode.  In  the  main  report,  [l]-[3],  significant  detail  of  these 
trends  aie  given.  The  blowing  from  the  gun  bump(GBP)  was  the  next  most  effective 
position,  while  blowing  from  the  nose,  (NBP)  was  the  least  effective.  For  tie-in,  the  data  of 
Figs.  4  and  5  aie  those  in  Figs.  7-10  in  the  earlier  Paper  [4], 

At  approximately  the  time  the  earlier  paper  was  released,  a  discovery  was  made  that  led  to 
additional  data  reduction,  and  to  revisiting  calibrations,  settings,  etc.  That  is,  while  the 
bending  and  torsion  response  at  the  lower  Q  of  30  psf  exhibited  lower  values  than  did 
responses  for  a  Q  of  56  psf,  the  ratio  of  the  bending  responses  was  not  proportional  to  the  Q 
ratio  when  the  data  was  nondimensionalized.  Fig.  6  shows  the  broadband  bending  and 
torsion  responses  of  the  flexible  tail  versus  AOA  at  Beta  of  0  for  the  two  Q’s.  It  is  seen  that 
the  effect  of  lowering  the  dynamic  pressure  has  the  correct  trend.  However  as  seen  in  the 
next  graph.  Fig.  7,  that  is  not  entirely  as  thought  to  be.  In  the  latter  figure,  the 
nondimensional  bending  and  torsion  moment  coefficients.  Cm  and  Cj  ai*e  defined  as  Cm 
BM/QSc  and  Cx  =  TM/QSc,  where  BM  is  bending  moment,  Q  is  dynamic  pressure,  S  is  tail 
area,  c  is  the  tail  mean  aerodynamic  chord,  and  TM  is  the  torsional  moment.  Note  that 
when  nondimensionalized,  the  scaled  responses  for  bending  show  that  the  data  for  the  lower 
Q  aie  either  too  large,  or  vice-versa,  the  data  for  the  larger  Q  are  too  small.  The  AOA  trend 
for  both  Q’s  ai  e  the  same.  Note,  the  torsional  responses  do  scale  closely,  and  the  trend  at  the 
lower  Q  show  the  same  AOA  peaking. 

Simultaneously,  the  pressure  data  was  more  closely  reviewed  to  see  if  there  was  any 
connection  to  these  fends  in  moment  data.  Fig.  8  shows  the  designations  of  the  pressure 
tiansducers,  A-F  on  the  flexible  tail,  and  G-K  on  the  rigid  tail.  Fig.  9  shows  oscillatory 
pressure  coefficients,  Ap/Q  expressed  in  rms  tenns  for  no  blowing.  In  the  top  half  are  data 
for  Q  of  56  psf,  while  data  for  Q  of  30  psf  ai  e  given  in  the  lower  half.  Data  for  the  flexible 
tail  ai  e  on  the  left  hand  side,  and  data  for  the  rigid  tail  are  on  the  right  hand  side.  Note  that 
these  coefficients  seem  to  correlate  with  Q  as  they  should,  and  that  the  peaking  at  the  higher 
angles  seems  to  be  present  for  the  larger  pressure  pick-ups.  In  Fig.  10  are  similar  data  for 
the  same  case,  but  with  a  WBP  of  45  psi.  Here  it  is  seen  that  the  same  trends  and  scaling 
seem  to  hold  as  when  WBP  =  0,  with  the  overall  pressure  trends  showing  slight  reductions 
from  blowing. 

Attempts  were  made  to  con  elate  the  nondimensional  data  with  data  from  the  F/A-18  in  11], 
and  a  portion  is  repeated  here.  Fig  1 1  shows  a  comparison  of  nondimensional  bending  and 
torsion  data  with  those  from  the  F/A-18  Vertical  Tail.  Both  wind  tunnel  model  data  scaled- 
up  and  flight  test  data  aie  presented  for  the  F/A-18,  per  [7].  The  F-15  and  F-18  data  show 
good  agreement  overall,  except  that  only  the  F-15  bending  data  does  not  peak  and  fall  off  as 
does  the  other  data.  In  Fig.  12,  tlie  comparison  between  the  F-15  Vertical  Tail  and  the  F/A- 
18  Stabilator  is  shown,  with  both  scaled  model  data  and  flight  data  for  the  latter.  Note  that 
data  for  the  F-18  stabilator  follows  those  of  the  F-15  vertical  tail  nicely  where  available. 
Though  the  stabilator  is  a  stiffer  surface  than  is  the  F-15  Vertical  Tail  due  to  more  stringent 
flutter  requirements,  their  nondimensional  data  compares  favorably.  Also,  the  F-i8  data 
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were  nondimensionalized  slightly  differently,  but  the  net  effects  ai  e  not  appreciable.  A  more 
precise  con  elation  would  require  that  the  basic  data  of  all  these  cases  be  scaled  to  a  more 
compatible  configuration  before  nondimensionalizing  per  [  5  ],  but  even  then,  there  is  no 
assurance  of  improved  conelation.  The  F- 18  basic  data  was  not  available  to  the  Authors  to 
do  this. 


CONCLUSIONS  AND  RECOMMENDATIONS 
There  was  a  definite  influence  of  blowing  on  the  vortical  flows  at  the  tails,  and  a  definite,  but 
mixed  effect  on  the  flexible  tail  response.  Generally,  buffet  was  reduced  somewhat  in  most 
cases.  Similarly,  the  effect  of  blowing  was  seen  to  be  different  for  response  data  at  various 
yaw  angles;  in  some  cases,  blowing  slightly  increased  response.  Bending  was  effected  in 
different  ways  than  was  torsion.  Likewise  the  nanow  band  data  suiTounding  the  various  tail 
vibration  modes  were  effected  differently  than  were  broadband  data.  Generally  torsional 
responses  showed  trends  with  angle  of  attack  that  were  as  expected  from  the  Author’s 
experiences.  Bending  showed  no  peaking  in  the  AOA  range  investigated,  which  was  not  as 
expected.  Tliis  could  mean  that  bending  might  peak  at  higher  angles  beyond  those 
investigated,  else  there  may  have  been  some  influence  of  tunnel  flow  causing  this  trend. 
Acceleration  data  for  bending  showed  peaking  in  tlie  AOA  range.  Pressure  data  showed 
peaking,  as  did  root  bending  moments  calculated  from  the  rms  pressiue  data(  done  on  both 
the  flexible  and  rigid  tails).  Another  oddity  from  the  tests  was  that  bending  did  not  scale  as 
closely  as  expected  with  the  two  dynamic  pressures,  while  torsion  did  and  the  pressures  did. 
While  some  calibration  eiTor  was  suspected  initially,  none  was  found  even  after  extensive 
review  of  all  processes.  The  blowing  from  the  wing  position  was  the  most  effective, 
blowing  from  the  gun  bump  was  the  next  most  effective,  while  nose  blowing  was  the  least 
effective.  The  fact  that  the  flows  convected  back  to  the  tail  areas  as  well  as  they  did  suggests 
diat  some  type  of  Coanda  Effect  was  occurring. 

Based  on  the  results,  it  is  recormnended  that  additional  work  be  done  with  this  approach, 
namely  that  the  flow  injection  points  be  moved  back  to  various  stations  approaching  the  tail 
root.  The  possibility  of  oscillating  the  flow  pressure  about  some  mean  pressure  value  seems 
to  be  a  likely  candidate,  especially  if  the  pressure  oscillations  can  be  made  at  frequencies 
known  to  dominate  the  vortical  flows.  Transient  effects  are  known  to  have  some  effect  on 
buffet,  and  should  be  investigated  with  this  model,  as  done  with  a  generic  model  in  [1 1]. 
Perhaps  some  in-flight  case  could  be  attempted  to  see  if  the  same  levels  of  induced  flows 
would  have  tlie  same  quantitative  effects  while  the  aircraft  is  moving  with  less-than-the- 
stationary  conditions  of  the  wind  tunnel  model. 
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Figure  1  IManview  of  4.7  %  Wiiitl  runnel  Model 
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Figure  2  4.7  %  Buffet  Model  in  Wind  Tunnel 


Figure  3  Instrumentation  Layout  on  Flexible  Vertical  Tail 


PSO’s(S.SOO)Hj 


Figure  4  Flex.  Tail  Bending  and  Torsion  Responses  vs  AOA 
Q  =56  psf,  No  Blowing 


PSD’S  5-500  Hz. 


Figure  5  Flex.  Tail  Bending  and  Torsion  Responses  vs  AOA 
Q=56  psf,  Wing  Blowing  Summary 
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Flex  Talt:  QsSS  psf.  Bet3=0  Rigid  Tail:  Q=S6  psf,  BctasO 

0  psi  blowing  @  wing  UE.  0  p$i  blowing  ®  wing  LE. 


Angia  of  AHack  Angla  ol  Altoek 


Flex  Tail;  0=30  psf.  Beta=0  Rigid  Tafl:  0=30  psf,  8eta=0 

0  psI  blowing  @  wing  LE.  0  psi  blowing  @  wing  LE. 


Figure  9  Oscillatory  Pressure  Coeff.  vs.  AOA 
Q=30  &  56  psf,  Beta  =  0,  WBP  =0 


Rex  Tall;  0=56  psf,  Beta=0  Rigid  Tail:  0=56  psf,  Bela=0 

45  psi  blowing  @  wing  LE.  45  psi  blowing  @  wing  LE. 
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Angla  at  Auaeh  Angla  oil  Attack 


Figure  10  Oscillatory  Pressure  Coeff.  vs.  AOA 

Q=30  &  56  psf,  Beta  =  0,  WBP  =  45  psi  ' 
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Figure  11  Correlation  Between  4.7%  Scale  F-15  Vertical  Tail 
and  F/A-18  Vertical  Tail 


Figure  12  Correlation  Between  4.7®/©  Scale  F-15  Vertical  Tail 
and  F/A-18  Stabilator 
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Abstract 

A  device  for  recording  and  analyzing  flutter  model  data  has  been  developed  for 
use  in  the  St.  Louis  University-Parks  College  Low  Speed  Wind  Tunnel  (Parks 
LSWT).  The  Author  developed  this  device  as  a  Graduate  Study  Project  in  1998  [1], 
with  guidance  from  the  Co-author.  The  objective  was  to  devise  and  implement  a 
computer-based  data  analysis  tool  to  allow  the  observation  of  dynamic  data  from  two 
separate  inputs  in  real  time,  and  to  record  the  data  during  testing  for  post-test  analysis 
of  frequency  and  damping  characteristics  of  a  flutter  model. 

The  device  was  constructed  using  Lab  VIEW®  virtual  instrument  (VI)  software,  a 
package  widely  used  in  both  industrial  and  educational  settings,  operating  on  a 
persona!  computer  (PC)  at  the  Parks  LSWT  facility.  A  flutter  model  was  designed 
and  tested  to  check  the  VI  development.  It  was  carefully  designed  to  give  a  good 
database  for  these  checks,  and  was  carefully  analyzed  to  insure  proper  behavior. 
Theory  and  tests  compared  well. 

While  the  VI  was  directed  toward  flutter  models,  it  can  be  used  for  other  test 
applications,  such  as  beam-vibration  tests  or  tests  using  dynamic  pressure 
transducers. 


Dacl^round 

Data  acquired  from  wind  tunnel  testing  of  dynamically  scaled  models  are  of  two 
basic  types:  visual  and  non-visual.  The  visual  data  are  acquired  by  recording  actual 
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model  motions  on  film  or  videotape  for  post-run  review  and  analysis.  Frequently 
stroboscopic  lights  are  used  to  emphasize  these  motions,  if  available.  Non-visual 
data  are  acquired  by  recording  instrumentation  outputs  from  strain  gages, 
accelerometers,  and  fiber-optic  or  selsyn  devices,  placed  at  various  points  on  or  in  the 
model’s  structural  components.  These  outputs  can  be  manipulated  for  viewing  by 
test  personnel  in  "real-time”  during  the  run,  and  are  usually  saved  for  post-test 
analysis. 

Prior  to  this  work,  the  capability  to  view  and  record  non-visual  dynamic  flutter- 
model  data  was  not  present  at  the  Parks  LSWT.  As  a  graduate  research  project,  the 
author  began  an  effort  to  devise  a  computer-based  "virtual  instrument"  (VI)  that 
would  allow  test  personnel  to  view  two  separate  dynamic  flutter  data  channels  in 
real-time,  and  to  record  data  from  these  inputs  as  needed.  In  addition,  the  device 
would  be  able  to  automatically  record  data  should  a  preset  dynamic  load  limit  (or 
other  preselected  criteria)  be  encountered  on  one  or  both  of  the  input  channels,  such 
as  when  divergent  flutter  is  encountered. 

The  Author  also  built,  calibrated,  and  tested  a  segmented-wing  flutter  model  to 
check  the  operation  and  usefulness  of  the  VI  being  developed.  The  model  used  full- 
bridge  strain-gage  networks  to  measure  wing  root  bending  and  torsion,  and  was 
installed  on  the  Parks  LSWT  Flutter  Fixture  for  testing.  The  Author  performed  this 
work  during  the  Fall  and  Spring  1998  semesters  at  Parks  College,  with  the  guidance 
of  the  Co-author.  The  flutter  fixture  noted  here  was  allow  for  flutter  testing  in  the 
Parks  LSWT,  an  existing  (1993)  development  to  allow  for  flutter  testing  in  the  Parks 
LSWT. 

Method 

Non-visual  dynamic  wind-tunnel  data  as  described  above  are  traditionally 
acquired  and  viewed  as  follows:  (a)  analog  data  are  acquired  from  a  measuring 
device  (strain  gage,  accelerometer,  etc.),  (b)  the  input  signal  is  amplified,  (c)  the 
amplified  output  signal  is  then  sent  to  a  viewing/recording  device,  such  as  a  strip 
chart,  that  has  been  scaled  by  calibrating  the  measuring  device.  This  allows  the 
amplified  output  (also  called  a  "total  signal")  to  be  viewed  in  real-time,  giving  an 
observer  the  chance  to  monitor  the  total  forces  experienced  by  one  or  more  data 
inputs. 
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If  viewing  the  “dynamic”  component  of  the  output  signal  is  also  desired,  each 
output  signal  is  split  into  two  paths.  One  of  these  is  passed  through  a  low-pass  filter 
to  obtain  a  “steady-state”  portion  of  the  ’’total”  output  signal.  This  steady-state  value 
is  removed  from  the  total  signal,  and  the  resulting  dynamic  signal  is  then  displayed 
for  viewing. 

Generally,  both  the  total  and  dynamic  signals  are  almost  always  recorded  for  use 
in  post-test  analysis.  Along  with  the  dynamic  data,  one  or  more  calibrated  "sine 
wave"  input  signals  are  recorded  along  with  steady  state  tunnel  parameters,  tunnel 
dynamic  pressure  and  total  temperature,  so  relationships  between  the  test  conditions 
and  the  test  data  can  be  determined. 

The  Virtual  Instrument  DYN  DATA.VI 

The  virtual  instrument  devised  was  noted  as  DYN_DATA.VI,  and  reads  and 
processes  dynamic  input  data  from  two  channels.  In  this  case,  the  data  analyzed  were 
the  outputs  of  the  bending  and  torsion  strain  gages  of  the  wing  model.  The  VI,  its 
detailed  description,  and  a  detailed  set  of  operating  instructions  are  resident  on  the 
PC  used  at  the  Parks  LSWT, 

This  VI  was  designed  using  National  Instruments'  Lab  VIEW®  software  package, 
at  Parks  College.  Detailed  information  about  this  software  is  given  in  [2]  and  [3]. 

This  Lab  VIEW®  virtual  instrument  was  designed  to  acquire  data,  send  it  out  to 
virtual  “strip  charts”  to  allow  the  “total”  signal  to  be  viewed,  split  this  signal,  filter 
one  side  to  get  the  “steady-state”  component,  subtract  this  from  the  other  side,  and 
view  this  on  another  virtual  “strip  chart”  as  the  “AC-coupled”  signal.  The  two  “AC- 
coupled”  signals  could  then  be  combined  and  fed  to  an  oscilloscope  display.  The 
instrument  function  is  described  in  greater  detail  in  [1],  and  contains  the  instructions 
on  how  to  use  DYN_DATA.VI.  Figure  (1)  is  the  detailed  Lab  VIEW®  wiring 
diagram  of  the  instrument.  Figure  (2)  is  its  “front  panel”,  or  what  is  displayed  on  the 
PC’s  CRT  screen  while  the  VI  is  in  operation. 

The  VI  reads  all  data  received  by  the  PC  through  its  data  acquisition  unit.  This 
VI  is  designed  to  record  all  the  “total  signal”  data  sent  to  the  PC,  so  it  is  simpler  and 
faster  to  record  this  entire  data  array.  The  VI  then  selects  the  data  channels  to  be 
processed,  and  displayed  to  the  user  during  testing.  This  means  that  measurements  to 
compute  tunnel  dynamic  pressure  (and  hence  tunnel  velocity),  if  available,  are  also 
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recorded,  so  post-test  correlation  between  model  behavior  and  tunnel  speed  (a 
primary  concern  in  analyzing  flutter  data)  can  be  performed. 

Wind  tunnel  testing  of  flutter  models  can  take  relatively  long  periods  of  time. 
Even  when  only  two  input  channels  are  being  recorded,  the  amount  of  data  obtained 
during  a  single  run  can  quickly  take  up  most  of  the  storage  space  available  in  most 
desktop  computers  if  recording  is  done  continuously.  With  this  in  mind,  the 
recording  capability  of  the  VI  is  "on-demand",  with  data  being  acquired  as  a  series  of 
"snapshots"  by  test  personnel  during  the  run.  Before  each  tunnel  run,  a  basic  file 
name  and  recording  length  of  each  data  snapshot  is  specified.  A  "dataset"  value  that 
is  appended  to  the  basic  run  file  name  is  also  specified,  and  can  be  changed  during 
the  run  as  desired.  If  the  run  dataset  value  is  changed  betv\^een  data  snapshots,  a  new 
file  is  written,  with  the  proper  data  contained  in  the  new  file.  If  the  dataset  number  is 
not  changed  between  acquisitions,  new  data  are  appended  onto  the  end  of  the  file 
containing  data  already  recorded  under  the  existing  file  name.  The  data,  once 
recorded,  is  easily  found  after  the  run  ends,  and  can  be  displayed  on  commercially 
available  PC  spreadsheet  software. 

An  "overscale"  recording  function  that  will  automatically  record  a  data  snapshot 
if  either  data  input  reaches  a  predetermined  static  or  dynamic  limit  is  also  available. 
This  limit  is  determined  by  a  pre-run  calibration,  which  uses  the  channel  "zero"  and 
"span"  features  of  the  VI.  The  overscale  "snapshot"  file  is  given  a  special  file  name 
to  make  it  stand  out  from  the  other  data  that  might  be  taken  during  the  run.  If  no 
overscale  data  is  desired,  this  function  may  be  overridden.  All  file  naming,  data 
"zeroes"  and  "spans",  and  file  recording  lengths  are  manually  input  through  the  front 
panel  of  the  VI. 

Test  and  VI  Validation 

The  VI  development  and  validation  took  place  at  the  St.  Louis  University-Parks 
College  Low  Speed  Wind  Tunnel  (Parks  LSWT).  The  Parks  LSWT  is  an  open- 
return,  solid-wall  wind  tunnel,  with  test  section  dimensions  of  28”x40”x54”  (0.7  m  x 
1.0  m  X  1 .4  m,  H  X  W  X  L),  and  is  capable  of  test  section  velocities  of  up  to  about  220 
fps  (67  m/s  or  150  mph).  Most  aerodynamic  test  articles  are  mounted  by  some 
suitable  means  to  a  pyramidal-type  external  balance  whose  resolving  center  is  in  the 
center  of  the  tunnel  test  section.  Other  test  articles,  such  as  flutter  models  or 
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pressure-instrumented  test  articles,  can  be  fixed  to  a  wall  mount  that  replaces  the  left- 
hand  window  in  the  test  section.  This  mount  was  developed  at  Parks  College  by  the 
Co-author,  and  is  described  in  [4]  and  [5].  The  assembled  wing  model,  as  installed  on 
the  wall  mount,  is  shown  in  Figure  (3). 

The  SLU-Parks  LSWT  uses  Lab  VIEW®  as  its  primary  data  acquisition  and 
display  software,  in  conjunction  with  a  Zenith  Data  Systems  486/66  MHz  personal 
computer  (PC).  The  Lab  VIEW®  system  at  the  Parks  LSWT  is  used  primarily  to 
record  data  from  the  tunnel’s  external  “pyramidal”  six-component  balance  when  it  is 
used  for  aerodynamic  force-and-moment  testing.  This  raw  data  are  input  to  a 
National  Instruments  SCXI  signal  conditioning/data  multiplexing  device,  and  output 
as  a  two-dimensional  data  array.  The  array  is  then  sent  to  a  multifunction  data 
acquisition  board  (also  manufactured  by  National  Instruments)  that  is  in  the  Parks 
LSWT  PC.  This  board  converts  the  multiplexed  data  from  the  SCXI  to  the  PC  in  a 
form  usable  by  Lab  VIEW®. 

The  test  article  used  to  validate  this  work  was  a  segmented,  flexible  wing  panel 
fabricated  by  the  Author,  and  tested  in  the  Parks  LSWT.  This  wing  model  is  shown 
in  Figure  (4).  The  design  for  this  model  was  based  on  prior  models  successfully 
tested  in  the  SLU-Parks  LSWT,  as  listed  in  [4]  and  [5].  It  consisted  of  five 
individual  wooden  wing  sections  mounted  to  a  single,  constant  cross-section 
aluminum  spar.  Two  full  strain-gage  bridge  networks  were  mounted  near  the  fixed 
end  of  the  spar.  One  network  was  configured  to  measure  spar  root  bending,  and  the 
other  for  spar  root  torsion.  These  gages  were  bonded  to  the  spar  using  typical  gage 
bonding  techniques.  The  fixed  end  of  the  spar  was  designed  and  built  to  allow 
installation  in  the  LSWT  tunnel  flutter  mount  without  damaging  the  model’s  wiring 
harness. 

A  two-degree-of-ffeedom  analysis  of  the  model’s  flutter  characteristics  was  also 
performed.  This  analysis  was  based  on  a  coupling  of  the  first  bending  and  first 
torsional  modes  and  frequencies,  using  the  model’s  section  masses  and  inertia  values 
plus  the  “ideal”  bending  and  torsional  stiffness  of  an  “ideal”  spar  of  the  same  shape 
and  material  as  the  one  in  the  model.  This  analysis  used  techniques  described  in  [6], 
[7],  and  [8]. 
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Test  Results 


Both  ’’air-off  and  ”air-on"  data  were  obtained  from  the  model  using 
DYN_DATA.VI  as  part  of  the  validation  of  the  VI.  Air-off  data  were  acquired  both 
in  a  “bench-testing”  condition  away  from  the  tunnel  test  section,  and  in  an  “installed” 
condition,  mounted  in  the  Parks  LSWT  test  section  on  the  flutter  wall  mount.  Data 
acquisition  was  initiated,  and  then  the  test  article  was  tapped  lightly  to  excite  it  in 
bending,  torsion,  or  a  combination  of  the  two.  The  recorded  output  levels  from  the 
test  article  were  more  than  sufficient  to  allow  the  natural  frequencies  of  the  test 
article  to  be  properly  determined.  The  recorded  data  from  each  channel  were 
analyzed  both  using  a  spreadsheet  and  a  LabVIEW®-based  spectral  analyzer.  The 
spectral  analysis  plots  of  these  data  are  shown  as  Figures  (5)  and  (6).  These  checks 
determined  that  the  first  and  second  bending  frequencies  of  the  test  article  were  3.5 
Hz  and  19.5  Hz,  respectively,  and  that  the  first  torsional  frequency  was  24.0  Hz. 

The  air-off  data  acquisition  was  also  used  to  determine  the  maximum  practical 
sampling  rate  for  the  VI  as  installed  on  the  Parks  LSWT  PC,  which  are  500  samples 
per  second.  The  best  screen  update  rate  is  twice  a  second,  with  250  new  data 
samples  being  displayed  during  each  update. 

For  “air-on”  testing,  data  acquisition  was  in  many  ways  similar  to  many  other 
dynamic  wind  tunnel  tests.  For  an  individual  data  point,  the  tunnel  speed  was  set  and 
stabilized,  and  data  were  acquired.  This  cycle  was  repeated  for  increasing  tunnel 
speeds  until  one  of  three  events  occurred:  (a)  a  flutter  point  was  encountered,  at 
which  time  additional  data  were  taken  if  possible,  (b)  it  was  apparent  that  the  model 
would  not  tolerate  any  further  speed  increases  from  a  structural  standpoint,  or  (c)The 
tunnel  speed  limit  was  reached,  precluding  further  testing  until  changes  could  be 
made  to  the  model. 

This  is  similar  to  a  flutter  testing  technique  described  in  [9],  with  some  small 
changes  as  needed  for  use  at  the  Parks  LSWT. 

A  total  of  three  air-on  runs  were  made,  each  being  terminated  when  the  test 
article  fluttered.  In  each  case,  the  strip  chart  traces  of  the  virtual  instrument  were  of 
valuable  use  during  each  run.  On-line  observation  of  the  "total-signal”  traces 
allowed  the  model's  angle  of  incidence  to  be  properly  trimmed  during  the  first  two 
runs,  so  that  its  spar  was  not  subjected  to  bending  due  to  steady-state  air  loads  during 
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a  run.  Both  the  "total"  and  "dynamic"  traces  also  showed  output  from  both  the 
bending  and  torsion  bridges  indicating  cyclical  motion  at  flutter.  The  Lissajous 
figure  formed  by  the  virtual  oscilloscope  took  the  shape  of  a  circle,  indicating  that 
the  bending  and  torsion  outputs  were  in  a  90-degree  phase  relationship  to  one 
another,  also  indicative  of  flutter. 

Data  were  obtained  at  the  flutter  point  of  each  run,  after  which  both  the  run  and 
VI  operation  were  terminated  manually.  In  order  to  guarantee  that  data  at  flutter 
would  be  acquired,  the  VI  was  operated  with  its  overscale  trigger  off  to  prevent  its 
premature  shutdown  during  running.  Both  the  flutter  speed  and  frequency  were 
highly  repeatable  for  each  run.  The  flutter  speed  was  41  miles  miles/hr  (18.3  m/sec) 
and  the  flutter  frequency  was  determined  to  be  20.85  Hz.  Figure  (7)  shows  a  spectral 
analysis  for  data  acquired  from  the  test  article  at  flutter. 

As  part  of  the  project,  predictions  for  flutter  speed  and  frequency  of  the  test 
article  were  performed.  The  two-degree-of-freedom  calculations  made  by  the 
Author  assumed  a  coupling  of  the  first  bending  and  first  torsional  modes  to  produce 
the  flutter  mechanism  in  the  model,  based  on  its  mass  properties  and  an  “ideal”  spar 
stiffness  computed  from  its  actual  dimensions. 

A  comparison  of  the  actual  flutter  data  obtained  during  testing  with  the 
calculated  (ideal)  values  is  listed  in  Table  (1),  below. 


Hil 

Calculated 

49  (22) 

9.8 

Measured 

41  (18.3) 

20.85 

Table  (1)  -  Flutter  Data  Comparison 

The  calculated  and  measured  flutter  speeds  were  relatively  close,  but  it  can  be 
seen  that  their  corresponding  flutter  frequencies  were  not.  A  three-degree-of 
freedom  analysis  of  the  “ideal”  model,  using  methods  described  in  [6]  through  [8] 
and  including  the  second  bending  frequency,  would  likely  reduce  the  difference 
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between  the  calculated  and  measured  flutter  frequencies,  and  bring  their  respective 
flutter  velocities  even  closer  together. 

Additional  Comments 

The  VI  was  designed  to  acquire  and  display  flutter  model  dynamic  response  data 
for  two  data  inputs.  It  can,  however,  be  easily  expanded  to  process,  display,  and 
record  as  many  data  inputs  as  desired,  based  on  the  performance  and  storage 
limitations  of  the  desktop  computer  being  used  to  run  the  VI.  More-than>acceptable 
performance  from  the  VI  as  developed  was  obtained  when  used  with  the  Parks 
LSWT  computer,  a  486/66  MHz  with  internal  video  (VGA)  capability.  Current 
generation  computers  have  CPU  speeds  of  over  500  MHz,  RAM  storage  levels 
approaching  1  megabyte,  data  bus  speeds  of  100  MHz,  separate  high-resolution  video 
processor  hardware,  and  10-20  gigabyte  high-speed  data  storage  devices.  These 
improvements  in  PC  performance  would  allow  for  far  greater  data  acquisition  at 
higher  sample  rates  and  display  capability  using  either  the  basic  VI  or  an  expanded 
version. 

Since  the  data  acquired  and  processed  by  this  VI  were  obtained  from  two  strain- 
gage  bridge  networks,  the  usefulness  of  the  device  need  not  be  limited  to  dynamic 
flutter  testing  in  wind  tunnels.  The  basic  VI  can  process  data  that  is  obtained  from 
other  types  of  simple  structural  testing,  such  as  beam-vibration  models.  Expanded 
versions  could  be  used  to  process  information  obtained  from  externally  excited  test 
articles  to  determine  natural  frequencies  and  mode  shapes  for  various  structures. 

Data  obtained  from  dynamic  pressure  transducers,  can  also  be  treated  similarly. 

Conclusion 

The  goal  of  acquiring,  viewing,  and  recording  flutter  model  dynamic  wind  tunnel 
data  in  real-time  or  near-real-time  in  the  Parks  LSWT  was  achieved  by  developing 
and  validating  a  Lab-VIEW®-based  virtual  instrument,  DYN_DATA.VI.  A  flutter 
model  developed  for  this  project  demonstrated  the  usefulness  of  this  VI  as  a  dynamic 
data  acquisition  instrument.  In  addition,  the  flutter  speed  of  the  model  tested 
corresponded  well  with  those  calculated  using  a  two-degree-of-freedom  analysis. 
Dynamic  data  of  the  frequency  levels  common  for  low-speed  flutter  models  (below 
100  Hz)  can  be  successfully  acquired,  observed,  and  recorded  for  post-run  analysis. 
Dynamic  data  from  beam-vibration  models  or  dynamic  pressure  transducers  can  also 
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be  easily  read  and  recorded  using  this  device.  Expansion  of  this  device  to  read  and 
record  data  from  more  than  its  current  tv^o-channel  capability  can  easily  be 
accomplished,  and  is  expected,  given  both  the  improvements  in  the  capabilities  and 
capacities  of  newer  personal  computers. 
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Figure  1  -  The  virtual  instrument  DYN_DATA.VI 


Figure  2  -  The  front  panel  for  DYN_DATA.VI 


Figure  3  -  The  wing  model  installed  on  the  Parks  LSWT  Flutter  Wall  Mount 


Figure  4  -  The  flutter  wing  used  to  validate  D YN_DATA. VI 
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Figure  5  -  Measured  model  bending  frequencies  (air-off) 
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Figure  6  -  Measured  model  torsion  frequency  (air-off) 


Frequency  (Hz) 

Figure  7  -  Frequency  of  model  at  flutter  onset  (air-on,  41  mph) 
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ABSTRACT 

This  paper  outlines  the  use  of  standard  linear  aeroelastic  analysis  tools 
to  develop  a  multi-input/multi-output  (MIMO)  state  space  model  that 
can  be  used  to  simulate  limit  cycle  oscillations  (LCO)  and  consequently 
the  design  of  a  controller.  A  "closed  loop"  simulation  was  performed 
with  a  16  Lb.  LCO  force  providing  the  required  lateral  acceleration  at 
the  pilot  seat.  With  the  AOC  actuated  the  response  was  decreased  with 
the  commanded  aileron  inputs  from  the  AOC.  The  AOC  was 
commanding  an  aileron  deflection  of  +0.15  degrees.  This  predicted 
value  of  aileron  deflection  agreed  closely  with  the  actual  value 
measured  during  flight  testing  of  ±0.2-0.4  degrees  deflection.  The 
simulated  suppression  qualitatively  and  quantitatively  agreed  with  the 
flight  test  measured  suppression. 

INTRODUCTION 

The  F/ A-18  model  A/B/C/D  is  a  combined  fighter  and  attack  aircraft. 
In  the  ground  attack  mode  the  aircraft  carries  a  variety  of  stores  on  the 
four  (two  per  wing)  under-wing  pylons.  This  model  aircraft  sometimes 
experiences  undesirable  oscillation  at  low  altitudes  and  high  speeds 
when  carrying  high  pitch  inertia  stores  on  the  outboard  wing  pylons 
inconjunction  with  an  AIM-9  wing  tip  mounted  missile.  Figure  1 
shows  the  aircraft  in  flight  with  stores  on  both  the  inboard  and 
outboard  pylons. 

The  oscillations  are  generally  limit  cycle  in  nature  and  produce  an 
objectionable  5  to  6  Hz  lateral  acceleration  at  the  pilot  seat.  The  limit 
cycle  oscillations  are  generally  constant  amplitude  sinusoidal 
oscillations  and  are  distinct  from  flutter  where  the  amplitude  of  each 
successive  oscillation  increases  until  structural  failure  occurs.  A  time 
history  trace  of  the  pilot  seat  lateral  acceleration  measured  during  the 
flight  test  program  is  shown  in  Figure  2.  These  limit  cycle  oscillations 
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(LCO)  have  also  been  experienced  by  the  F-16,  Reference  1,  The  F/A-18 
A/B  LCO  oscillation  results  in  an  unacceptable  lateral  acceleration  at 
the  pilot  seat.  Reference  2  states,  "  ...  a  structural-aerodynamic 
interaction  mechanism  is  established  which  sustains  the  oscillations. 
The  basic  structural  contributor  to  the 


Figure  1. 

Photograph  of  F/A-18  A/B/C/D  Aircraft  With  External  Stores 

oscillation  mechanism  is  the  outboard  pylon /store  anti-symmetric 
pitch  structural  mode.  These  oscillations  were  characterized  by  anti¬ 
symmetric  wing  bending  and  torsion  motion  which  coupled  with  the 
fuselage,  primarily  in  the  form  of  lateral  bending." 


Pilot 

Seat 

Ny 


Time  -  Seconds 


Figure  2. 

Flight  Test  Time  History 

It  was  verified  in  flight-testing  that  the  LCO  was  not  classical  flutter  or 
Aeroserovoelasticly  induced.  The  LCO  severity  is  controlled  more  by 
Mach  and  load  factor  than  by  dynamic  pressure,  q.  More  details  of  the 
flight  test  can  be  found  in  References  1  and  2. 

The  standard  linear  aerodynamics,  linear  structural  modeling  and 
linear  control  laws  are  unable  to  predict  the  LCO.  Much  work  has  been 
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done  to  develop  a  non-linear  analysis  technique  to  predict  LCO.^'^  One 
technique  uses  Cunningham's  trailing  edge  separation  model.  These 
models  predict  LCO,  but  as  of  yet  have  not  been  used  to  design  a 
controller  to  suppress  LCO.  Some  of  the  more  recent  efforts  have 
focused  on  using  linear  theories  to  provide  insight  into  the  LCO 
phenomenna^'^.  This  paper  joins  the  latter  in  that  linear  aeroelastic  tools 
were  employed  to  simulate  LCO. 

The  problem  LCO  discovered  during  flight  test  was  solved  on  the  F/A- 
18  A/B/C/D  aircraft  by  incorporating  an  "Active  Oscillation 
Controller"  (AOC)  into  the  existing  flight  control  system.  The  LCO 
frequency  on  the  F/ A-18  C/D  was  5.6  Hz  and  was  low  enough  that  the 
oscillations  could  be  controlled  with  the  existing  flight  control  system 
(FCS).  The  system  commands  anti-symmetric  aileron  motion  based  on 
the  response  of  the  flight  control  sensor  package.  Figures  is  a 
reproduction  from  Reference  2  showing  the  ability  of  the  AOC  to 
reduce  the  LCO  pilot  seat  response.  One  of  the  constraints  imposed  on 
the  AOC  design  was  to  use  only  existing  Flight  Control  System 
components;  thus  a  software  modification  would  incorporate  the  AOC. 
A  generalized  schematic  of  the  AOC  is  shown  in  Figure  4.  Extensive 
flight-testing  was  required  to  finalize  the  design  of  the  AOC  due  to  the 
limitations  of  the  analytical  tools^ 


AOC  Flight  Test  Suppression  Results 
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This  paper  outlines  the  use  of  standard  linear  aeroelastic  analysis  tools 
to  develop  a  multi-input /multi-output  (MIMO)  State  Space  model  that 
can  be  used  to  simulate  LCO  and  consequently  the  design  of  a 
controller. 


PadB 

Phase 


Figure  4. 

Schematic  of  Active  Oscillation  Controller 
Math  Modeling 

In  this  section  the  various  mathematical  models  used  in  the  analysis 
will  be  described.  The  F/A-18  aircraft  was  modeled  structurally  with  a 
NASTRAN  beam-rod  model  that  has  been  correlated  to  Ground 
Vibration  Test  (GVT)  results  for  various  under  wing  stores.  The 
stabilator  and  vertical  tail  flexibilities  were  also  included  in  the 
dynamic  NASTRAN  model.  This  model  yields  accurate  vibratory 
mode  shapes,  (p,  and  vibratory  frequencies,  oo.  Grid  points  were  added 
to  the  structural  model  to  calculate  the  pilot  seat  and  FCS  Sensor  lateral 
accelerometer  responses.  The  plot  of  the  model  is  shown  in  Figure  5. 
The  beam-rod  model  was  configured  with  the  following  external  stores 
for  this  study:  a  300-gallon  external  fuel  tank  on  the  inboard  pylon  and 
2  MK-83  bombs  on  the  outboard  pylon. 

The  unsteady  aerodynamics  of  the  aircraft  was  represented  using  a 
linear  doublet  lattice  computer  code,  N5KM^  The  fuselage,  wing, 
stabilator,  and  vertical  tails  were  represented  as  lifting  surfaces.  A  3- 
dimensional  plot  of  the  Doublet  Lattice  model  is  shown  in  Figure  6. 
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Pilot  Seat  -  Lateral  Accelerometer 


Figure  5 

F/A-18  A/B/C/D  Dynamic  Beam  Rod  Model 


F/A-18  A/B/C/D  Unsteady  Aerodynamic  (Doublet  Lattice)  Model 
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The  total  degrees  of  freedom  of  the  structural  dynamic  equations  of 
motion  for  a  flexible  aircraft  are  greatly  reduced  by  transforming  the 
equations  from  physical  coordinates,  xyz,  to  modal  coordinates,  q.  The 
unsteady  aerodynamic  forces  on  the  aircraft,  that  results  from  the 
aircraft  flexibility  or  vibrations,  are  also  transformed  from  physical 
coordinates  to  modal  coordinates.  The  NASTRAN  vibratory  mode 
shapes,  (p,  were  combined  with  the  unsteady  Aerodynamic  Influence 
Coefficient  (AlCs)  to  generate  generalized  aerodynamic  forces  at  a 
series  of  reduced  frequencies  (k=a)b/V;  where  (O=oscillatory  frequency, 
b=semi“chord,  and  V=Velocity).  These  generalized  aerodynamic  forces 
were  combined  with  the  generalized  mass,  M,  and  generalized 
stiffness,  K.  Modal  damping  is  expressed  as  structural  damping,  g,  and 
is  part  of  the  complex  stiffness  term.  The  equation  of  motion  for  the 
flexible  aircraft  written  in  modal  coordinates,  q(t),  is  given  in 
Equation  1 . 

Mq(t)  +  K(l  +  gVj)q(t)  =  Ip  V=Q(k)q(t)  [1] 

Equation  1  is  solved  to  assess  the  aeroelastic  stability  of  the  flexible 
aircraft.  In  this  study  a  v-g-co  flutter  solution  was  performed  for  this 
configuration  at  M=0.8  and  sea  level  altitude.  The  flutter  solution. 
Figure  7,  indicated  that  for  these  conditions  and  configuration  that  the 
F/A-18  A/B/C/D  flutter  speed  is  greater  than  the  maximum 
allowable  flight  envelope  speed. 

Because  the  aircraft  structural  modes  are  excited  by  the  aircraft  control 
surface  deflections,  the  equations  of  motion  are  re-written  to  account 
for  the  aircraft  control  surface  deflections.  The  control  surface  inertia 
effects,  [MJ,  and  aerodynamic  effects,  Q^(k)  are  include  in  Equation  2. 

Mq(t)  +  K(l  +  gVj)q(t)  -  ^p  V^Q(k)q(t)  =-M,U(t)  -  ip  V^Q^.(k)U(t)  [2] 

The  control  surface  unsteady  aerodynamic  force  depends  on  dynamic 
pressure  and  reduced  frequency,  k.  It  was  hypothesized  that  there  was 
some  non-linear  aerodynamic  force  acting  on  the  wing  that  was 
responsible  for  the  LCO.  Even  though  the  major  structural  modes 
responsible  for  flutter  are  lightly  damped  at  these  flight  conditions,  a 
force,  LCO  force,  could  be  applied  at  the  wing  tip  to  provide 
"simulated"  LCO  response  at  the  wing  and  fuselage  sensor  package. 
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Figure  7. 

V-g-co  Flutter  Results  For  F/A-18  A/B/C/D 
With  LCO  External  Store  Configuration 


The  equation  of  motion  with  the  LCO  force  is  shown  below. 

Mq(t)  +  K(l  +  gVj)q(t)  -  ip  V^Q(k)q(t)  =-McU(t)  -  ip  V^Qc(k)U(t) +  F,^o(t)  [3] 
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A  transient  analysis  of  Equation  3  is  required.  A  standard  solution 
technique  for  linear  differential  equations  is  the  use  of  Laplace 
transforms.  The  equation  of  the  flexible  aircraft  for  the  LCO  analysis  in 
the  Laplace  domain  is  given  by  Equation  4. 

[  Ms'+K(l  +  gVj)  -  ip  V^Q(s)  ]q(s)  =  [  -M^s'  -  ip  V^Q^(s)  +  F.eo  ]u(s)  [4] 


Equation  4  can  be  re-written  as  a  transfer  function,  output/input.  The 
output  is  the  modal  coordinates  q  and  the  input  is  u. 


H(s)  = 


q(s) 

u(s) 


[5] 


The  general  solution  technique  for  Equation  5  is  to  perform  an  inverse 
Laplace  transform  of  both  sides  of  the  equation.  The  inverse  Laplace 
transforms  of  Q(s)  and  Q^(s)  do  not  exist,  because  they  are  tabulated 
matrix  data  which  are  a  function  of  the  Laplace  transformed  reduced 
frequencies.  The  modal  transfer  function  in  the  Laplace  domain  is 
written  as  shown  in  Equation  6. 

H,(s)=[  Ms-+K(l  +  gVj)  -  ipV^Q(s)  ]'  •  [  -M^s^  -  ^p V^Q,(s)  +  Flco  ]  [6] 


The  modal  transfer  function  is  transformed  to  the  physical  coordinate 
system  using  the  vibratory  mode  shapes,  (p.  The  transfer  function  in  the 
physical  coordinates  is  given  by  Equation  7. 


H(s)  = 


y(s) 

u(s) 


0cq(s) 

u(s) 


=0cH,(s) 


[7] 


The  transfer  function  is  calculated  over  a  series  of  frequencies,  co,  or 
Laplace  variables,  s=jCL).  This  process  involves  interpolating  the  tabulate 
unsteady  aerodynamic  terms  of  Q(s)  and  Q/s),  which  are  a  function  of 
k=cob/V,  over  the  frequency  range  of  interest,  O).  A  separate  transfer 
function  is  calculated  for  each  input-output  pair.  The  desire  is  to 
develop  a  multi-input/  multi-output  (MIMO)  State  Space  model  for 
the  time  domain  transient  analysis.  The  State  Space  Equations  are 
written  as: 

x(t)  =  Ax(t)  +  Bu(t) 
y(t)  =  Cx(t)-FDu(t) 
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The  FAMUSS’°  aeroservoelastic  (ASE)  code  was  used  to  develop  an 
equivalent  State  Space  model.  Equation  8,  which  accurately  matches 
the  original  transfer  function  response.  Equation  7.  The  transfer 
function  frequency  response  for  a  MIMO  state  space  model  is  shown  in 
matrix  form  in  Equation  9. 

H(s)  =  C[sI-A]‘'B  +  D  [9] 

FAMUSS  uses  a  nonlinear  optimization  technique  to  determine  the 
individual  terms  of  the  state  matrices  A,  B,  C,  and  D  which  best  fits  the 
transfer  function  response  at  each  tabulated  frequency,  co.  The 
FAMUSS  code  was  used  to  develop  an  anti-symmetric 
multi-input/multi-output  aeroelastic  model  of  the  F-18.  The  model  had 
two  inputs:  LCO  force  and  aileron  rotation.  The  model  had  two 
outputs:  FCS  sensor  yaw  response  and  pilot  seat  lateral  response.  The 
input  and  outputs  are  shown  schematically  in  Figure  8.  The  ASE  state 
space  model  is  developed  in  FAMUSS  by  performing  a  series  of 
non-linear  curve  fits  to  the  respective  transfer  functions  for  the  M=0.8 
and  5000  foot  altitude  flight  condition.  The  structural  model  used  the 
16  lowest  vibratory  modes  and  the  ASE  State  Space  model  had  32 
states.  A  comparison  of  the  ASE  state  model  fit  with  the  lateral  pilot 
seat  response  and  lateral  FCS  sensor  response  due  to  anti-symmetric 
aileron  rotation  input  is  presented  in  Figure  9.  The  accuracy  of  the  fit 
was  ±  0.5  dB  and  the  phase  (not  shown)  was  +  2  degrees  over  the 
frequency  range  of  0  to  28  Hz.  There  is  a  peak  response  in  the  5-6  Hz 
frequency  range,  thus  the  aileron  is  effective  in  reducing  the  response 
at  the  pilot  seat  for  the  5.6  Hz  LCO.  Figure  10  is  a  comparison  of  the 
transfer  function  and  ASE  State  Space  model  for  the  LCO  force  input. 
From  this  figure  it  can  be  seen  that  only  16  poxmds  of  vertical  force  at 
5.6  Hz  applied  at  the  wing  tip  is  required  to  provide  a  +  O.lg  lateral 
acceleration  at  the  pilot  seat. 

The  Math  Works  Inc.  software  MATLAB®  was  used  to  perform  a  time 
history  simulation  of  the  F/A-18  LCO  event.  The  State  Space  model 
was  incorporated  in  the  MATLAB®  SIMULINK  toolbox.  A  sinusoidal 
LCO  input  force  results  in  LCO  simulated  response  at  the  pilot  seat 
and  the  FCS  sensor  package.  An  example  of  the  simulated  response  at 
the  pilot  seat  is  shown  in  Figure  11.  The  simulated  response  shown  in 
Figure  11  replicates  the  fhght  test  response  shown  in  Figure  2. 
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QAIN  (OB) 


A  16  pound  5.6  Hz  anti-symmetric  vertical  force  is  applied  at  the  wing 
tip  to  simulate  the  LCO  force  on  the  wing.  This  force  produces  a  time 
history  response  at  the  pilot  seat  that  replicates  and  matches  measured 
flight  test  response  levels. 

The  next  step  was  to  model  the  AOC  system,  block  diagram  shown  in 
Figure  4,  in  MATLAB®  SIMULINK.  The  simulated  response  of  the 
AOC  is  compared  to  the  actual  response  in  Figure  12.  The  agreement  is 
quite  good.  Note  that  only  the  gain  response  is  shown  in  Figure  12,  but 
that  the  phase  angle  response  also  agrees. 

RESULTS 

A  "closed  loop"  simulation  was  performed  with  the  16  Lbs.  LCO  force 
providing  the  required  lateral  acceleration  at  the  pilot  seat.  With  the 
AOC  actuated  the  response  was  decreased  with  the  commanded 
aileron  inputs  from  the  AOC.  The  AOC  was  commanding  an  aileron 
deflection  of  ±0.15  degrees.  This  predicted  value  of  aileron  deflection 
agrees  very  well  with  the  actual  value  measured  during  flight  testing 
of  ±0.2-0.4  degrees.  Figure  13  is  the  time  history  of  the  F/A-18 
A/B/C/D  simulated  LCO  suppression.  The  simulated  suppression  of 
Figure  13  qualitatively  and  quantitatively  agrees  with  the  flight  test 
measured  suppression  shown  in  Figure  3.  A  constant  on  gain  and 
phase  angle  for  the  AOC  in  the  simulation  was  required  to  adjust  for 
"real  world"  effects. 

Future  plans  call  for  the  examination  of  different  external  store 
configurations.  Flight  test  has  shown  that  the  current  AOC  does  not 
improve  ride  quality  to  the  extent  desired  for  very  heavy  stores  with 
high  pitch  inertia  on  the  outboard  pylon.  The  current  technique, 
outlined  in  this  paper,  will  also  provide  quantification  of  the  LCO  force 
required  for  different  stores  and  different  flight  conditions.  Future 
plans  also  provide  for  the  design  of  a  neural  predictive  controller  that 
is  adaptable  to  different  store  loading  and  flight  conditions. 


CONCLUSIONS 

A  new  analytical  procedure  for  simulating  limit  cycle  oscillations  for 
control  system  design  and  verification  was  developed.  The  technique 
develops  a  state  space  model  of  the  flexible  airframe  and  uses  an 
oscillatory  force  at  the  wing  tip  to  model  the  unsteady  LCO  force.  The 
LCO  force  magnitude  and  frequency  is  tuned  to  match  flight  test 
measured  pilot  seat  responses.  The  technique  allows  analytical 
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prediction  of  the  control  system  actuation  required  to  supress 
imdesired  dynamic  responses. 
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Figure  12. 

Comparison  of  AOC  Frequency  Response 
With  MATLAB®  Predicted  Response 
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Figure  13. 

F/A-18  Simulated  Suppression  of  LCO 
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Abstract 

This  paper  reveals  new  insights  into  the  coupled  aeroelasticity  and 
flight  mechanics  of  flexible  aircraft  by  obtaining  and  solving 
practical  equations  of  motion  for  a  flexible,  maneuvering  aircraft. 

We  obtain  the  general  equations  for  general  longitudinal /lateral 
motion  of  an  accelerating,  rotating,  flexible  vehicle.  Rather  than 
setting  up  the  general  problem  in  inertial  coordinates  and  then 
transforming  to  body  -  fixed  coordinates,  we  use  the  idea  of  "quasi 
coordinates”.  We  establish  a  general  form  for  Lagrange’s  equations 
in  the  non  inertial,  body  -  fixed  coordinates,  then  reduce  them  to  a 
special  case  of  a  "flat"  airplane. 

We  illustrate  the  approach  for  two  cases  of  increasing  complexity: 
The  first  case  of  a  "sprung"  pendulum  shows  when  rigid  body 
angular  velocities  can  be  important  as  they  approach  the  structural 
frequencies.  The  second  case  is  a  typical  section  airfoil  on  an 
accelerating,  rotating  fuselage  in  supersonic  flight.  It  applies 
Lagrange’s  equations  to  the  longitudinal  problem  in  inertial 
coordinates,  then  transforms  the  equations  to  non  inertial,  body  - 
fixed  coordinates  for  solution.  It  also  shows  when  rigid  body 
rotations  and  longitudinal  accelerations  must  be  included  in  the 
flexibility  equations. 


1.  Introduction 

For  many  years  there  has  been  a  search  for  a  practical!  set  of 
"unified"  equations  of  motion  that  can  be  used  in  all  of  the 
disciplines  of  aerodynamics,  structures  and  stability  and  control  of 
flexible  aircraft.  Such  an  approach  would  allow  the  customary 
determination  of  the  effects  of  structural  flexibility  on  aircraft 
performance,  stability  and  air  loads.  Also  it  would  allow  us  to 
determine  the  effects  of  the  "rigid  body"  motions  on  aeroelastic 
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characteristics  such  as  trim,  control  -  effectiveness,  divergence  and 
flutter.  Further  (and  most  importantly),  it  would  allow  all  of  those 
engineering  problems  to  be  treated  by  subsets  of  a  single  set  of 
"unified"  equations. 

In  most  aircraft  applications,  the  mutual  coupling  of  rigid  body  and 
flexible  motions  is  small  because  the  vehicle  angular  velocities  and 
structural  frequencies  are  well  separated.  However,  there  have  been 
examples  of  large  aircraft  where  structural  frequencies  (say  2  Hz) 
approach  the  rigid  body  angular  velocities  (say  1  Hz).  In  other  cases 
aerodynamic  forces  have  driven  the  structural  frequencies  and  the 
rigid  body  frequencies  closer  together. 

To  develop  the  necessary  equations  we  must  account  for  the  fact 
that  the  aircraft's  body  -  fixed  coordinate  system  is  not  (in  general) 
an  inertial  system.  We  develop  a  practical  formulation  to  overcome 
that  obstacle  through  the  use  of  energy  methods,  Lagrange's 
equations  and  "quasi  coordinates". 

The  equations  become  somewhat  more  complicated,  and  it  is  useful 
to  examine  them  in  three  stages.  First ,  some  insight  is  available  via 
a  simplification  which  considers  the  rigid  body  velodties  or 
accelerations  merely  as  constant  parameters.  TTie  rigid  body  motions 
alter  the  structural  frequencies  of  vibration,  thereby  altering 
aeroelastic  stability.  In  that  case  we  refer  to  the  rigid  body  motions  as 
"quasi  steady  maneuvers".  Second,  a  more  exact  approach  is  to 
specify  the  time  dependent  rigid  body  motions  as  functions  of  time 
(damped  sinusoids)  and  then  to  recognize  that  the  resulting 
flexibility  equations  resemble  Mathieu's  classical  ordinaiy 
differential  equation.  Third,  the  ultimate  procedure  is  always 
available  -  the  simultaneous  solution  (perhaps  numerically)  of  the 
fully  coupled,  non  linear,  rigid  body  and  flexibility  equations  of 
motion  in  body  -  fixed  coordinates. 

2.  Lagrange's  Equations 

If  the  inertial  coordinates  of  a  dynamic  system  can  be  represented  in 
terms  of  N  independent  generalized  coordinates: 

X  =  X{qi)  Y=Y{qi)  Z^Ziq^) 


Lagrange's  equations  [1]  can  describe  the  motion  of  the  system: 


(  dL 


i} 


Ml 


Qi 


where: 
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L  =  Lagrangian,  T -U 
Qi  =  Generalized  Force 
T  =  Kinetic  Energy 
U  =  Potential  Energy 

3.  Quasi  Coordinates  and  the  General  Motion  of  a  Flexible  Vehicle 

We  start  with  an  inertial  ^  coordinate  system  and  a  non 
inertial  system  that  can  accelerate  and  rotate  in  the  X,Y,Z 
system  (Figure  1).  The  origin  of  the  x,y,z  system  is  located  in  the 
inertial  system  at; 

X  =  XQ=qi  Y  =  YQ=q2  Z  =  ZQ=q^ 

The  orientation  of  the  ^  system  is  given  by  the  conventional 
sequence  of  Euler  rotations: 

ip=q4  6=qs  <t>=qo 

Then  inertial  coordinates  of  a  general  point  in  x,  j,  z  are: 

{X,Y,Z}={q^,q2,q2}  +[T]{x,y,z} 

where  is  the  usual  Euler  transformation  [2],  which  is  the  product 
of  three  transformations  that  depend  on  the  Euler  cingles: 

[t]  =  [t4It5|t6] 

[^4  -54  o"i  r  C5  0  551  ft  0  0 1 

[T4]  =  iA:4  C4  ol  [t5]  =  I  0  1  ol  [t<',]  =  Io  Cg  -Sg  I 

Lo  0  ij  [-S5  0  C5J  [o  ‘^6  C6J 

Si  -sinqi  c-cosqi 

We  also  write  the  "local"  coordinates  in  terms  of  additional 
generalized  coordinates 

n 

{x,y,z}  = 

i=l 

to  obtain  the  inertial  coordinates  in  terms  of  the  generalized 
coordinates: 

n 

{X,  Y,Z}={q^,q2,q3]  +  [t]]£  {  )qi{t) 

i=7 

In  principle  we  could  use  the  above  expressions  for  the  inertial 
coordinates  to  develop  expressions  for  the  kinetic  energy,  potential 
energy  and  generalized  forces.  Then  we  would  obtain  Lagrange's 
equations  for  the  maneuvering,  flexible  system  in  terms  of  the 
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inertial  translations  the  Euler  angles  and  the 

flexible  coordinates  That  would  account  for  all  of  the 

inertia  couplings  that  arise  from  the  fact  that  the  non  inertial  x,  y,  z 
system  is  accelerating  and  rotating  in  the  inertial  X,  Y,  Z  system.  We 
could  solve  those  equations  for  the  inertial  coordinates  and  then 
transform  the  results  to  the  non  inertial  translations  along  the  body 

axes  instantaneous  angular  velocities 

using  the  transformations; 

[a>^,my,w^]  =  [a]{q4,qs, 

where 

I-S5  0  ll 
[a]  =  1(75^6  ol 
--'6 

The  approach  is  mathematically  correct,  but  tedious.  It  works  easiest 
for  special  cases  like  rotation  about  one  axis  (where  the  time 
derivative  of  the  appropriate  Euler  angle  is  indeed  the  angular 
velocity).  However,  it  suffers  from  two  inconveniences.  First,  the 
generalized  coordinates  are  the  translations  in  the 

directions  of  the  inertial  coordinates.  We  would  like  to  replace  them 
with  the  translations  in  directions  of  the  non  inertial,  body  -  axis 
coordinates  .  Second,  the  generalized  coordinates  are  the 

Euler  angles  94>95>^6.  Their  time  derivatives  may  not  be 

the  actual  angular  velocities  of  the  x,  y,  z  system  for  general 
motions.  We  would  like  to  replace  them  with  the  angular 
velocities,  (Ox^^y’^z- 

To  overcome  those  inconveniences,  the  elegant  and  simple  method 
of  quasi  coordinates  is  available  due  to  Hamel  [3]  and  Boltzmann  [4]. 
The  term  "quasi  coordinates"  refers  to  the  fact  that  since 

[iOx,(Oy,<o^\  =  [a]{q^qs,qf,} 

we  cannot  (in  the  general  case  of  three  dimensional  motions) 
directly  integrate  the  angular  velocities  to  get  the  generalized 
coordinates.  Whittaker  [5]  and  Meirovitch  [6]  explain  the  method  of 
quasi  coordinates  for  the  special  case  of  rotational  motions.  Several 
others,  among  them  Nayfeh  and  Mook  [7],  give  applications. 
Actually  all  we  are  doing  is  performing  the  transformations  before 
we  apply  Lagrange's  equations,  rather  than  after  we  get  them. 


646 


The  basic  idea  is  that  we  want  to  write  Lagrange's  equations  in  a 

form  that  treats  directly  the  body  axis  translations  and  the 

true  angular  velocities  yJq  with  the  usual  form  of 

Lagrange's  equations  in  terms  of  the  original,  independent 

generalized  coordinates  ^h9i--Qn  and  their  time  derivatives 


The  Lagrangian  can  be  written  in  the  usual  form  in  the  original 
inertial  coordinates: 

If  we  note  that: 

{94^45.96}  = 

where 

fn  -1  -1  1 

0  Cs  C5  C6 

[^]  =  [«]”'  =  0  ^6  -^6 

[i  t5^6  hce  _ 

we  can  obtain  the  equivalent  form  of  the  Lagrangian  in  the  quasi 
coordinates: 

L  =  L 

Then,  following  Whittaker  [8]  we  can  obtain  the  equations  for: 


Translation  DOFs: 
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Flexible  DOFs  remain  the  same  form  (except  that  we  must  use  the 


modified  Lagrangian  L) 


d  di  £ 


Qi  for  i  ^  7 


where: 


To  -0^2 

[Q]=j  0 

(i)j^  0 

These  are  the  equations  of  motion  in  terms  of  quasi  coordinates. 
They  are  the  fundamental  advance  which  allows  us  to  formulate  a 
unified  set  of  equations  that  can  be  used  for  the  combined 
aerodynamics,  structures  and  stability  and  control  of  flexible  aircraft. 
They  allow  us  to  place  the  aeroelastic  problem  into  the  context, 
coordinate  systems  and  notation  that  are  used  in  flight  mechanics 
and  stability  and  control. 


The  complete  development  with  all  geometric  nonlinearities  can  be 
found  in  Olsen  [9,10].  Here  we  specialize,  for  ease  of  illustration,  to 
an  essentially  "flat"  surface  in  the  xy  plane.  Figure  2.  We  also 
assume  mass  symmetry  about  the  y  axis,  y,  z  origin  at  the  center  of 
mass  and  perfectly  known,  perfectly  orthogonal  free  -  free  vibration 
modes.  Then  with  the  usual  definitions: 

qx  =  U  velocity  along  the  x  axis 

qx-V  velocity  along  the  y  axis 
qx=W  velocity  along  the  z  axis 
(»x  =  P  angular  velocity  about  the  x  axis 
(Oy=Q  angular  velocity  about  the  y  axis 
=  R  angular  velocity  about  the  z  axis 


The  equations  of  motion  simplify  to  the  usual  rigid  body  equations 
and  the  modified  flexible  equations; 

Translation  DOFs 


u 

WQ-VR 

^'5 

Px 

V 

UR-WP 

’+r 

>  — L  •< 

M 

Py- 

yp-ual 

-^5^6- 

[Pzi 

Rotation  DOFs 
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Flexible  DOFs 


where 


(Oi  =  natural  frequency  of  the  perfect  ith  mode 


We  can  consider  the  solution  to  these  coupled  equations  in  four 
steps  of  increasing  complexity: 

a.  Dealing  only  with  the  flexible  equations,  we  could  assume 
that  the  angular  velocities  P  and  Q  are  constant  (quasi  steady 
maneuvers).  Then  we  could  treat  the  flexible  equations  as  if  the 
effective  structural  frequency  for  any  structural  mode  is  just 
replaced  by 

b.  Dealing  again  with  only  the  flexible  equations,  we  could 
impose  P  and  Q  as  (perhaps  already  known)  functions  of  time.  Then 
the  flexible  equations  resemble  Mathieu's  equation. 

c.  We  could  numerically  integrate  the  above  linearized  rigid 
and  flexible  equations  of  motion  with  linear  or  nonlinear 
aerodynamics  on  the  RHS,  perhaps  from  CFD.  Once  the  analyst  has 
committed  to  numerical  methods  for  CFD  and  numerical 
integration  of  the  equations  of  motion,  there  is  very  little  additional 
labor  to  use  the  more  comprehensive  equations  of  motion  above. 

d.  We  could  retain  all  of  the  geometric,  structural  and 
aerodynamic  nonlinearities  and  numerically  integrate  the  complete 
nonlinear  rigid /flexible  equations. 

4.  Example  of  Coupled  Rigid  -  Flexible  Motions, 

The  "Sprung"  Pendulum 

Olsen  [10]  examined  the  case  of  the  "sprung  pendulum"  which  is 
free  to  rotate  or  oscillate  about  the  origin,  but  which  also  contains  a 
radial  spring  of  linear  stiffness  k  (Figure  3).  If  the  "rigid  body" 
motion  is  specified  as  a  complete  circular  motion  at  a  constant 
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angular  velocity  of  (a  quasi  steady  maneuver),  the  radial  response 
acts  as  if  the  natural  frequency  in  the  radial  direction  is 

Ik  2_  p2  2 
^effective  ~  m  V  ® 

If  the  "rigid  body"  motion  is  specified  as  an  oscillation  through  an 

amplitude  with  a  constant  frequency  <«,  then  there  are  narrow 
unstable  regions  for  frequency  ratios  (flex/ rigid)  near  1,  2,...  n.  Figure 
4.  Figure  5  shows  time  histories  for  a  frequency  ratio  of  1. 1  and 
"rigid  body"  amplitudes  of  0.  53,  0.  54  and  0.  55  radians  for  rigid  body 
amplitudes  up  to  10  degrees.  The  oscillatory  radial  motion  decays  for 
a  rigid  body  amplitude  of  0.  53  radians  and  is  unstable  for  0. 54  and 
0.55  radians. 


5.  Example  of  Coupled  Rigid  -  Flexible  Motions, 

A  Typical  Section  Airfoil  on  a  Accelerating,  Rotating  Fuselage 

Olsen  [10]  developed  the  coupled  rigid /flexible  equations  of  motion 
for  a  typical  section  airfoil  on  an  accelerating,  rotating  fuselage. 
Figure  6.  He  obtained  the  nonlinear  equations  in  inertial 
coordinates,  then  defined  the  "apparent  "  body  -  fixed  components  of 
the  vehicle's  velocities  and  accelerations: 

4x  =  91^3  +  =  ^2^3  - 

Qx  =  ?1'^3  +  ^2^3  '<iy  =  ^2^3  “ 

where  the  inertial  coordinates  are: 

=  inertial  translation  in  the  X  direction 

q2  =  inertial  translation  in  the  Y  direction 

^3  =  pitch  rotation 

=  translation  along  the  body  axis 

qy  =  translation  normal  to  the  body  axis 


The  linearized  flexibility  equations,  in  body  -  fixed  coordinates, 
(with  damping  added)  were: 

r^4  ^lf^4'| 
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T*4  01  .2r«v 

iLo  k,r^[s^ 


04 

05 


Is, 


lyv  J  W3 


„  JO  01^94 

+  jjjl 


ji4r*'nsjio  a 


r  ^4 


Qs 

OlK 


Tt/  I 


where: 
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^4  =  airfoil  normal  translation 
^5  =  airfoil  rotation 
=  mass  of  the  airfoil 
=  mass  unbalance 
4;  =  moment  of  inertia 

]n  the  case  of  mass  balance,  5^  =  Othe  and  translation  vibration 
equations  acts  with  the  ’’effective"  translation  stiffness 

=  ^4[l  -  (■^)  ] 

In  the  case  of  mass  unbalance  and  (Z3  =0^  the  torsion  vibration 
equation  acts  with  the  "effective"  torsion  stiffness 

V  'W  “>5  «  J 

In  the  remainder  of  this  paper  we  examine  the  effects  of  fuselage 
pitch  rate  ^3  and  acceleration  along  the  body  axis  Qx  on  the 
structural  vibrations  and  on  supersonic  flutter  and  divergence, 
assuming  that  the  pitch  rate  and  acceleration/ deceleration  are 
constant  parameters  (quasi  steady  maneuvers). 

Vibrations  -  Figure  7  shows  the  coupled  bending  vibration 
frequency  vs.  the  torsion  axis  for  a  pitch  rate  of  0.0  and  0.  5  times  the 

uncoupled  bending  frequency  ^^3  -0.5£O4)  effect  of  positive  or 
negative  pitch  rate  is  to  uniformly  reduce  the  coupled  bending 
frequency.  The  effects  of  pitch  rate  on  the  coupled  torsion  frequency 
are  quite  small  cmd  are  not  presented. 

Figures  8  and  9  show  the  coupled  bending  and  torsion  frequencies 
vs.  the  torsion  axis  for  small  acceleration  or  deceleration, 

=  ±0.01 .  The  effects  are  due  to  the  product  of  the  mass 

unbalance  and  the  acceleration/ deceleration.  When  the  torsion  axis 
is  aft  acceleration  reduces  the  bending  and  torsion  frequencies 
significantly  as  well  as  their  separation.  When  the  torsion  axis  is 
forward,  deceleration  produces  the  same  effects. 

Supersonic  Aeroelasticity  -  we  use  the  piston  theory  of  Ashley  and 
Zartarian  [11].  Figures  10  and  11  show  the  aeroelastic  frequency  and 
damping  vs.  the  torsion  axis  for  Mach  2  at  an  altitude  of  60,  000  ft. 
Flutter  (g  =  0)  occurs  at  for  torsion  axes  between  about  0. 52  and  0.  74 
chord.  Divergence  occurs  for  the  torsion  axis  behind  0.  45  chord. 
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Figures  12  and  13  show  the  relatively  small  effects  of  pitch  rate  and 
the  more  pronounced  effects  of  acceleration/  deceleration  on  flutter 
altitude  for  Mach  2  and  a  torsion  axis  of  0.  55  chord.  The  effect  of 
pitch  rate  is  slightly  beneficial;  it  lowers  the  flutter  altitude 
(increases  the  density).  The  effect  of  acceleration  also  is  to  lower  the 
flutter  altitude.  The  effect  of  deceleration  is  to  raise  the  flutter 
altitude  (decrease  the  density). 

Figures  14  and  15  show  the  effects  of  pitch  rate  and 
acceleration /deceleration  on  divergence  altitude  for  Mach  2  and  a 
torsion  axis  of  0.  45  chord.  Pitch  rate  slightly  increases  the 
divergence  altitude  (decreases  the  density).  Likewise,  acceleration 
increases  the  divergence  altitude. 

Time  Dependent  Rigid  Body  Motions  -  Rather  than  assume  that  the 
rigid  body  motions  are  constant  parameters,  we  can  outline  a  second 
approach  which  we  will  not  implement  here.  We  could  assume 
representative  forms  for  the  time  dependent  rigid  body  motions  and 
then  plug  them  into  the  flexible  equations  of  motion.  We  need  the 

terms  and  q^.  Following  Etkin’s[2]  notation  we  can 

assume  the  time  dependent  forms  for  the  oscillatory,  damped  speed, 
pitch  angle  and  angle  of  attack,  wherein  each  expression  the  terms  a 
and  b  are  assumed  constants: 

q^=UQ+E{auSx+b^Cx) 

0  =  ^3  =  00  +  E.[aQSx  +  bffCx) 

a  =  aQ+  E{aaSi  +&aCi) 

where 

Sn  ~  sin  n Cn  -  cos n E  -e' 

=  assumed  ”  rigid  body”  frequency 

=  assumed  "rigid  body”  damping 

Noting  that  and  combining  angles  where  possible,  we 

obtain  the  "forcing  terms"  to  be  included  in  the  equations  of 

motion.  The  terms  appear  on  the  LHS  of  the  equation  and 

influence  stability: 

iix  =ayrbE[aq^Si 
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The  major  point  is  that  terms  S2  and  C2  =  cos  on  the 

LHS  introduce  behavior  like  that  of  Mathieu's  equation. 

6,  Summary,  Conclusions 

1.  In  the  case  of  general  motion  of  a  flexible  body,  the  combination 
of  energy  methods  and  quasi  coordinates  produces  a  practical  set  of 
equations  that  govern  the  aerodynamics,  flight  mechanics  and 
structures  problems  of  flexible  aircraft.  They  allow  the 
determination  of  the  effects  of  structural  flexibility  on  aircraft 
performance,  stability  and  air  loads  and  the  effects  of  the  "rigid 
body"  motions  on  trim,  aeroelastic  control  -  effectiveness, 
divergence  and  flutter. 

4.  For  the  special  case  of  the  "flat  airplane"  with  perfect  mass 
distribution  and  perfect  modes,  a  simple  preliminary  estimate  of  the 
effects  of  rigid  body  motions  on  flexible  motions  would  be  to  replace 
all  of  the  structural  frequencies  by: 

3.  The  "sprung  pendulum"  shows  that  a  rigid  body  motion  with 
constant  angular  velocity  can  reduce  the  "effective"  natural 
frequencies.  Using  the  resemblance  to  Mathieu's  equation,  we  have 
seen  that  there  is  a  coupling  mechanism  between  the  rigid  body  and 
flexible  motions,  even  in  the  absence  of  aerodynamics.  It  appears 
that  if  a  structural  frequency  is  up  to  1.  3  - 1.  5  times  a  rigid  body 
frequency,  then  those  coupling  effects  should  be  considered.  In  some 
cases  ("slender"  aircraft)  the  natural  frequencies  may  already  be  in 
those  ranges.  In  other  cases  (the  X  -  29)  the  aerodynamic  forces  drive 
some  of  the  structural  frequencies  down  toward  the  rigid  body 
frequencies. 

4.  The  airfoil  on  an  accelerating/ rotating  fuselage  shows  that  the 
effective  bending  stiffness  is  reduced  by  a  constant  pitch  rate.  It  also 
shows  that  torsional  stiffness  is  increased  or  decreased  by  constant 
acceleration/ deceleration,  depending  on  the  sign  of  the  unbalance. 
The  results  modify  the  divergence  and  flutter  speeds  and  altitudes. 

If  we  impose  the  rigid  body  motions  as  forced,  sinusoidal,  damped 
motions  -  then  terms  appear  in  the  differential  equations  which  can 
produce  additional  instabilities,  such  as  in  Mathieu's  equation. 
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The  Effects  of  Acceleration  on  the  Coupled  To  Hach  2  at  60,000  ft,  q3p  =  qxpp 

Frequency 


Figure  10.  Aeroelastic  Frequency  vs.  Torsion  Axis,  Mach  Figure  12.  The  Effects  of  Pitch  Rate  on  Flutter  Altitude, 

2  at  60,000  ft  Mach  2,  Torsion  Axis  at  55%  Chord 


Figure  14.  The  Effects  of  Pitch  Rate  on  Divergence 
Altitude,  Mach  2,  Torsion  Axis  at  0.45  Chord 


GALLOPING  OF  BUNDLE  CONDUCTORS 
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SUMMARY 

A  useful,  design-oriented  model  is  developed  for  a  bundled 
electrical  transmission  line  to  study  its  galloping  characteristics.  The 
three  degree-of-freedom  model  is  adaptable  because  it  incorporates 
mode  shapes  determined  numerically  by  employing  the  finite  element 
technique.  On  the  other  hand,  it  is  quite  computationally  efficient 
because  analytical  expressions  are  used  to  investigate  the  initiation  and 
steady-state  (limit  cycle)  amplitudes  of  galloping.  The  model 
accommodates  interactions  of  the  vertical,  horizontal  and  torsional 
movements,  non-linear  aerodynamic  loads,  a  non-uniform  ice 
geometry,  distributed  and  discrete  galloping  control  devices,  and  a 
variation  of  the  wind  along  a  span.  Parametric  studies  are  reported  for 
single  loop /span  cases  that  assess  the  trends  of  the  limit  cycle 
amplitude  with  variations  of  the  critical  wind  speed,  wind  speed  above 
the  critical  wind  speed,  static  tension  and  span  length. 

1.  INTRODUCTION 

High  voltage  transmission  lines  are  often  arranged  in  multi¬ 
conductors  per  phase  to  increase  the  power  capacity  of  a  circuit.  They 
are  often  subjected  to  wind-induced  vibrations.  Galloping,  which  is  a 
low  frequency,  high  amplitude  oscillation  caused  by  a  steady  wind, 
happens  more  easily  on  a  bxmdle  conductor  than  on  a  single  conductor 
[1].  Although  considerable  effort  has  been  expended  for  many  years  to 
predict  the  galloping  of  a  bundle  conductor  from  that  of  a  simpler 
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single  conductor,  the  extrapolation  has  still  not  been  resolved 
satisfactorily.  One  reason  is  that  existing  analytical  and  computational 
models  are  either  oversimplified  or  they  lack  the  efficiency  needed  to 
economically  compute  the  effects  of  design  changes  in  parameters  [2-4] 
like  the  static  tension,  the  span  length  and  the  number  of  conductors  in 
a  bundle  or  the  result  of  a  greater  wind  speed. 

Most  previous  analytical  studies  of  bundle  conductors  have 
been  limited  to  a  planar  configuration  [5-11].  However,  field 
observations  indicate  that  galloping  often  involves  the  simultaneous 
interaction  of  a  horizontal  motion  with  vertical  and  torsional 
movements  [1].  Although  a  three  degree-of-freedom  (3DOF), 
analytical  model  has  been  formulated  quite  recently  for  a  bundle 
conductor  [12],  a  tedious  time  integration  procedure  was  adopted  and 
the  aerodynamic  forces  were  over  simplified  by  their  linearization.  On 
the  other  hand,  a  more  realistic,  yet  computationally  efficient,  3DOF 
model  has  been  developed  in  the  last  decade  to  determine  the  initiation 
conditions  for  galloping  as  well  as  the  ensuing  dynamic  limit  cycle 
motion  but  only  for  a  single  conductor  [13,  14].  However,  practically 
important  non-uniformities  arising,  say,  from  icing  variations  or 
localized  control  devices  like  airflow  spoilers  or  detuning  pendulums 
cannot  be  accommodated.  The  aim  of  this  paper  is  to  overcome  this 
deficiency  and  extend  the  single  conductor  approach  to  a  bundle 
configuration  having  any  number  of  conductors.  Therefore,  an 
adaptable  but  still  computationally  efficient  3DOF  hybrid  model  is 
developed  that  uses  finite  element  (FE)  mode  shapes,  instead  of  their 
analytical  counterparts,  to  construct  the  model  and  couple  it  to 
analytical  expressions  [14]  to  investigate  the  initiation  and  steady-state 
(limit-cycle)  amplitude  of  galloping. 
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Only  the  commonly  occurring  bulk  motion  of  a  bundle  line  [1]  is 
studied  in  which  all  the  conductors  move  in  phase  in  a  single 
loop /span  configuration.  Then  it  is  only  necessary  to  consider,  in 
detail,  a  reference  curve  that  ficitiously  connects  the  mass  centers  of  the 
bimdle's  cross  sections.  In  other  words,  the  reference  curve  is 
analogous  to  a  single  conductor  but  its  motion  can  be  extrapolated  to 
the  individual  conductors  of  a  bundle.  Results  from  parametric  studies 
are  presented  for  critical  wind  speeds,  which  are  important  to  the 
initiation  of  galloping,  as  well  as  for  limit  cycle  amplitudes  at  different 
wind  speeds,  static  tensions  and  span  lengths. 

2.  THE  MODEL 

Although  an  arbitrary  number  of  conductors  is  considered,  only 
a  twin  conductor  bundle  is  illustrated  in  Fig.  1  (a)  for  simplicity.  This 
figure  presents  the  static  positions  of  the  two  conductors  that  are 
produced  by  the  conductors'  weights  and  tensions  as  well  as  by  the 
steady  (side)  wind  and  the  accreted  ice  weight.  Physical  rigid  spacers 
joining  the  conductors  are  illustrated  as  solid  lines.  Weightless,  rigid 
fictitious  spacers  are  introduced  that  periodically  join  the  conductors  to 
ensure  that  they  essentially  move  together.  Adjacent  spans  are  always 
idealized  by  equivalent  linear  springs.  Additional  simplifying 
assumptions  are: 

1.  Inertial  and  damping  forces  in  the  longitudinal  direction,  as 
well  as  the  rotation  of  individual  conductors  about  this 
direction,  are  neglected. 

2.  A  line's  sag-to-span  ratio  is  small. 

3.  The  rotation  of  the  bundle  about  the  reference  curve  is 
small  and  spacers  are  rigid. 
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4. 


No  more  than  one  mode  per  global  direction  is 
considered  simultaneously. 

5.  The  relative  motion  between  the  conductors  of  a  bundle 
are  neglected  and  the  longitudinal  motions  of  each  of  the 
conductors  are  presumed  to  be  identical. 

Items  (1),  (2),  and  (5)  are  the  commonly  made  assumptions  for 
the  bulk  motion  of  a  bundle.  The  third  item  is  reasonable  in  many 
cases  because  a  bundle's  torsional  stiffness  is  much  greater  than  that  of 
a  single  conductor  so  that  large  rotations  happen  rarely.  Item  (4),  on 
the  other  hand,  presumes  that  the  larger  torsional  stiffness  of  a  bundle 
hardly  changes  the  negligible  coupling  that  is  assumed  for  the  single 
conductor  for  modes  acting  in  the  same  direction.  Limited 
comparisons  with  FE  results  suggest  these  simplifications  are  plausible 
for  the  cases  considered  later.  Moreover,  they  noticeable  reduce  the 
computational  effort. 

3.  EQUATIONS  OF  MOTION 

The  displacement  at  an  arbitrary  point  (s,  y,  z)  of  a  conductor  is 
measured  from  that  point's  static  position.  It  is  given  by 
ux  ^ 

vy  (5:,y,z,r)  =  V  {sj)-  z0[s,t)  (1) 

Wz  =  W  {sj)-  y0  {s,t). 

X,  Y  and  Z  are  the  global  coordinates  illustrated  in  Fig.  1(a)  while  x,  y 
and  z  are  the  local  coordinates  shown  Fig.  1(b).  The  latter  are  off-set 
from  the  global  coordinates  and  their  origin  is  located  on  the  reference 
curve  at  the  left  support.  The  global  displacement  ux ,  vy  and  has 
components  whose  direction  is  indicated  by  the  corresponding  suffix. 
On  the  other  hand,  s  is  the  intrinsic  coordinate  which  indicates  the 
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distance  that  a  cross  section  of  the  bundle  is  from  the  reference  curve's 
origin.  U,  V  and  W  are  the  global  displacements  of  any  point  of  the 
reference  curve  in  the  X,  Y  and  Z  directions,  respectively.  0  is  the 
rotation  of  the  bundle  about  the  reference  curve  and  it  is  assumed  to  be 
small.  If  only  one  mode  is  considered  in  each  direction,  then  U,  V,  W 
and  0can  be  expressed  as 

U{s,t)  =  qu{t)fu{s) 

=  ?vW/vW 

W{s,t)  =  q^{t)f^{s)  (2) 

0{s,t)  =  qg{t)f0{s). 

The  q.  and  f.,  where  i  -  u,  v,iu,  9,  are  generalized  coordinates  and  the 

associated  mode  shapes  which  are  provided  by  a  FE  model,  say. 

By  neglecting  the  inertial  effects  in  the  longitudinal  direction, 
the  total  kinetic  energy,  is  given  by 

^  ^  k=\ 

(3) 

where  L  is  the  total  length  of  a  line  in  a  span;  p  is  the  mass  density  per 
unit  volume  over  the  iced  bundle  conductors'  total  cross-sectional 
area,  Ap ;  and  are  the  mass  and  the  mass  moment  of  inertia  of 
the  kth  spacer,  respectively;  ^j;.is  the  intrinsic  coordinate  of  the  kth 
spacer's  intersection  with  the  reference  curve;  p  is  the  number  of 
spacers;  and  a  dot  superscript  indicates  differentiation  with  respect  to 
time,  t.  The  first  order  variation  of  the  total  strain  energy  for  a 
bundle's  bulk  motion,  SV^  ,  is  [14] 

n  ^ 

=  XI  +  GJSsgSg  +  TSs,  +M,Seg\  ids  (4) 
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where  n  is  the  total  number  of  conductors  in  a  bundle,  is  the 
Lagrangian  strain  of  the  ith  conductor,  along  s,  T  is  the  static  tension  in 
each  conductor,  M,  is  a  conductor's  initial  internal  twisting  moment 

that  resists  the  external  moment  caused  by  an  eccentric  ice  weight,  A 
and  GJ  are  the  cross  sectional  area  and  the  torsional  rigidity  of  a  bare 
conductor,  respectively,  and  E  is  its  modulus  of  elasticity. 

The  corresponding  variation  of  the  virtual  work  is 

=  \l[Fy{s)dV^F^{s)5W  +  Fg{s)50\ds-Sqlclq,.  (5) 

Fy ,  and  Fq  are  the  aerodynamic  loads  (per  unit  span  length  of  the 

bundle)  which  act  at  the  reference  curve  in  the  y,  z  and  0  directions, 
respectively.  is  an  experimentally  found  damping  matrix  that 

depends  upon  0^  and  (/  -  y,  z,  e  ),  the  bundle's  undamped, 

uncoupled  natural  frequencies  and  the  measured  damping  ratios 
associated  with  the  uncoupled  vibrations  in  the  direction  indicated  by 
a  subscript.  Finally,  is  defined  by 

(6) 

By  using  a  standard  variational  principle,  equations  (3)  through 
(6)  yield  the  three  condensed  equations  of  motion  as 

Mq  +  Cq-¥  Kq  =  F  (7) 

when  the  axial  displacements  are  eliminated.  The  components  of 
f'^  ^(FyF.Fe)  are 

Fy  =  \pairVldCy,F,  =  ^-p^i,uldC,.Fe^^p^i,uld'^  Ce.{S) 

Here  p^ir  is  the  density  of  air,  U ^  is  the  steady  side  wind  speed  and  d  is 
the  bare  conductor's  diameter.  Furthermore, 
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(9) 


^Z  -  ^z\^'  +  ^z2<^'^  +  ^z3^'^ 

^e  -  +  ^62^'^ 

where 

/v0  =  1;  Jo^/v/e^'^-  (10) 

a  =  qe  -  -^qe  -  (ii) 

and 

i^y.z.d.  j  =  1,2,3.  (12) 

The  aerodynamic  coefficients,  a^  ,  in  equation  (12)  are  obtained 

by  curve  fitting  experimental,  quasi-steady  wind  loads  [15].  It  is 
assumed  that  the  aerodynamic  interactions  arising  from  the  conductors 
of  a  bundle  are  negligible.  This  assumption  is  increasingly  plausible  as 
the  separations  between  the  conductors  are  enlarged  beyond  ten 
conductor  diameters  [3].  Then  the  aerodynamic  forces  and  moments 
measured  for  an  individual  conductor  can  be  merely  summed  at  the 
reference  curve.  Details  of  the  basic  aerodynamic  loads  that 
correspond  to  the  ice  shape  illustrated  in  Fig.  1(b),  as  well  as  the 
matrices  M,  C  and  K  used  in  equation  (7),  are  given  in  reference  [14]. 

4.  STABILITY  ANALYSIS  AND  LIMIT  CYCLES 
The  initial  equilibrium  solution  (lES)  of  the  linearized  form  of 
equation  (7)  gives  an  asymptotically  stable,  static  configuration  if  all 
the  eigenvalues  have  a  negative  real  part.  If,  however,  at  least  one  of 
the  eigenvalues  crosses  the  real  axis  (a  critical  point)  when  a  parameter 

increases,  say  ,  then  the  lES  becomes  unstable  and  galloping  may  be 


665 


initiated.  The  critical  wind  speed,  is  the  value  at  which  the  lES  just 

becomes  unstable.  Perturbation  techniques  are  used  to  find  new 
equilibrium  states  and  periodic  or  quasi-periodic  dynamic  motions  that 
may  emerge  from  the  critical  point.  Details  are  given  in  [11, 14]. 

5.  NUMERICAL  RESULTS 

Numerical  examples  presume  simple  end  supports,  a  single 
loop /span  motion  and  a  constant  wind  speed  along  a  span.  The  finite 
element  model  [10]  involves  seven,  three-node  isoparametric  elements 
along  the  reference  curve,  all  interior  nodes  being  joined  by  fictitious 
spacers.  The  wind's  static  angle  of  attack,  Ostatic  >  is  taken  invariably  to 
be  40°  because  the  single  conductor  satisfies  the  classical  Den  Hartog 
requirement  for  (a  purely  vertical)  instability  at  this  angle  [1].  Ice 
accumulations  on  each  connector  are  obtained  from  a  short,  single 
conductor  sample  placed  in  a  freezing  rain  simulator  [15].  The  (Cll) 
cross-section,  illustrated  in  Fig.  1(b)  resembles  the  D  used  in  field  trials 
to  induce  galloping  [16].  Parameters  of  the  icing  and  each  individual 
conductor  are  summarized  in  Table  1.  J  is  the  centroidal  inertial 
moment  of  a  bare  conductor,  say  i ,  whose  centre  is  initially  from  the 

reference  curve;  H  is  the  static  tension;  and  represent  the 
eccentricity  in  the  y  and  z  directions,  respectively,  and  p-0.  is 

the  total  cross-sectional  area  of  an  iced  conductor  and  m  is  the 
corresponding  mass  per  unit  length.  The  parameters  are  selected  so 
that  the  single  loop /span,  predominantly  horizontal  or  vertical  modes 
have  virtually  coincident  (lowest)  natural  frequencies  around  0.45  to 
0.48Hz  regardless  of  the  number  of  conductors  considered.  Thus  an 
internal  resonance  occurs,  a  situation  that  is  conducive  to  galloping. 
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Fig.  2  (a)  shows  the  variation  in  the  reduced  critical  wind  speed, 
the  nondimensional  limit  cycle  amplitude, 

A=^Ay+Az  /s^.  A  subscripted  A  indicates  a  component  in  the 

corresponding  direction.  The  /  is  the  lowest  zv^  ,  the  predominantly 

vertical  natural  frequency;  is  the  horizontal  span  length;  and  is 

the  static  sag  at  a  line's  mid-span.  Fig.  2(a)  indicates  that  A  invariably 
decreases  as  increases,  regardless  of  the  number  of  conductors  in  a 
bundle.  Therefore  the  greater  "resistance"  to  the  initiation  of 
galloping,  which  is  indicated  by  a  higher  ,  appears  to  carry  over  to 
the  dynamic  limit  cycle. 

Fig.  2(b)  gives  the  changes  in  Ay  and  A^  as  the  wind  speed  rises 
above  the  reduced  critical  wind  speed,  .  In  this  figure,  the  static 
horizontal  tension  is  H  =  30kN  and  126m  whereas  -  U^/fL^, 

Ay  =  Ay/Sa  and  A^  =A^/Sa.  varies  from  a  steady  4  m/s  to  a 
steady  6  m/ s.  Not  surprisingly,  both  and  A^  always  grow  as 
and,  hence,  the  wind's  energy  input  to  a  line  increases.  As  before.  Ay 

is  invariably  much  larger  than  A^ .  When  galloping  occurs,  the  number 
of  conductors  in  a  bimdle  hardly  matters. 

The  effects  of  increasing  the  non-dimensional  static  horizontal 
tension,  H  =  H/w,  and  span  length,  L^/s^ ,  are  given  in  Figs.  2(c)  and 
(d).  Here  w  is  the  total  weight  of  a  bare  conductor  in  one  span.  Both 
Ay  and  A^  invariably  tend  to  grow  as  either  H  or  /s^  increases. 
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Moreover,  Figs.  2  (c)  and  2(d)  are  little  different  from  the  comparable 
situation  observed  in  Fig.  2(b)  for  increasing  U ^ . 

6.  CONCLUSIONS 

Results  for  a  particular  ice  shape  and  angle  of  attack  to  the  wind 
suggest  that  the  ratio  of  the  limit  cycle  amplitude  to  the  mid-span's 
static  sag  invariably  decreases  as  the  critical  wind  speed  ratio  increases, 
regardless  of  the  number  of  conductors  in  a  bundle.  It  also  usually 
grows  as  the  non-dimensional  side  wind  speed  (above  the  critical 
value),  horizontal  tension  or  span  length  increase  -  again,  immaterial 
of  the  number  of  conductors. 
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Table  1  Iced  Cll  Line  Properties 


Parameter 

Data 

Parameter 

Data 

d(m) 

0.0286 

A(mm^) 

423.24 

4.78033no“ 

m(kg/  m) 

2.379 

101 

0.515*10'" 

I(kgm) 

0.3334n0'^ 

0.308 

H(N) 

30000 

L  (m) 

0.2355 

HEBOI 

2.05 

_ K  M _ 

125.88 

e^  (mm) 

-0.63 

1.2929 

Ai„  (mm^) 

594.48 

fJ,  (m/s) 

4.0 
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Refers  ( 


liliistrating  (a)  a  twin  bundle  and  cross  sections  of 
(b)  single  iced  conductor  and  (c)  two,  three  and 
four  iced  conductor  bundles. 
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ABSTRACT 

The  initiation  of  galloping  is  studied  for  a  tapered  pole  in  a  steady 
wind.  The  aerodynamic  coefficients  associated  with  the  wind  load  are 
obtained  from  scale  model  experiments.  It  is  shown  that  galloping  can 
occur  at  relatively  low  wind  speeds  of  about  10  m/s  (36  km/h). 
However,  the  initiation  speed  is  very  sensitive  to  the  wind  direction 
and  structural  damping.  This  analysis  essentially  confirms  field 
observations. 

1.  INTRODUCTION 

When  an  elastic  structure  like  the  light  pole  shown  in  Figure  1  or 
a  traffic  pole  vibrates  in  a  steady  airflow,  the  flow  relative  to  the  pole 
also  oscillates.  The  aerodynamic  forces  produced  by  this  airflow  can 
cause  a  growth  in  the  amplitude  of  the  pole's  vibrations  -  a 
phenomenon  called  galloping.  A  comprehensive  review  of  this 
phenomenon  has  been  provided  fairly  recently  [1]. 

A  wind-induced,  instability  analysis  requires  a  mix  of  an 
analytical  formulation  with  an  experimental  determination  of  the  wind 
effects.  Experiments  for  cantilevered  poles  that  involved  a  water  table, 
tow  tank  and  full  scale  field  experiments  [2]  have  shown  that  large 
vibrations  are  caused  by  galloping,  not  by  pure  vortex  shedding. 
Furthermore,  galloping  was  demonstrated  to  most  likely  occur  in  a 
steady  wind  of  between  4.5  and  13.4  m/s  when  the  wind's  direction  is 
within  ±7.5°  of  the  normal  to  a  curved  pole's  plane  of  curvature.  This 

*  Visiting  Professor,  Dept,  of  Civil  Eng. 

Indian  Institute  of  Technology,  Mumbai-400  076,  India 


673 


situation,  in  which  the  am  shown  in  Figure  2  is  within  ±7.5°  of  90°,  is 
considered  exclusively  here. 

Fifteen  three  dimensional,  three-node,  curved  beam  elements  [3] 
are  used  to  analyze  the  wind-induced  vibrations  of  the  curved  steel 
light  pole  shown  full-scale  in  Figure  1.  A  39  kg  lamp  may  be  located  at 
node  31.  The  pole's  cross-section  is  hexagonal  and  its  other  properties 
are  given  in  Table  1.  Critical  wind  speeds  are  calculated  which 
correspond  to  the  magnitude  of  a  steady  wind  speed  that  is  just  large 
enough  to  initiate  galloping.  The  effects  of  structural  damping  and 
small  changes  in  the  wind's  direction  are  also  investigated. 

2.  EQUATIONS  OF  MOTION 

By  using  conventional  theory,  the  equations  of  motion  for  the 
pole  can  be  derived  in  the  form: 

[M]{Q}+[c]{fi}+[/i:]{G}={P}  (1) 

where  [M],  [C]  and  [K\  are  the  global  structural  mass,  damping  and 
stiffness  matrices,  respectively.  The  {Q},  {q}  andjg}  are  the  nodal 
displacement,  velocity  and  acceleration  vectors,  respectively.  {P}  is  the 
nodal  load  vector  that  is  a  function  of  the  nodal  displacements  and 
velocities  that,  in  turn,  are  functions  of  time  for  an  aerodynamic  load. 

The  structural  mass  and  stiffness  matrices  are  developed 
straightforwardly.  Rayleigh  damping,  which  has  been  found  to  be 
reasonable  when  the  first  couple  of  modes  primarily  contribute  to  the 
structural  response,  is  used  to  define  the  structural  damping  matrix, 
[c],  as 

[cha^^[M]+a^,[K].  (2) 
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The  and  are  constants.  They  can  be  evaluated  from  the  modal 

damping  ratios,  typically  the  same  value  8,  in  the  first  two  structural 
modes  having  (circular)  natural  frequencies  r»,  and  ,  say.  Then 


u 


18 


fiJ,  +0)2  [  1 


co^a)2 


(3) 


3.  AERODYNAMIC  EXPERIMENTS 
Wind  tunnel  experiments  are  performed  to  obtain  the 
aerodynamic  coefficients  of  the  wind  load  by  applying  a  quasi-steady 
theory.  Full-scale  experiments  could  not  be  entertained  due  to  the 
limited  dimensions  of  the  working  cross-section  of  the  available  wind 
tunnel.  Therefore,  the  tests  are  performed  on  geometrically  similar  but 
smaller  models.  According  to  the  requirement  for  similarity  [4], 
Reynolds  number  is  kept  approximately  the  same  for  both  the  model 
and  full-scale  poles.  Because  the  taper  of  the  pole  considered  is  small 
(about  1:150),  constant  cross-sectional  pole  models  (not  tapered  poles) 
are  used  for  simplicity.  As  the  maximum  wind  speed  in  the  wind 
tunnel  is  about  32  m/ s,  and  4  m/s  is  at  the  lower  end  of  the  range  of 
wind  speeds  observed  to  produce  galloping  in  practice,  a  one-eighth 
scale  for  the  model  is  realistic.  However,  solely  one  model  at  this  scale 
is  still  too  big  to  be  placed  in  the  wind  tunnel.  Consequently,  a  one- 
eighth-scale  model  has  to  be  tested  by  using  two  separate  components. 
One  component  corresponds  to  the  combined  curved-straight  part 
shown  as  part  BE  in  Figure  1.  The  other  component  is  the  straight  part, 
AB.  The  interaction  of  the  airflow  between  the  two  parts  is  assumed  to 
be  negligible.  Wind  tunnel  tests  using  a  wool  tufted  model  suggest 
that  this  assumption  is  plausible. 
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The  total  drag  force,  shown  in  Figure  2(a)  that  acts  on  BE  is 
defined  along  the  wind's  direction.  The  corresponding  lift  force,  ,  is 
vertical  and  the  horizontal  side  force,  ,  is  perpendicular  to  both 
and  Pi-  These  forces  are  usually  given  in  terms  of  aerodynamic 
coefficients  by: 

{^D  ^s)~^  Pgir  ^  ^  wind  ^LC  ^SC  )  (4) 

where  p  .  =  1.19^^/m^  is  the  density  of  air,  U  is  the  free  stream 

wind 

air  speed,  and  d  is  the  dimension  of  the  pole's  cross-section  normal  to 
the  wind.  For  convenience,  d  is  taken  as  the  distance  between  two 
opposite  flat  sides  of  the  hexagonal  cross-section.  Furthermore,  is 
the  total  outside  peripheral  length  of  the  model's  curved  component, 
BE.  The  and  ^sc  are  the  drag,  lift  and  side  force  coefficients 

for  BE.  The  rolling,  yawing  and  pitching  moments,  and  Mp 

respectively,  are  the  corresponding  moments  about  these  three 
directions.  They  are  given  by: 

{M R  ^ p)  ~  air^ wind^  ^Be{^MRC  ^ MYC  ^MPc)  (5) 

where  ,  C^yc  ^mpc  the  rolling,  yawing  and  pitching 

moment  coefficients  for  BE.  Similarly,  there  are  drag  and  side  forces 
for  the  model's  straight  component,  AB.  However,  the  measured 
moments  are  negligible,  regardless  of  the  cross-section,  so  that  only  the 
forces  per  imit  length  are  shown  in  Figure  2(b).  They  are  given  by: 

{^D  ^s)~'^Pair^l,ind^{^D^s)  (6) 

where  and  Cg  are  the  drag  and  side  force  coefficients  for  AB. 
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The  aerodynamic  forces  and  moments  are  non-dimensionalized 
to  obtain  the  aerodynamic  coefficients.  Only  the  measured  data  for  BE 
are  shown  in  Figure  3.  Other  data  can  be  found  in  [3].  In  Figure  3,  the 
wind  speed  is  31.4  m/ s  and  the  Reynolds  number  is  2.7  x  10“  (i.e.  in  the 
subcritical  range.).  The  reference  angle,  =0°,  for  the  curved  model 
is  taken  to  correspond  to  the  position  when  part  ED  in  Figure  2(a)  is 
along  the  wind's  direction  and  the  wind  blows  from  point  E  to  point  D. 
In  addition,  two  opposite  flat  sides  are  perpendicular  to  the  wind's 

direction  at  =  0°  for  both  the  curved  and  straight  model. 
Theoretically,  the  data  at  a^=0°  and  360°  should  be  the  same. 
However,  there  are  small  differences  in  Figure  3  at  these  two  angles 
which  may  arise  from  equipment  drift.  The  drift  is  likely  due  to  a 
temperature  change  during  the  wind  tuimel  experiments,  even  though 
the  wind  tunnel  and  its  instrumentation  were  nm  for  several  hours 
before  starting  an  experiment. 

Next,  because  the  measured  aerod)mamic  coefficients  for  the 
curved  component  BE  include  the  effects  of  the  straight  parts  BC  and 
DE,  the  aerodynamic  coefficients  for  the  purely  curved  part  CD  of  the 
model  are  calculated  by  subtracting  the  effects  of  the  straight  parts 
from  the  measured  coefficients.  (See  Ref  [3]  for  details.)  The  results  are 

designated  and  C ^  for  the  forces  and  C and  C 

the  moments.  Only  the  positions  aroimd  a  ^  equal  90°  are  analyzed 
because  the  pole  is  most  susceptible  to  gallop  for  that  wind  direction 
[2].  Note  that  an  arrow  is  used  in  Figure  3  to  highlight  this  particular 
orientation. 

The  effects  on  the  aerod5mamic  coefficients  of  a  lamp  located  at 
the  tip  of  a  pole  are  also  investigated.  In  the  experiment,  a  tubular 
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section  (having  a  length  of  20  mm,  thickness  2  mm  and  an  inside 
diameter  equal  to  the  model's  cross-sectional  dimension)  is  mounted 
coaxially  at  the  tip  of  the  curved  pole  model  to  simulate  a  lamp.  The 
aerodynamic  effect,  however,  is  found  to  be  small.  On  the  other  hand, 
because  the  wind  speed  in  the  wind  tunnel  could  not  be  changed  over 
a  wide  range,  the  effects  of  large  changes  in  the  Reynolds  number 
could  not  be  analyzed  realistically. 

4.  AERODYNAMIC  LOADS 

The  {P}  term  in  equation  (1)  is  created  by  the  wind  load. 
Because  the  pole  is  so  slender  and  its  Reynolds  number  is  in  the 
subcritical  range,  it  is  reasonable  to  suppose  that  the  airflow  does  not 
reattach  to  a  downstream  part  of  the  pole  at  a  ^  =90°.  Indeed,  the 
similar  orientation  of  wool  strands  attached  to  the  curved  model 
suggested  that  the  wind  pressure  is  distributed  quite  uniformly  over 
the  model.  Therefore,  a  rmiform  pressure  assumption  is  adopted. 

To  determine  the  nodal  forces  arising  from  the  airflow,  the 
curved  model  is  divided  artificially  into  the  three  parts  shown  in 
Figure  2.  The  directions  X-Y-Z  given  in  Figure  2  correspond  to  the 
global  coordinate  system.  x-^-Tj  represent  the  local  coordinate 
system  for  each  part.  The  x  and  ^  directions  are  always  defined  along 
the  tangential  and  normal  directions  of  a  pole's  axis,  respectively,  and 
rj  is  perpendicular  to  the  x-^  plane.  The  following  derivations  only 
give  the  details  for  determining  the  aerodynamic  forces  per  unit  length 
acting  on  the  straight  parts  AC  and  DE.  The  extension  to  the  curved 
part,  CD,  is  detailed  in  [3]. 

Let  the  angle  between  the  wind's  direction  and  the  structural  (X- 
Y)  plane  be  90°±|£|  where  |£|  is  a  small  offset  angle.  When  £  =  0,  the 
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wind  speed,  ,  is  along  the  77  direction.  Due  to  the  pole's  wind- 
induced  d3mamic  rotation  about  the  local  x  axis,  0^.,  the  local 
coordinate  plane  ^-Tj,  which  corresponds  to  the  pole's  static 
configuration,  instantaneously  takes  another  orientation. 
Consequently,  a  vibrating  pole  experiences  a  relative  wind,  .  The 

magnitude  of  and  its  direction,  ay ,  for  the  vertical  part  AC  are 
given,  with  respect  to  the  ^  -77  system,  as  [3]: 

=  (“  -  ^wind  wind  +  (7a) 

and 

- ^ 

wind 

where  the  pole's  velocities,  li  and  v  in  the  ^  and  77  directions, 
respectively,  are  assumed  to  be  small  in  relation  to  the  wind  speed. 
The  relative  wind  speed's  magnitude  and  direction  for  the  horizontal 

part  DE  is  obtained  by  substituting  f  =  0  in  equation  (7).  The  wind's 
instantaneous  angle  of  attack,  a ,  is: 

a  =  - (8) 

wind 

Equation  (8)  is  used  to  find  a  to  determine  the  aerodynamic 
coefficients  from  the  wind  tunnel  data.  (Note,  however,  that  the  Um 
used  in  the  experiment  is  =Qf-90°.)  Moreover,  a  and  e  are 
taken  to  be  positive  in  the  clockwise  direction  (when  viewed  from 
above),  whereas  and  0^  are  positive  in  the  cormterclockwise 
direction. 

The  drag  and  side  forces  per  unit  length  for  part  AC  can  be 
obtained  from  the  aerodynamic  coefficients  by  using  equation  (6) 
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where  and  are  the  drag  and  side  force  coefficients,  respectively. 
The  forces  per  unit  length  along  AC's  ^  and  J]  directions  are  then 
computed  by  substituting  data  from  equation  (8)  into 

=  -Fp  sin  cc-F^  cos  a  (9a) 

as  well  as 

F^  =  Fj)  cos  cc-F^  sin  a  (9b) 

because  0^  is  found  to  be  about  a  negligible  0.3°  for  a  13  m/s  wind 
speed. 

For  the  horizontal  part  DE,  the  lift  force,  is  given  by  the 
same  expression  as  that  for  F^  in  equation  (6).  On  the  other  hand,  the 
forces  per  unit  length  for  part  DE,  along  its  ^  and  rj  directions,  are: 

=-Fp  sinor  +  E^cosor  (10a) 

and 

Fjj  =  Fj)  cosor  +  F^  sin  a.  (10b) 

The  element  load  vectors  created  by  the  distributed 
aerodynamic  loading  on  the  various  parts  of  the  light  pole  and  the 
resulting  (P)  can  be  obtained  conventionally  [3]. 

5.  ANALYSIS  OF  INSTABILITY 
The  standard  Newmark-yff  method  is  chosen  to  integrate  the 
equations  of  motion.  Then  the  critical  wind  speed,  ,  can  be  foimd 
by  gradually  incrementing  the  wind  speed,  ,  in  steps  of  0.1  m/s 

to  assess  the  convergence  of  the  resulting  temporal  deflections  at  the 
pole's  tip,  for  example.  From  a  visual  inspection,  further  increases  in 
^wind  beyond  U^^it  these  deflections  diverge.  The  critical  wind 

speeds  for  the  light  pole,  with  and  without  a  lamp,  are  presented  in 
Figure  4  for  small  e  and  different  structural  damping  ratios.  This 
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figure  shows  that,  as  expected,  galloping  is  initiated  at  higher  wind 
speeds  if  the  structural  damping  is  increased  [1],  However,  the  lamp 
seemingly  provides  greater  stability  because  initiation  speeds  are 
generally  higher  for  a  pole  with  a  lamp.  Furthermore,  it  can  be  seen 
that,  in  confirmation  of  field  observations,  the  initiation  of  galloping  is 
very  sensitive  to  small  changes  in  the  wind's  direction  from  the  90° 
orientation. 

Deflection  histories  of  the  pole  without  a  lamp  are  presented  in 
Figure  5.  They  correspond  to  S  =  0,e  =  -0.5'*  and  a  critical  wind  speed 
of  8.7  m/ s  in  Figure  4(a).  The  tip  deflection  in  the  wind's  direction  (-v) 
predominates.  It  appears  to  be  created  mainly  by  the  drag  force  [3]. 
Moreover,  the  two  lowest  frequency  modes  -  one  essentially  in-plane, 
the  other  out-of-plane  -  dominate  these  deflections.  Although  the 
corresponding  natural  frequencies  (1.79  and  1.82  Hz)  are  close,  the 
modal  coupling  is  negligible  [3].  Hence,  equation  (3)  appears 
reasonable. 

6.  CONCLUDING  REMARKS 

A  study  is  presented  to  determine  the  wind-induced  instabilities 
of  curved  poles.  It  is  shown  that  galloping  can  occur  at  relatively  low 
wind  speeds  of  about  10  m/s,  although  the  initiation  speed  is  very 
sensitive  to  the  wind's  direction  and  the  pole's  structural  damping. 
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Table  1  Properties  of  the  steel  light  pole. 


Young's  modulus 

200  GPa 

Shear  modulus 

80  GPa 

Density 

7850  kg/m" 

Shear  correction  factor 

0.5 

d/ 

232  mm 

ds 

154  mm 

dc 

119.2  mm 

do 

82  mm 

70  mm 

^AB 

4.55  mm 

3.04  mm 

+  Value  of  d  (h)  shown  in  Figure  1  at  cross-section 
(component)  designated  by  subsripted  letter(s). 
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7924.8  mm  3904  mm 


Figure  2  Schematic  of  the  two  components  considered  in  the  aerodynamic  experiments, 
showing  the  global  and  local  coordinate  systems  and  (a)  the  total  aerodynamic 
forces  acting  on  the  curved,  rigid  component  BE\  and  (b)  the  aerodynamic 
forces  per  unit  length  on  the  straight,  rigid  component^. 
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Aerodynamic  Coefficients 


(b) 

Figure  4  Critical  wind  speeds  for  a  hexagonal  light  pole  having  different  structural 
damping  ratios,  5,  and  exposed  to  various  wind  directions,  s .  Showing  (a)  without  a 


lamp  and  (b)  with  a  lamp. 
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ABSTRACT 

This  paper  deals  with  the  steady-state  response  of  the  beam 
with  nonlinear  boundary  conditions,  in  which  the  system  collides 
with  the  stop  once  in  half  period  of  its  vibration.  Considering  the 
energy  loss  in  a  collision  with  a  stop  and  the  duration  of  collision, 
an  analytical  method  of  approximate  solution  for  the  beam  which 
collides  with  the  stop  having  quadrilateral  hysteresis  loop 
characteristics  is  presented.  Some  numerical  results  of  the 
approximate  solution  are  obtained. 

INTRODUCTION 

The  steady-state  response  of  continuous  systems  with 
nonlinear  boundary  conditions  is  of  great  importance  in  several 
engineering  applications.  Collision  characteristics  is  one  of  the 
most  important  nonlinear  characteristics.  In  the  response  analysis, 
the  force  of  restitution  is  modeled  as  bilinear  force-penetration 
characteristics  in  which  stiffness  increases  during  collision  or  the 
coefficient  of  restitution  taken  to  be  constant.  However,  in  those 
models,  energy  loss  or  duration  of  collision  are  not  considered. 

In  this  paper,  the  force  of  restitution  is  modeled  as 
quadrilateral  hysteresis  loop  characteristics  in  order  to  consider 
the  energy  loss  in  a  collision  and  the  duration  of  colhsion[l].  An 
analytical  method  of  solution  for  the  response  of  the  simply 
supported  beam  with  nonlinear  boundary  conditions  is  presented. 

The  resonance  curves  are  obtained  and  Some  numerical 
results  are  compared  with  the  other  approximate  solutions. 

ANALYTICAL  METHOD 

A  simplified  dynamical  model  of  the  continuous  system  with 
symmetrical  collision  characteristics  is  shown  in  Fig.l.  Namely, 
this  model  consists  of  a  beam  simply  supported  at  one  end,  with 
amplitude  constraint  by  the  stops  having  quadrilateral  hysteresis 
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loop  characteristics  as  shown  in  Fig.2.  In  this  case,  the  coefficient 
of  restitution  depends  on  the  colliding  velocity  at  the  beam  end. 

Let  p  be  the  mass  density,  A  the  cross-sectional  area,  and 
El  the  modulus  of  flexural  rigidity.  The  equation  of  motion  for 
transverse  vibration  of  a  beam  with  respect  to  relative 
displacement  can  be  given  as  follows: 

5  z  El  5  ^  z 

A  formal  solution  of  Equation  (1)  can  be  expressed  as  follows: 

oo 

z=-y  0  coscot+  Z  (A  n  cosh?^  n  x+B  n  sinh>L  n  x 
n=l 

+C  n  cosA,  n  x+D  n  sinX.  n  x)  cosncot  (2) 

where  An,  Bn,  C  n,  D  n  are  constants  to  be  determined  in  each 
particular  case  from  the  boundary  conditions  of  the  beam,  where 

X  1  n  ^  Q  1  Q  i=co/co  i  (3) 

and  _ 

fW 

“  ^  ■  =3-927  (4) 

In  this  paper,  the  steady-state  vibration  is  dealt  with.  Once 
the  vibration  of  the  beam  becomes  steady  and  periodic,  the  force  of 
restitution  f(z  /,z  /)  becomes  also  periodic  and  can  be  represented 
as  a  periodic  function  g(e)  of  6  with  the  period  2n.  The  phase 
angle  0  is  defined  as  follows: 

0=0)  t-a  (5) 

where  a  is  the  phase  lag  angle.  The  periodic  function  g(0)  must 
satisfy  the  conditions  of  the  given  characteristics  of  the  force  of 
restitution,  which  is  to  be  written  as  the  following  equations: 

g(0)=K  I  (z  /  -e  o),-(0  1-1-0  2)  ^  0  ^  -0  2  (  I  ) 

=  g(0)=K  .  5o-i-K-2(z  ,-eo  -60),  -0  2^  0  g  0(n) 

=  g(0)=K  3  (z  / -z  /a),  0^0  2  03  (m) 

f(zizi)  ^^9^=9,  03^0^7r-(0.-f02)  (IV) 

’  ’  =  g(0)=K.(z  i+eo),  7i-(0  1+0  2)  S  0  g  7t-0  2(V)  ^9) 

=  g(0)  =-K  1  5  o+K  2  (z  i+e  o-t-6  0) ,  7t-0  2  ^  0  ^  tt  (VI) 

=  g(0)=K3(z  y+z  13),  71^0^71-1-0  3  (VH) 

g(0)=o,  71-1-0  3^  0  ^  27t-(0  1+0  2)  (vm) 

where  0  1,  0  2  and  0  3  denote  the  range  of  0  as  shown  in  Fig.3,  and 
the  period  27i  is  divided  into  8  intervals  (  I  ~VID) . 

Meanwhile,  for  half  cycle  of  its  vibration,  the  switching-over 
conditions  from  one  to  another  intervals  are  expressed  by 

0=-(0  1+0  2),  z /=e  0  (VI-^  I  )  (7) 

0=-0  2,  z  /=e  0+5  0  n  -^n)  (8) 

0=0,  z  y=o,  z  /=z  /mux  (n-^ni)  (9) 

0=0  3,  z  /=z  13  (iii->iv)  (10) 

g(0)  is  expanded  into  the  Fourier  series: 


where  0 


n=l,3,5,... 


(a  n  cosn0+b  n  sinn0) 
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and  the  nondimensional  Fourier  coefficients  are  defined  as  follows: 

X  n=pp  ,  y  n=  (n=l,3,5, . ) ,  k=  j  3  (12) 

where  T  is  the  amplitude  of  the  fundamental  term  of  cosine  part  of 
z  1  and  displacement  at  the  beam  end  (x=7 ) .  z  /  is  given  as: 

CXD 

z  /=r[cos0+  E  M  n  X  n  cosnB 
n=3,5,... 


where 


+  Z  M  n  y  n  (sinn0-nsin0) 
n=3,5,... 


Mn=; 


6A,  n  7  sinX  n  7  sinhA,  n  7 


Z  1  n  ^  Q  1  ^  (coshX,  n  7  sinX  n  7  -sinhA,  n  7  cosX,  n  7 ) 

(n=l,3,5, . )  (14) 

r  and  the  amplitude  of  sinusoidal  excitation,  y  0  are  determined 


where 


eo  eo  /(1-M  1  xi)"+(  Z  nMnyn)" 

^  n=l,3,.. 

r  60 

yo  /(1-M  1  X  i)"+(  Z^  nMnyn)" 

_ _  V _ n=l,3,... _ 

00 

e  0  N  /[cos(0  1+0  2)+  Z  {M  n  X  n  cosn(0  i+0  2) 

n=3,5,... 

-  M  n  y  n  {sinn(0  i+0  2)-nsin(0  i+0  2)}] 
sinX,  1  7  (1-coshX  1  7)+sinhX,  1  7  (cosA.  1  7-1) 


‘  coshA  1  7  sinA  1  7  -sinhA  1  7  cosA  1  7  ^ 

From  Eq.  (6) ,  an  infinite  set  of  simultaneous  linear  equations  for 
X  n  and  y  n  as  an  infinite  number  of  unknowns  are  obtained.  To 
improve  the  convergency  of  the  resulting  Fourier  series  g  (0)  /kF,  a 
series  transformation  as  follows  is  introduced.  A  new  phase  angle  (j), 
and  the  angle  0  0  are  given  by 

(|)=0+(0  1+0  2),  0  0=0  1+0  2+0  3  (18) 

and  a  new  Fourier  series  for  g(0)/kr  is  approximated  as  follows: 
g  (0)  ^  ^  .  niTi  n 

—r =  ^  f  m  sin— (|)  =  ^  0  sin—  (0  ^  (|)  ^  0  0)  (19) 

m — 1  0  0  Do 

The  relation  between  x  n,  y  n  and  ^  o  are  given  by 
2  cosn(0  1+6  2)+cosn0  3  „ 

"""“0  0  (71  V0o^)-n^  (n-1,3,5 . )  (20) 

2  sinn(0  i+0  2)+sinn0  3  , 

^"“0T  {%  V0o")-n''^  (n-1,3,5, . )  (21) 

^  0  is  obtained  by  the  following  equation. 


l-c, 

X  1 1  and  c  1  \  are  function  with  respect  to  0  i ,  0  2  and  0  3.  cos0  2 
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and  COS0  a  are  expressed  as: 

COS0  2=cos(0  1+0  2)+— cos(0  1+0  2)  (23) 

e  0 

COS0  3=1- cos(0  1+0  2)-§-^  (1-COS0  2)  (24) 

Jv  3  e  0  K  3 

Giving  0  1+02,  COS0  2  and  cos0  3  are  obtained  from  Eqs(23) 
and  (24) .  And  ^  0  is  obtained  from  Eq.  (22) .  Then,  y  o/e  0  is 
obtained  from  Eq.  (16)  and  F/e  0  is  obtained  form  Eq.  (15).  The 
amplitude  of  steady-state  vibration  at  the  beam  end  z  y max/e  0  is 
obtained  from  Eq.  (13) . 

NUMERICAL  EXAMPLES 

Figure  4  shows  resonance  curve  for  the  system  with  the 
amplitude  F/e  0  of  the  beam  end  (x=7 )  versus  the  frequency  ratio 
Q  1  in  which  exciting  ratio  y  o/e  0  is  taken  to  be  1.0  and  nonlinear 
parameters  K  i/k=4,  K  2/k=2,  K3/k=10(n  is  1  to  19  for  x  n,  yn). 
Resonance  curve  is  shown  as  a  discontinuous  line.  Figure  5  shows 
resonance  curve  for  the  system  with  triangular  hysteresis  loop 
characteristics,  K  2/k=3,  K  3/k=10(n  is  1  only  for  x  n,  y  n) ,  and  then, 
in  this  case,  resonance  curve  is  shown  as  a  continuous  line. 

CONCLUSIONS 

An  analytical  method  for  the  steady-state  response  of  the 
beam  simply  supported  at  one  end,  colliding  with  the  stop  half 
period  of  its  vibration  at  the  other  end  has  been  proposed.  Some 
numerical  examples  are  shown. 
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Fig.2  Hysteresis  loop 
characteristics 
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Fig.4  Resonance  curve  Fig-5  Resonance  curve 

(K  i/k=4,  K  2/k=2,  K  3/k=10.  (K  2/k=3,  K  3/k=10,  y  o/e  o=1.0) 
y  o/e  0=1.0) 
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Abstract 

An  Artificial  Neural  Network  Method  (ANNM)  used  for 
nonlinear  vibration  control  systems  is  described.  ANNM  is  a  very 
efficient  method  in  case  that  an  analytical  model  of  a  plant  is  difficult 
to  develop  for  their  nonlinearity  and  measurement  noise.  A  back 
propagation  rule  is  usually  adopted  for  their  learning  rule.  Because 
iterations  for  learning  become  thousands  or  more,  it  is  difficult  to 
tune  time-varying  nonlinear  systems  in  real-time. 

Thus,  in  this  paper  ANNM  where  there  is  no  need  of  learning  is 
proposed  for  real-time  tuning.  The  key  methodology  is  that  the 
weights  of  the  hidden  and  output  neuron  are  set  to  be  the  input  and 
output  pattern,  respectively.  Thus,  the  iterations  for  learning  are  not 
necessary.  Applying  this  approach  to  the  estimation  of  damping  ratio 
of  second-order  systems,  its  availability  was  verified. 

1.  Introduction 

In  order  to  achieve  an  active  vibration  control  based  on  a 
computer,  we  need  to  know  a  dynamic  behavior  of  a  controlled 
system,  especially  a  damping  ratio.  However,  it  is  difficult  to  measure 
a  damping  ratio  from  experimental  data  due  to  friction  and 
measurement  noise,  which  are  generally  time-varying  parameters. 

It  is  assumed  that  the  multi  layered  feedforward  neural  network 
structure  is  employed.  It  is  composed  of  three  layers,  namely  input 
layer,  hidden  layer  and  output  layer.  Inputs,  outputs,  and  teaching 
patterns  for  ANN  are  defined  by  on-off  binary  patterns.  It  is  well 
known  that  ANN  has  the  ability  of  associating  an  original  pattern 
from  an  input  pattern,  which  is  disturbed  by  the  noise  and  the 
nonlinearity. 

In  this  paper,  using  this  feature  of  ANN,  the  methodologies, 
which  estimates  a  damping  ratio  of  the  second-order  systems  from 
the  experimental  data  with  the  noise  and  the  friction  is  proposed. 
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2.  Proposal  of  new  learning  rule 

ANN  is  composed  of  three  layers,  namely  input  layer,  hidden 
layer  and  output  layer,  as  shown  in  Figure  1. 


Figure  1  The  structure  of  ANN 


Input  and  output  patterns  of  ANN  are  supposed  to  take  only 
binary  value,  namely  ±1.  Note  that  the  usual  binary  numbers  take 
the  value  of  unity  or  zero.  These  patterns  for  ANN  are  developed  by 
putting  together  binary  numbers  in  time  series.  A  back  propagation 
rule(B.P.)  is  usually  adopted  for  their  learning  rule.  On  the 
multilayer  neural  network,  the  effectiveness  of  B.P.  has  been 
confirmed[l].  Because  the  number  of  iterations  becomes  ten 
thousands  or  more,  it  is  difficult  to  tune  time-varying  nonlinear 
systems  in  real-time.  Also,  there  is  a  problem  that  the  learning  does 
not  converge  by  the  local  minimum.  In  addition,  information  is 
dispersed  and  is  expressed  at  the  multiple  neurones  in  B.P.. 
Therefore,  the  dispersion  expression  has  advantages  such  as 
interpolation  ability  between  information,  robustness  as  the  neuron 
is  lacking.  However,  iterations  for  learning  are  necessary  when  we 
eliminate  the  part  of  memorized  learning  information  and  the 
learning  data  increases  or  decreases.  On  the  other  hand,  by 
representing  information  in  each  hidden  neurone,  information  can 
be  localized.  If  the  interpolation  ability  is  provided  in  such  method,  it 
seems  to  be  possible  to  improve  the  problem  of  B.P..  However,  the 
expression  efficiency  is  worse  than  that  of  B.  P..  The  weighing  factors 
of  each  hidden  neuron  are  set  to  be  each  learning  pattern,  as  shown 
in  Equation  1.  When  the  input  pattern  is  identical  with  the 
memorized  pattern,  the  value  of  I  takes  the  maximum  value.  As  the 
difference  between  the  input  and  output  pattern  increases,  the  value 
of  I  decreases  from  the  maximum  value.  That  is  to  say,  the  value  of  I 
shows  the  resemblance  between  patterns.  According  above,  the 
detection  neurone,  which  reacts  only  for  the  specific  input  pattern,  is 
formed,  as  shown  in  Figure  2.  By  this  detection  neurone,  the 
discrimination  of  EX-OR  becomes  possible. 
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I  j/^ 

output  lover 


irPUT  LflYER 


HIDDEN  LOVER 


^(^0  OUTPUT  LAVER 
HIDDEN  LOVER 


(a)  (b) 

Figure  2  Recognition  of  input  pattern 

The  calculations  of  each  neurone  are  shown  in  the  following.  The 
number  of  the  input  pattern  elements  is  defined  as  n. 

[1]  Hidden  neuron 

Wi"-' -  X/ -2  ;  Weight  Learning  rule 


Xf;  Input 


Uj=l-h 


h\  Offset  0.9 

^0;  Step  function  ;  Output 


[2]  Output  neuron 

wr:  Weight 

'yj  di ;  Learning  pattern 


Zk=^foK) 


X(); Step  function  Output 


(a) //,();  (b)X(); 

Figure  3  Step  function 


In  order  to  compare  the  proposed  learning  rule  with  B.  P.,  a 
transformation  of  7X7  alphabet  patterns  is  considered.  ANN  is 
learned  so  that  the  next  character  is  output,  when  a  character  is 
input,  namely  the  pattern  'B'  is  output,  when  the  pattern  ‘A’  is 
input.  In  the  local  representation  of  the  learning  information,  the 
number  of  hidden  neurones  is  the  same  as  that  of  the  learning 
patterns.  Since  the  number  of  learning  patterns  is  26  in  this  case,  26 
hidden  neurons  are  required.  Thus,  the  necessary  learning  iterations 
are  26  times  at  the  proposed  method(F.V.Q.).  On  the  other  hand,  the 
number  of  iterations  becomes  about  3000  times  at  B.P..  Next,  compare 
the  interpolation  ability  of  the  pattern.  The  patterns  'N'  and  'O’  are 
interpolated  at  Figure  4.  Also,  the  proposed  learning  rule  could 
powerfully  distinguish  the  pattern,  when  the  pattern  had  been 
disturbed  by  the  noise,  as  it  is  shown  in  Figure  5.  Thus,  the 
availability  of  the  proposed  method  was  verified. 


f,(x)  =  x  x>0,  0  x<0  /,(x)  =  x®  x>0,  0  x<0 

Figure  4  Interpolation  ability  Figure  5  Discrimination  ability 


3.  Estimation  of  a  damping  ratio 

The  procedure  is  shown  in  the  following.  Second-order  systems 
are  considered  as  an  illustration. 


H(s)  = 


co: 


s  2^co^s  +  col 


(3) 


Step  1 

In  making  the  damping  ratio  to  be  a  parameter,  the  step  response 
is  measured.  The  amplitude  normalizes  as  the  relative  amplitude 
for  the  step  input.  Time  is  normalized  as  a  product  of  time  and 
angular  frequency. 
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Step  3 

The  threshold  of  the  amplitude  set  to  be  unity  and  the  amplitude 
is  discretized  every  one  radian  so  that  the  number  of  the  pattern 
elements  is  eight. 


Figure  7  Schematic  block  diagram  of  A  N  N 


4.  Estimation  results  based  on  simulations 
The  actual  and  estimated  value  of  the  damping  ratio  is  expressed 
in  ^  and  ^ ,  respectively. 


012345678 


o  i  rad 


CU  t  rad 


012345678 


fl)  t  rad 


6>  t  rad 


Figure 


012345678 
€0  t  rad 

8  Simulation  results 


5.  Conclusion  and  further  consideration 
It  was  verified  that  the  damping  ratio  is  accurately  estimated  by 
using  ANN.  In  addition,  a  real-time  active  damping  control  is 
possible  due  to  the  proposed  learning  rule.  When  the  time  delay  is 
introduced  into  the  response  by  frictional  force  and  backlash,  the 
estimated  error  occurs.  Therefor,  the  high  resolution  of  the  pattern 
will  be  necessary.  Further  work  will  include  the  following  subject. 

1)  The  determination  of  the  optimum  resolution  of  the  pattern 

2)  The  introduction  of  the  estimation  mode  into  the  control  loop 

3)  The  determination  of  the  vibration  control  law  based  on  ANN 
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ABSTRACT 

Presented  is  the  technique  to  optimize  characteristics  of  passive  suppressors 
attached  to  the  thin-walled  structures  subjected  to  some  given  excitation  in 
acoustic  frequency  range.  1-df  elastic  oscillators  as  well  as  non-linear  shock 
absorber  are  discussed.  Structure  behavior  is  represented  via  a  set  of  ordinary 
differential  equations  resulted  from  natural  mode  decomposition.  Panel 
response  is  determined  by  means  of  dynamic  coding  of  numerical  integration 
schemes  in  spreadsheets,  with  pressure  fluctuations  being  represented  as  time- 
domain  realizations  of  random  processes  with  given  spectra.  Numerical 
optimization  is  used  to  get  suppressor  characteristics  minimizing  prescribed 
criteria  expressed  via  parameters  of  interest  in  test  points.  Selected  are  the 
following  suppressor  parameters:  partial  frequencies,  damping,  positions,  and 
clearances  for  moving  (if  any).  Optimization  technique  for  suppressing 
vibrations  within  a  given  frequency  range,  which  is  based  on  use  of  digital 
fdters,  is  demonstrated.  Examples  of  response  estimations  for  wide-band 
acoustic  load  show  that  linear  suppression  systems  have  definite  advantages 
with  respect  to  examined  non-linear  ones. 

INTRODUCTION 

Suppression  of  vibration  for  thin-walled  structures  subjected  to  excitation  in 
acoustic  frequency  range  is  a  topical  problem  in  designing  modem  aircraft. 
Results  of  its  solution  may  be  used  for  improvement  of  soundproofing 
characteristics,  prolongation  of  stmcture  service  lifetime,  etc.  The  dynamic 
suppression  method  is  to  attach  additional  devices  to  a  stmcture,  with  special 
force  influence  on  it  being  the  case.  The  effect  in  question  is  realized  by  means 
of  both  redistribution  of  vibration  energy  from  the  stmcture  to  suppressors  and 
increase  in  power  dissipation  [1].  This  way  differs  from  another  approach, 
which  uses  insertion  of  additional  kinematical  connections  (for  example, 
fixing  some  stmcture  points)  and  cannot  be  applied  in  series  of  situations 
because  of  design  considerations. 

Employment  of  reliable  dynamic  suppressors,  which  are  simple  in 
design,  is  an  attractive  and  advantageous  approach  when  high-level  load  is  the 
case  and  other  ways  of  solution  fail  because  of  aggressive  environment  (this 
situation  occurs,  for  example,  for  air-intake  panels). 

Capabilities  of  suppressors  are  well  studied  for  harmonic  and  narrow- 
band  loads.  The  problem  of  their  effectiveness  in  case  of  wide-band  loads  is 
not  clarified  sufficiently  as  uncertainty  in  proved  selection  of  their 
characteristics  is  the  case. 
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Under  consideration  in  this  paper  is  a  technique  for  selection  of 
optimal  parameters  of  such  attachments  that  may  be  applied  for  wide-band 
loads  with  given  spectra.  This  technique  is  illustrated  by  an  application  to  a 
panel  suffered  acoustic  excitation.  Effects  of  using  one-degree-of-ffeedom 
elastic  oscillators  with  fluid  friction  (Figure  1)  as  well  as  shock  absorbers 
(Figure  2),  analogous  in  design,  are  discussed.  A  series  of  computer 
experiments  is  presented  to  find  out  which  parameters  are  important  for 
dynamic  suppression. 

Since  some  hopes  were  connected  with  perspectives  of  application  of 
non-linear  devices,  effects  of  non-linearities  in  suppressor  characteristics  were 
studied.  Application  of  digital  filters  to  ensure  vibration  suppression  within  the 
given  frequency  range  was  also  under  consideration. 

MODELS  AND  METHOD 

Dynamic  behavior  representation 

Characteristic  features  of  the  presented  technique  are  shown  in  Figure  3. 
Optimization  process  is  based  on  dynamic  representation  of  both  a  structure 
model  and  load.  This  representation  constitutes  some  numerical  integration 
scheme  of  differential  equations,  which  describe  the  structure  motion  under 
study,  and  load  time-domain  realizations  of  interest,  which  are  coded  in  a 
spreadsheet. 

Dynamic  behavior  of  a  structure  without  any  suppressors  is  represented 
by  the  following  set  of  ordinary  differential  equations  resulted  from  the 
Hamilton-Ostrogradsky  principle  after  natural  mode  decomposition: 

+  cof^i  =  fi  (t),  i  =  1,...,  m 

where  fi{t)=^PUjd<7  -  generalized  force;  ^i(t)  and  Ui(x)  are 
corresponding  normal  coordinates  and  standardized  natural  mode  shapes 
which  are  used  to  represent  the  displacement  field  for  the  surface  E  imder 
study: 

m 

/=! 

jf  -  coordinate  vector  of  an  arbitrary  surface  point;  /  is  time;  m  -  number  of 
natural  mode  shapes  taken  into  account  in  analysis;  Q  -  /-th  dimensionless 
damping  coefficient;  6)/-  Mh  natural  frequency;  -  load  field. 

Influence  of  dynamic  suppressors  is  taken  into  account  in  the  form  of 
special  terms  added  to  the  aforementioned  differential  equations  and  new 
differential  equations  supplementing  the  initial  set.  For  example,  a  one-degree- 
of-freedom  (1-df)  elastic  suppressor  with  fluid  friction  yields  the  follovdng 
additional  terms  in  the  left  parts  of  each  of  m  equations  forming  the  initial  set: 

,0-  (0]  +  <^5  ys  (0]]“/  i^s  )- 

and  the  complementary  equation  stated  below: 
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msys  (0 + bs  bs  (0  -  bs  (0  -  .  01 = o» 

where  i  -  number  of  the  equation,  s  -  suppressor  index,  suppressor 

displacement,  displacement  of  the  structure  point  adjoining  to  the 

suppressor,  coordinate  vector  of  suppressor  position,  mass  of  the 
movable  element,  -  suppressor  damping  parameter,  -  stiffness  of  elastic 

joint.  The  quantity  0)^  =  is  called  suppressor  partial  frequency. 

During  an  optimization  process,  parameters  of  the  attached  suppressors 
(such  as  o)^  or  )  are  considered  as  optimized  (free)  variables. 


Acoustic  load 

Representation  of  acoustic  load  realizations  is  based  on  the  Corcos  hypotheses 
that  describe  spatial-and-time  correlation.  The  load  is  assumed  to  be  a 
convective  field  of  random  forces  defined  by  the  follov^ng  cross-spectral 
density  of  pressure  fluctuations: 


^P{Ml),PiM2)  (/)  -  ^P  if)  ^ 


^ - 1 

1 

X 

y\  -/2 

1 

1 

_ 1 

'■y 

U, 


where  Sp(f)  is  power  spectral  density  of  a  homogeneous  field;  r^y  ry  >0  are 
parameters  of  correlation  scale;  is  turbulence  convection  velocity  (it  is 
supposed  that  this  velocity  is  directed  along  the  JC-axis);  Mi—(xuy^^  i=l,2  is 
a  pair  of  arbitrary  surface  points;  j  = 

This  empirical  formula  was  derived  as  generalization  of  results  of 
experimental  research.  Power  spectral  density  of  the  generalized  force 

may  be  expressed  as  where  the  quantities 

q)j(ui,r^,ry,U j^,f)  are  calculated  with  the  aid  of  the  given  natural  mode 

shapes  M,  and  values  of  the  other  argiunents  (in  the  case  of  small  damping, 
frequency  /is  assumed  to  be  equal  to  ay/lTt). 

The  model  in  use  is  correct  in  the  sense  of  convergence  of  a  solution 
defined  by  the  aforementioned  set  of  ordinary  differential  equations,  viz.: 
uniform  convergence  of  the  displacement  power  spectral  density  was  proved 
when  m—>oo. 

In  solving  the  practical  problems,  parameters  of  loading  pressure 
correlation,  as  a  rule,  are  not  defined.  Only  suppositions  about  the  range  of 
their  values  may  be  drawn  in  some  particular  situations.  But  even  in  these 
cases,  the  degree  of  their  stability  to  the  experiment  conditions  is  unknown  (in 
a  real  flight,  for  example,  these  conditions  may  be  altered  many  times). 
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Therefore,  simulation  of  two  standard  types  of  loading  (so  called 
homogeneous  and  aggressive  fields)  is  implemented  [2,3]. 

For  a  homogeneous  field,  it  is  assumed  that  pressure  fluctuations 
influence  all  the  structure  points  synchronously,  i.e.; 

=  ^pif)  ■ 


An  aggressive  field  for  the  given  structure  and  given  spectral  density 
Sp(f)  (it  is  supposed  to  be  the  same  for  all  structure  points)  is  the  loading  with 
the  parameters  Px,  Py  and  Uk  which  correspond  to  the  greatest  level  of 
structure  displacements.  When  correlation  parameters  are  unknown,  the 
response  to  an  aggressive  field  is  of  topical  practical  interest  since  it  is  the 
most  dangerous  variant  of  behavior.  The  upper  bound  of  this  response  may  be 
obtained  with  the  aid  of  the  greatest  absolute  values  of  (pi  instead  of  these 
functions  in  expressions  for  power  spectral  densities  of  generalized  forces. 
These  absolute  values,  in  its  turn,  may  be  replaced  by  the  right  parts  of  the 
following  inequalities: 


|2 


(pj^i,Px,,Py,lJ ^j\< 


j]M,(x)|r/cr 


Time-domain  realizations  of  load  with  power  spectral  density  Sp(f)  are 
represented  in  the  form  of  auto-regression  processes.  Auto-regression 
parameters  are  selected  to  get  the  acceptable  form  of  a  spectral  density  plot. 
This  form  is  usually  determined  with  available  experimental  data.  If  they  are 
not  complete  or  reliable,  it  is  better  to  carry  out  the  simulation  for  some 
extreme  cases  that  are  qualitatively  differed:  for  example,  a  wide-band 
spectrum  and  some  narrow-band  ones,  maximums  of  which  are  located  in 
different  parts  of  the  frequency  range  under  consideration.  Comparison  of  the 
results  obtained  makes  it  possible  to  estimate  how  the  structure  dynamics 
depends  on  a  spectrum  form  and  to  select  the  worst  variant  of  its  behavior. 

Verification  results  for  the  aforementioned  models  of  structure 
behavior  and  acoustic  load  were  discussed  in  paper  [4]. 

Computing  natural  modes 

Description  of  the  approach  that  was  in  use  for  computing  natural 
modes  of  vibration  was  considered  in  paper  [5].  This  approach  is 

called  the  method  of  correction  by  elastic  connection  insertion  (the  CECI 
method).  It  is  suitable  for  stiffened,  sandwich,  and  symmetrical  composite 
panels  including  flat  or  curved  ones.  This  method  requires  a  variational 
formulation  of  a  problem  in  terms  of  the  Galerkin  weak  form  or  the  Rayleigh- 
Ritz  principle.  The  influence  of  stiffeners,  anisotropy,  or  filling  is  described  by 
special  elastic  and  inertial  operators  which  are  added  to  the  appropriate 
operators  of  some  non-reinforced  or  hypothetical  isotropic  initial  structure  in 
the  free  vibration  problem  formulation. 

The  space  of  basis  functions  for  the  approximate  solution  is  a  set  of 
initial  structure  natural  mode  shapes.  As  a  rule,  these  shapes  are  determined 
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beforehand  by  any  suitable  numerical  or  analytical  method.  The  original 
formulation  is  transformed  to  an  algebraic  eigenvalue  problem,  with  a 
dimension  being  determined  by  the  number  of  basis  functions.  As  this 
dimension  is  much  less  than  one  in  case  of  solution  by  the  traditional  finite 
element  method,  the  presented  approach  is  more  economical  with  regard  to 
the  computation  time  and  memory  size  in  use. 

Optimization  procedure 

The  employed  optimization  procedure  consists  of  two  stages.  On  the 
preparatory  stage,  some  optimization  criterion  that  depends  on  the  applied 
problem  to  be  solved  is  formulated.  This  criterion  is  expressed  in  terms  of 
accelerations,  displacements,  velocities  or  stresses  in  test  points  of  interest. 
After  that,  some  numerical  integration  scheme  for  the  aforementioned 
differential  equations  (with  a  given  acoustic  load  realization  in  their  right 
parts)  is  coded  to  calculate  structure  response  in  the  test  points  using  a 
spreadsheet.  Normal  coordinates,  which  are  exploited  in  the  equations,  are 
computed  with  some  specified  time  step  h  from  initial  zero  time  point  to  the 
given  specified  upper  time  bound.  Runge-Kutta  methods  [6]  (or  their 
equivalents)  proved  to  be  sufficient  to  get  acceptable  accuracy  of  solution.  In 
particular,  the  modified  Euler  integration  scheme  of  the  second  order  may  be 
used. 

It  is  of  vital  importance  that  the  spreadsheet  supports  dynamic  links 
between  cell  contents.  If  one  locates  values  of  free  variables  and  the  time  step 
h  in  the  separate  cells  to  which  the  cells  containing  formulas  of  the  integration 
scheme  in  use  are  referred,  all  the  solution  will  be  automatically  modified 
when  these  values  are  changed. 

On  the  final  stage,  a  multivariate  optimization  procedure  to  get 
suppressor  characteristics  yielding  the  best  value  of  the  prescribed  criterion  is 
run.  The  procedure  of  numerical  non-linear  optimization  called  the 
Generalized  Reduced  Gradient  is  used.  Selected  are  the  following 
characteristics:  partial  frequencies,  damping,  positions,  and  geometric 
parameters  (if  any).  Suppressor  masses  are  supposed  to  be  fixed  because  of 
two  reasons: 

1)  a  designer  usually  has  the  choice  among  a  discrete  set  of  standard  mass 
values; 

2)  optimization  of  free  mass  parameters  tends  to  yield  their  extremely  great 
values. 


EXAMPLE  OF  APPLICATION 
Structure  and  load  parameters 

The  structure  imder  study  is  simply  supported  steel  sandwich  rectangular  panel 
with  flute  filling.  Panel  dimensions  are  826x268x11.5  mm.  Panel  mass  is 
4.050  kg.  Dimensionless  damping  was  supposed  to  be  0.005  for  all 
frequencies.  Information  on  5  structure  natural  modes  is  presented  in  Table  1. 
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.  First  natural  frequencies  and  mode 


Natural  mode  No.  12 


Natural  mode  type  1:1  1:2 


Natural  frequency,  Hz  609  765 


Wi 


es  of  the  structure  under  stud 


3  4  5 


1:3  1:4  1:5 


1017  1378  1848 


Test  acoustic  loads  were  represented  by  wide-band  random  processes 
of  the  same  level  (139.4  dB).  Their  power  spectral  densities  are  shown  in 
Figure  4. 


Mean  value  for  root-mean>square  accelerations  of  4  test  points  given  in  Figure 
5  was  considered  as  an  optimization  criterion.  Characteristics  of  2  and  3 
vibration  suppressors  attached  to  the  structure  were  optimized.  It  was 
supposed  that  masses  of  all  suppressors  were  equal  to  0.1  kg.  Problem 
formulations  that  were  under  study  are  presented  in  Table  2.  Both  elastic  and 
shock  suppressors  had  fluid  friction. 

A  shock  suppressor  (variant  D-2)  was  a  solid  moving  in  a  closed 
container  filled  with  some  viscous  liquid.  Shock  response  was  simulated  with 
the  aid  of  a  cubic  polynomial  response  function  with  high  rate  of  increase. 
Weak  non-linearity  (variant  C-1)  was  also  simulated  by  a  free  cubic  term 
added  to  the  linear  response  function. 


Variant 

name 

-  —  '  .... — j  - • 

Problem  formulation 

mm 

2  identical  elastic  vibration  suppressors  with  given  positions; 
optimized  are  partial  frequencies  and  damping  of  suppressors 

■a 

2  identical  elastic  vibration  suppressors;  optimized  are  positions, 
partial  frequencies  and  damping  of  suppressors 

A-3,  E-3 

2  different  elastic  vibration  suppressors;  optimized  are  positions, 
partial  frequencies  and  damping  of  suppressors;  variants  A-3  and 
E-3  differ  in  loads 

Bl 

3  different  elastic  vibration  suppressors;  optimized  are  positions, 
partial  frequencies  and  damping  of  suppressors 

B-3 

Coincides  with  variant  A-3  in  which  optimization  is  carried  out 
for  the  frequency  range  from  0  to  1000  Hz  only 

B-3-H 

Coincides  with  variant  A-3  in  which  optimization  is  carried  out 
for  the  frequency  range  above  1000  Hz  only 

mm 

Coincides  with  variant  A-1  in  which  weak  cubic  non-linearity  of 
the  suppressor  rigidity  characteristic  is  assumed 

D-2 

2  identical  shock  vibration  suppressors;  optimized  are  positions, 
geometric  parameter  and  damping  of  suppressors 

Summary  of  optimization  output  is  presented  in  Tables  3  and  4  and  Figure  5. 
Values  of  optimization  criterion  are  expressed  via  a  dimensionless  acceleration 


unit  (g).  The  structure  without  suppressors  is  mentioned  in  the  tables  as  an 
initial  variant. 


Table  3.  Optimal  criterion  values  and  suppressor  parameters. 


Vari¬ 

ant 

Crite¬ 
rion 
value,  s 

%  of the 
initial 
variant 

Partial  frequencies,  Hz 

Damping  parameter, 
kg/s 

Initial 

S2,21 

100% 

- 

- 

I — ; — 

A-1 

17.50 

21% 

1099.6 

363.2 

19% 

958.6 

359.3 

■Mi 

11.78 

14% 

ItrirW 

1686.2 

126.2 

321.7 

A-4 

9.94 

12% 

836.7  1  1686.2  1  837 

126,2  1  321.7  1  586 

B-3 

3.90 

- 

615.7 

805.7 

536.8 

88.6 

B-3-H 

1.05 

- 

1220 

1710 

^  33.3 

377.1 

C-1 

17.47 

21% 

1099.6 

363.1 

D-2 

21.72 

26% 

- 

- 

780.8 

780.8 

E-3 

5.65 

- 

841.3 

1640.1 

130.1 

349.3 

Variant 

Y„ 

mm 

X2, 

mm 

Y2, 

mm 

Xj, 

mm 

Ya, 

mm 

Initial 

- 

- 

- 

_ 

A-l 

120 

200 

120 

400 

.. 

_ 

A-2 

134 

242 

134 

423 

- 

_ 

A-3 

134 

228 

142 

408 

. 

_ 

A-4 

134 

232 

158 

416 

133 

541 

B-3 

134 

409 

134 

132 

B-3-H 

134 

249 

134 

317 

C-1 

120 

200 

120 

400 

D-2 

134 

245 

134 

406 

. 

_ 

E-3 

134 

227 
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partial  frequencies  and  fluid  friction  parameters  may  result  in  considerable 
reduction  of  structure  vibration  level  even  if  a  wide-band  load  is  the  case. 
Reduced  vibration  levels  in  our  example  come  up  to  12-14%  of  the  initial  one. 
To  illustrate  this  effect,  Figure  6  presents  power  spectral  densities  of 
dimensionless  accelerations  in  a  test  point  for  the  initial  and  some  modified 
(variant  A-3)  structure.  Optimal  partial  frequencies  of  suppressors  are  close  to 
certain  natural  frequencies  of  the  initial  structure.  They  are  not  equal  exactly  to 
each  other  as  attachment  of  suppressors  changes  the  initial  system.  Optimal 
positions  of  suppressors  tend  to  be  near  antinodes  of  the  most  excited  panel 
natural  mode  shapes.  Sometimes  these  positions  are  interjacent  for  antinodes  of 
different  modes. 


Table  3  and  Figure  7  demonstrate  how  the  increase  in  the  number  of 
free  optimized  parameters  results  in  amplification  of  optimization  effect.  This 
outcome  is  evident,  but  it  only  concerns  the  parameters,  which  are  significant 
for  structure  vibrations. 
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Comparison  of  problem  formulations  A-3  and  E-3  shows  that  spectral 
forms  of  wide-band  loads  do  not  influence  essentially  the  optimal  partial 
frequencies,  damping  and  positions  of  elastic  suppressors.  Thus,  these 
parameters  are  determined  mainly  by  the  panel  characteristics.  Figure  8  gives 
corresponding  response  spectra. 

Calculations  revealed  that  addition  of  suppressors  did  not  obligatory 
give  rise  to  considerable  decrease  of  panel  vibrations.  Table  3  and  Figure  9 
illustrate  this  fact.  The  observed  effect  may  be  explained  by  the  situation  in 
which  optimal  suppressor  positions  belong  to  different  antinodes  of  the  same 
natural  mode  shape. 

Certain  efforts  were  made  to  figure  out  whether  suppressors  with  non¬ 
linear  responses  were  able  to  reach  greater  effect  than  linear  ones.  Two  types 
of  the  above-mentioned  non-linearities  were  under  study;  a  weak  cubic  term  in 
the  rigidity  characteristic  (variant  C-1)  and  shock  response  (variant  D-2). 

Computer  experiments  for  the  given  structure  revealed  vainness  of  such 
attempts.  Variant  C-1  yielded,  in  fact,  the  same  output  as  variant  A-1  (its  linear 
analogue).  The  obtained  cubic  function  was  approximately  equal  to  the  former 
linear  relation  within  the  range  of  observed  displacements. 

Variant  D-2  was  obviously  worse  than  analogous  variant  A-2  (see 
Table  3  and  Figure  10).  As  to  this  case,  it  is  necessary  to  note: 

1)  The  optimization  criterion  is  not  sensitive  with  regard  to  shock 
characteristics  (i.  e.  to  the  form  of  the  response  function  after  a  contact); 

2)  The  optimization  criterion  is  not  sensitive  Avith  regard  to  solid  track  length; 

3)  The  optimization  criterion  is  sensitive  with  regard  to  damping. 

Thus,  it  may  be  concluded  that  suppression  effect  in  variant  D-2  is  achieved 
due  to  energy  dissipation  only.  (In  case  of  variant  A-2  the  effect  of 
antiresonance  is  also  very  significant.) 

In  some  applications  it  is  important  to  suppress  vibrations  in  a  given 
frequency  range.  The  technique  presented  may  be  adopted  to  this  request  with 
the  aid  of  digital  filtration. 

Digital  filters  are  used  to  cut  out  a  signal  component  in  the  frequency 
range  of  interest.  Optimization  criterion  is  formulated  in  respect  to  this 
component.  A  dynamic  filtration  scheme  is  coded  in  the  spreadsheet  together 
with  the  scheme  of  numerical  integration.  Parameters  of  digital  filters  were 
estimated  according  to  traditional  techniques  [7]. 

Variants  B-3  and  B-3-H  (see  Table  3  and  Figure  1 1)  are  included  in  the 
review  to  illustrate  this  way  of  optimization.  The  lowpass  Butterworth  filter  of 
the  second  order  and  the  bandpass  sine  filter  of  the  sixth  order  were  used  for 
these  cases  correspondingly.  Bandpass  filtering  seems  to  be  more  difficult  in 
implementation  with  regard  to  computation  time  and  spreadsheet  size. 

CONCLUSIONS 

It  has  been  demonstrated  that  considered  dynamic  representation  of  structure 
behavior  makes  it  possible  to  carry  out  effective  selection  of  optimal 
characteristics  of  passive  suppressors  attached  to  thin-walled  structures 
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subjected  to  wide-band  acoustic  excitation.  This  representation  is  based  on 
natural  mode  decomposition,  dynamic  coding  of  numerical  integration  schemes 
in  spreadsheets,  and  multivariate  numerical  optimization  yielding  the  best 
value  of  some  prescribed  criterion. 

Presented  examples  show  that  application  of  1-df  elastic  suppressors 
with  proper  partial  frequencies  and  fluid  friction  parameters  may  result  in 
considerable  reduction  of  vibration  level  for  a  panel  \mder  acoustic  load. 
Optimal  partial  frequencies  of  suppressors  are  close  to  certain  natural 
frequencies  of  the  initial  structure.  Optimal  positions  of  suppressors  tend  to  be 
near  antinodes  of  the  most  excited  panel  natural  mode  shapes. 

Increase  in  the  number  of  free  optimized  parameters  usually  results  in 
amplification  of  optimization  effect.  It  was  shown  that  addition  of  suppressors 
did  not  obligatory  give  rise  to  considerable  decrease  of  panel  vibrations.  It  may 
be  explained  by  the  situation  in  which  optimal  suppressor  positions  belong  to 
different  antinodes  of  the  same  natural  mode  shape. 

Computer  experiments  comparing  the  effects  of  linear  and  non-linear 
responses  revealed  that  non-linearities  did  not  yield  the  improvement  in 
suppression  characteristics. 

Availability  of  digital  filtration  for  vibration  suppression  within  the 
given  frequency  range  was  demonstrated. 

The  technique  in  question  may  be  useful  for  experts  solving  the 
problems  of  airframe  acoustic  strength,  on-board  equipment  damages,  cabin 
soundproofing,  etc. 
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Thin-walled  structure 


Thin-walled  structure 


ms 


Figure  2.  Shock  absorber:  1  -  moving  body, 
Figure  1 .  1-df  elastic  suppressor  with  fluid  friction.  2  -  liquid. 


Dynamic  representation  of  numerical  integration 
scheme  coded  in  a  spreadsheet 


Diagram  showing  characteristic  features  of  the  optimization  technique. 


Figure  4.  Power  spectral  densities  of  test  loads  (in  Pa^/Hz).  Load  E 
was  used  for  variant  E-3  only.  Load  A  was  used  in  all  other  cases. 
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Figure  5.  The  panel  under  study  and  optimal  positions  of  suppressors: 


A  - 

A  > 

A  - 


i 


initial  positions  of  suppressors  (variants  A-1,  C-1), 
optimal  positions  of  suppressors  (variant  A-2), 
optimal  positions  of  suppressors  (variant  A-3,  E-3), 
optimal  positions  of  suppressors  (variant  A^), 
optimal  positions  of  suppressors  (variant  B-3), 
optimal  positions  of  suppressors  (variant  B-3-H), 
optimal  positions  of  suppressors  (variant  D-2), 

test  points  (distances  from  the  edges  are  equal  to  1/3  and  2/3  of  overall  dimensions) 
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Figure  6.  Power  spectral  densities  of 
accelerations  in  a  test  point  (in  g^/Hz):  the 
initial  structure  vs  variant  A-3. 
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Figure  7.  Power  spectral  densities  of 
accelerations  in  a  test  point  (in  g^/Hz): 
variants  A-land  A-2  vs  variant  A-3. 
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Figure  8.  Power  spectral  densities  of 
accelerations  in  a  test  point  (in  g^/Hz):  variant 
E-3  vs  variant  A-3. 


Figure  9.  Power  spectral  densities  of 
accelerations  in  a  test  point  (in  g^/Hz):  variant 
A-4  vs  variant  A-3. 


Figure  10.  Power  spectral  densities  of  Figure  1 1 .  Power  spectral  densities  of 

accelerations  in  a  test  point  (in  g^/Hz):  accelerations  In  a  test  point  (in  g^/Hz): 

variant  A-2  vs  variant  D-2.  variants  B-3  and  B-3-H  vs  variant  A-1 
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EFFECTS  OF  SHELL  DYNAMICS  ON  NOISE  RADIATION 
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Abstract 

This  study  describes  the  endeavour  of  an  engineer  ^^dlo  is  practising  in 
industry,  to  investigate  the  effects  of  shell  dynamics  on  noise  radiation  of  a 
domestic  refrigeration  compressor.  One  of  the  objective  of  this  study  is  to 
establish  a  guide  for  the  practising  engineer  to  approach  the  noise  problem  of 
the  refrigeration  compressor.  The  dynamic  behaviour  of  the  shell  and  its 
effects  on  the  noise  and  vibration  levels  will  be  the  subject  of  this  paper.An 
experimental  study  that  investigates  the  effect  of  varying  shell  geometry  and 
the  damping  on  its  noise  radiation  is  presented.  It  is  shown  that  changing  the 
geometry,  which  in  effect  changes  the  stifi&iess  of  the  shell,  has  a  major  effect 
on  the  noise  problem  that  we  encounter.  The  damping  that  is  introduced  into 
one  of  the  compressor  shells  by  using  polymer  sandwiched  between  two  steel 
plates,  has  no  significant  effect  on  the  noise  radiation  v/inlc  causing  a 
noticeable  drop  in  the  vibration  level  of  the  shell.  Experimental  results  will 
be  presented  that  show  the  effects  of  curvature,  the  damping  and  possible 
reasons  for  these  effects  will  be  suggested.  Preliminary  considerations  on 
design  of  the  guide  for  practising  engineers  will  be  mentioned. 

1  .Preliminary  Investigation  of  the  Shell  Dynamics 

A  hermetic  reciprocating  compressor  consists  of  a  motor  and  pump  unit  and 
the  hermetically  surrounding  shell,  in  which  the  motor-pump  unit  is 
suspended.  Therefore,  all  the  noise  and  vibration  phenomena  appear  in  and 
on  the  shell  and  unavoidably  depend  on  the  shell.  The  only  way  the  vibration 
and  acoustic  energy  escape  from  the  motor  pump  unit  is  through  the  shell. 
This  makes  understanding  the  basics  facts  of  the  shell,  extremely  important 
for  the  noise  control  engineer  to  achieve  the  reduction  of  reciprocating 
compressor  noise. 

To  imderstand  these  facts  one  should  consider  all  the  aspects  of  vibro- 
acoustic  behaviour  of  the  shell  might  begin  wifli  an  understanding  of  the 
vibration  and  noise  radiation  spectra  of  the  compressors  and  then  of  the 
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structure  itself.  The  structural  mechanics  that  might  be  modelled  by 
discretizing  the  mass,  spring  and  damping  elements,  may  give  a  clue  about 
the  shell  dynamics.  Since  most  of  the  energy  generally  raises  the  specific 
frequencies  of  the  shell  modes,  the  investigation  of  the  dynamic  behaviour  of 
the  shell  is  essential  in  order  to  reach  the  goal.  Noise  control  engineers  are 
expected  to  direct  their  efforts  towards  the  shell  structure  and  the  dynamics 
after  observing  discrete  peaks  that  appear  on  the  noise  and  vibration  spectra 
of  the  reciprocating  compressors.  The  effect  of  parametric  changes  in  the 
model  could  provide  noticeable  variation  on  the  noise  and  vibration  levels. 
This  study  is  part  of  continuing  research  and  summarises  the  endeavours  of  a 
noise  control  engineer  to  understand  the  effects  of  shell  structure  and 
dynamics  and  the  influence  of  parametric  changes  that  shape  the  vibro 
acoustic  behaviour  of  the  shells.  When  the  preliminary  vibro  acoustic 
measurements,  on  the  three  separate  compressors  are  concluded,  it  is 
considered  that  the  shell  geometry  and  the  dynamics  might  play  a  more 
important  role  then  we  first  thought.  Most  of  the  energy  that  appears  on  the 
pumping  harmonics  might  be  released  as  a  result  of  the  variety  of  side  effects, 
but  provides  significant  excitation  on  the  shell  structure.  The  response  of  the 
shell  on  these  excitations  generally  dependent  on  the  shell  material,  shell 
structure  and  the  inherent  dynamic  properties 

Figure- 1,  shows  the  basic  mechanism  of  the  hermetic  pumps  and  the  shell 
geometry  .  The  pump  is  suspended  on  the  coil  springs  that  stay  in  the  oil 
sump.  Figure-2,  illustrates  the  spectra  of  the  noise  radiation  and  the 
mechanical  vibrations  when  measured  on  the  different  compressors  with 
different  shell  geometries  and  material,  that  separate  them  from  each  other. 


Figure- 1,  The  hermetically  sealed  reciprocating  refrigeration  compressors. 

When  the  noise  generation  mechanism  and  the  energy  sources  are  illustrated 
as  shown  on  figure  3,  the  shell  appears  as  the  ultimate  energy  transformator 
that  transmits  the  mechanical  vibrations  and  cause  noise  radiation  when  the 
energy  is  converted.  When  the  shell  is  considered  as  discrete  model,  shown  in 
figure  4,  it  is  considered  that  effect  of  the  stiffened  shell  might  be  quite 
significant  especially  in  the  area  that  stays  below  the  ring  frequency,  where 
the  curvature  help  to  avoid  the  excitations.  When  the  fundamental  differences 
are  investigated  between  the  noise  and  vibration  spectra  that  appear  as 
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illustrated  on  figure-2,  it  is  seen  that  the  basic  differences  generally  appear 
below  the  ring  frequencies  that  might  provide  direct  excitations  on  the 
structure,  differences  are  investigated  between  the  noise  and  vibration  spectra 
that  appear  as  illustrated  on  figure-2,  it  is  seen  that  the  basic  differences 
generally  appear  below  the  ring  frequencies  that  mi^t  provide  direct 
excitations  on  the  structure. 

2.Dynaiiiics  and  the  Effect  of  Stiffened  geometry  and  material  damping 

Having  established  the  preliminary  features  of  the  shell  structure  and  its 
behaviour,  further  attempts  are  made  to  xmderstand  the  effect  of  stiffened 
geometry  and  damped  structure.  The  frequency  responses  of  the  different 
shell  prototypes,  produced  with  different  geometries  are  obtained  wiien 
impact  testing  is  applied  on  the  suspended  shells.  The  results  of  the  impact 
testing,  noise  and  vibration  measurements  and  number  of  tests  that  are 
designed  to  understand  structural  and  cavity  resonances,  indicate  that 
curvature  of  the  shell  might  affect  noise  radiation  more  then  the  damping, 
which  is  provided,  by  using  the  polymer  sandwiched  composite  steels.  The 
compressor  shell  with  less  stiffened  flat  surfaces  on  the  sides  and  a  rounded 
cover  shows  significant  radiation  problem  and  higher  emission  levels  when 
compared  with  stiffened  surfaces  of  the  curved  geometry.  When  the  similar 
geometry  of  curved  shells  are  compared  by  using  the  different  materials  with 
different  damping  properties,  it  is  shown  that  the  influence  of  the  damping  on 
the  emission  levels  could  not  be  so  significant,  in  contrast  to  the  previous 
expectations.  Figure-2  shows  some  results  of  our  investigation  with  the 
different  results  obtained  when  shells  with  different  geometry  and  damping 
are  tested. 


3.Soine  Clues  for  the  Design  Engineer 

The  engineer’s  approach  to  noise  problem  of  reciprocating  compressor  .  The 
imderstanding  of  basic  facts  of  the  problem  should  include  the  investigation  on 
noise  and  vibration  characteristics  and  modelling  of  vibro-acoustic 
behaviour.  This  modelling  could  be  done  either  experimentally  or  by 
computing.  The  aspects  of  this  approach  is  illustrated  on  figure-5.  To  date,  we 
have  seen  that  the  shell  might  be  stiffened  with  the  curved  surfaces.  Properly 
roimded  side  surfaces  mi^t  help  in  the  efforts  of  achieving  the  required  noise 
reduction.  The  effect  of  curvature  can  be  investigated  on  prototypes  and  be 
modified  properly  by  computing  .  But  the  application  of  damping  should  be 
carefully  investigated  before  expecting  significant  changes  in  shell  dynamics 
and  radiation.  In  this  continuing  study,  further  investigation  is  considered  on 
understanding  the  influence  on  the  visco  elastic  damping,  and  why  and  how  it 
could  be  effective  on  the  shell  radiation. 
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2-4a-01d  Steel  Shell 
Transfer  function 
at  point  2 


Figure-2,  The  effect  of  shell  curvature  and  damping  on  the  noise  and  vibration 
levels  of  the  compressors 
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Figure-3,  The  noise  generation  mechanism,  enery  soruces  and  the 
transformation  of  the  energy 
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Figure-4,  Lumped  parameter  model  of  the  hermetically  sealed  reciprocating 
refrigeration  compressors. 
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Figure-5  Practising  engineer's  approach  to  the  noise  problem  of  domestic 
refrigeration  compressor  noise  problem.  The  approach  should  cover  the  model 
of  vibro  acoustic  behaviour 
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ABSTRACT 

The  main  objective  of  this  paper  is  to  obtain  combustion  parameters,  which  can  be  use  for  engine 
diagnostics  proposes.  The  main  combustion  parameters  are  the  maximum  cylinder  pressure  (pmax,) 
and  the  derivative  of  the  pressure  rise  (dp/da). 

The  based  idea  is  to  perform  the  reconstruction  of  the  cylinder  pressure  by  using  the  engine  Transfer 
Function  (TF)  and  the  measured  vibration  response  signal  of  the  engine  surface.  The  analysis  is 
based  on  a  non-linear  method  called  real  cepstrum  and  signal  processing  techniques.  The  TFs  were 
adapted  to  slightly  different  situations  such  as  other  cylinders  of  the  same  engine,  in  particular 
where  use  can  be  made  of  symmetry. 

A  matrix  with  engine  TFs  for  varying  speed  and  load  was  obtained,  this  can  be  used  as  a  data  bank 
of  TFs  for  reconstruction  of  the  cylinder  pressure  at  different  operating  conditions.  An  extensive 
analysis  of  the  cycle  to  cycle  variations  was  carried  out,  for  both  the  measured  and  reconstructed 
cylinder  pressure. 

INTRODUCTION 

The  condition  or  operational  monitoring  of  the  diesel  engines  requires  that  all  the  signals  related  to 
the  events  of  interest  can  be  defmed.  In  this  paper  the  reconstruction  of  the  cylinder  pressure  is 
focused.  The  cylinder  pressure  contains  a  lot  of  information  about  the  performance  of  the 
combustion  itself.  The  established  method  that  is  used  to  monitor  the  pressure  pulse  is  to  drill  and 
machine  a  hole  in  each  engine  cylinder  and  insert  a  high  pressure  transducer.  This  is  a  very 
expensive  and  complicated  method  and  is  therefore  only  suitable  for  laboratory  engines.  Thus,  there 
is  a  large  need  for  a  cheap  and  reliable  method  to  measure  the  pressure  pulse  from  the  outside  of  the 
engine  body.  The  cylinder  pressure  measurements  are  usually  performed  with  the  pressure 
transducer  mounted  flush  to  the  cylinder  wall  in  order  to  avoid  resonances.  In  this  type  of 
measurements  the  cylinder  transducer  works  in  a  harsh  environment,  making  its  life  limited.  Apart 
from  being  expensive,  there  is  also  very  limited  space  for  mounting  transducers  in  the  cylinder 
heads.  Thus,  there  is  a  need  to  use  transducers,  i.e.  accelerometers,  attached  to  the  engine  surface 
for  reliable  and  inexpensive  measurements  of  cylinder  pressure  for  performance  and  condition 
monitoring. 

The  engine  is  a  complex  structure  and  reconstruction  of  the  cylinder  pressure  for  engine  diagnostics 
and  control  purposes  is  not  straightforward.  A  working  method  has  to  be  able  to  handle  the  wave 
dispersion,  reverberation,  and  noise  in  the  structure.  In  order  to  use  vibration  data  to  recover  the 
cylinder  pressure,  more  elaborated  procedures  are  needed.  The  signal  processing  analysis  is  based 
on  a  non-linear  method  called  real  cepstrum. 

The  main  objective  of  this  paper  is  to  obtain  combustion  parameters,  which  can  be  use  for  engine 
diagnostics  proposes.  The  main  combustion  parameters  are  the  maximum  cylinder  pressure  (pmax,) 
and  the  derivative  of  the  pressure  rise  (dp/da). 

A  matrix  with  engine  TFs  was  for  varying  speed  and  load  was  also  obtained,  this  can  be  used  as  a 
data  bank  of  TFs  for  reconstruction  of  the  cylinder  pressure  at  different  operating  conditions.  An 
extensive  analysis  of  the  cycle  to  cycle  variations  was  carried  out,  for  both  the  measured  and 
reconstructed  cylinder  pressure. 

The  cepstrum  analysis  technique  was  used  for  the  analysis.  Cepstral  analysis  is  a  non-linear  signal 
processing  technique  with  a  variety  of  applications  in  areas  such  as  speech  and  image  processing.  In 
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the  recent  years  a  great  interest  has  focused  to  cepstral  applications  of  machine  diagnosis  in 
reciprocating  machines.  The  main  advantage  of  this  method  compared  to  the  other  methods  that  the 
convolutions  become  an  addition  and  the  source  and  the  transfer  paths  are  easier  to  disjoint,  see 
Equation  2.  The  Equation  2  is  also  called  real  complex  , 


H(a)) 


{Log{P{eo))}  =  f'  {Log(X(a>))}  -  {LogiHico))} 


(1) 

(2) 


EXPERIMENTAL  PROCEDURE  AND  MEASUREMENT  SET-UP 


The  engine  data  recording  was  performed  at  the  Scania  acoustic  laboratory  in  Sodertalje  (Sweden). 
The  tests  were  carried  out  with  17  piezoelectric  accelerometers,  which  were  mounted  firmly  on  the 
engine  surface.  An  inductive  magnetic  sensor,  which  was  connected  to  the  flywheel,  was  used  to 
locate  the  position  of  the  piston  in  the  cylinder.  Two  quartz  pressure  water-cooled  transducers  were 
used  to  make  combustion  pulse  measurements.  A  needle  lift  was  also  used,  in  order  to  exactly  detect 
the  time  of  the  injection  fuel.  All  the  acquisition  signals,  the  17  accelerometers,  the  two  pressure 
transducers,  the  needle  lift  and  the  trigger  signals  were  simultaneously  digitized  using  a  CADA-X 
(LMS)  system  and  HP  Paragon  front-end. 


A  Wnm 


Figure  1 :  The  measurement  set-up  and  the  engine  data 

The  sampling  frequency  for  all  the  experiments  was  8192  Hz  and  the  analyses  were  performed  by 
post-processing  in  the  signal  processing  toolbox  of  Mat-Lab. 

The  measurements  were  performed  at  three  speeds  (800,  1600,  and  2000  rpm)  and  three  loads 
(10%,  50%  and  100%  full  load).  In  order  to  analyse  only  the  interesting  part  of  cylinder  pressure 
and  reduce  the  noise  and  the  influence  of  the  adjacent  cylinders  a  combination  of  Hanning  and 
uniform  windows  was  used.  The  windowing  technique  was  applied  in  order  to  reduce  the  leakage 
and  the  noise  effects  from  the  adjacent  cylinders. 

ANALYSIS  AND  RESULTS 

The  cylinder  pressure  time  trace  in  engines  offers  a  special  challenge  for  diagnostic  and  control 
systems  because  of  the  broad  range  of  frequencies  in  the  signal  and  the  effects  of  structural 
transmission  on  the  signal.  The  cylinder  pressure  in  the  engines  produce  vibration  signals  that  can 
be  used  for  diagnostics  and  control,  but  because  of  the  complexity  and  variability  of  the  structural 
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transmissions,  the  procedure  for  using  these  vibrations  is  not  straightforward.  Fortunately,  it 
appears  like  a  robust  procedure  if  carefully  applied  can  overcome  to  some  extent  these  difficulties. 
The  analyses  started  with  an  extensive  experimental  study  of  cycle  to  cycle  cylinder  pressure 
variations,  in  order  to  defme  the  standard  deviations  for  each  cylinder  at  different  operating 
conditions.  These  results  were  used  as  reference  values  for  the  comparison  between  the  measured 
and  reconstructed  cylinder  pressures.  A  coherence  analysis  to  find  the  best  measurement  points  was 
also  performed.  These  selected  vibration  responses  for  each  cylinder  were  used  in  the  subsequent 
analysis. 

The  data  recording  in  search  for  the  best  measurement  point  was  performed  by  measuring  the 
vibration  responses  around  the  cylinder  head  and  the  cylinder  pressures  for  each  cylinder  at  a  time. 
In  order  to  determine  the  best  measurement  points,  the  coherence  function  between  the  cylinder 
pressure  trace  and  the  measurement  points  was  measured.  Fig  2a)  shows  the  trigger  signal,  which 
was  used  in  order  to  detect  the  position  of  the  cylinder. 


Figure  2  (a,  b,  c):  The  trigger  signal,  the  cylinder  pressure  and  the  vibration  response  at  1600  rpm 
with  constant  load. 


The  cylinder  head  bolt  vibration  signals  were  found  to  be  the  most  sensitive  to  changes  in  the 
cylinder  pressure.  The  best  responses  for  all  cylinders  were  used  for  the  subsequent  studies. 

Reconstruction  of  maximum  cytinder  pressure  and  cylinder  pressure  rise 


The  cylinder  pressure  and  vibration  data  were  conditioned  before  computing  the  transfer  function, 
in  order  to  reduce  the  influence  of  the  noise  contamination  produced  by  many  other  sources  in  the 
engine.  In  order  to  reccMistruct  the  pressure  waveform  starting  from  a  vibration  signal,  it  is  first 
necessary  to  determine,  once  and  for  all,  the  TF  between  the  vibrations  and  the  cylinder  pressure. 
This  operation  must  be  carried  out  for  each  cylinder  with  varying  speed  and  load.  To  reduce  the 
noise  present  in  the  cylinder  pressure  and  vibration  signals  an  averaging  over  50  cycles  was 
performed,  see  Equation  3. 


_  I.PSZ) 

H{Z)  =  ^ - 

If, (2) 


(3) 


In  order  to  validate  the  models,  a  new  data  set  of  50  cylinder  pressure  cycles  for  each  cylinder  with 
varying  running  conditions  were  included  in  the  analysis.  The  difference  between  the  mean 
measured  maximum  cylinder  pressures  and  the  mean  maximum  reconstructed  cylinder  pressures  for 
all  the  cylinders  can  h&  seen  in  Figure  3.  This  figure  depicts  the  difference  between  the  measured 
mean  Pmax  and  the  mean  reconstructed  P^c,  the  most  accurate  results  have  been  obtained  for  800 
rpm  at  varying  loads  in  the  int«^al  of  0.1  to  2.1  [%].  The  results  for  1600  rpm,  and  2000  rpm  were 
also  accurate  with  a  variation  of  0.2  to  3.4  [%],  and  0.1  to  3.3  [%],  respectively. 
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Mean  values  of  the  measured  and  recontructed  maximum  q^linder  pressure 


Figure  3:  The  comparison  between  the  mean  measured  maximum  cylinder  pressures  and  the  mean 
maximum  reconstructed  cylinder  pressures  for  all  the  cylinders 


The  rapid  pressure  rise  in  diesel  engines  is  recognised  as  an  audible  impulse  noise,  which  is  known 
as  "knock".  The  knock  is  caused  by  the  spontaneous  combustion  of  a  significant  volume  of  fuel/air 
mixture  and  produces  abnost  an  instantaneous  pressure  rise  locally  in  the  combustion  chamber.  In 
order  to  determine  the  derivative  of  the  pressure  rise  (dp/da),  the  highest  rise  rate  of  the  combustion 
stage  was  calculated-  Figure  4  shows  the  mean  values  of  the  difference  between  the  measured  and 
reconstructed  dp/da.  The  best  results  were  obtained  for  800  rpm.  The  Min  and  Max  variations  for 
800  rpm  are  0.41%  and  -10.2  %.  The  Max  and  Min  variations  for  1600  rpm  and  2000  rpm  are,  5.4 
to  20  %,  and  2  and  -19.3  %,  respectively. 


Figure  4.  The  difference  between  the  mean  measured  cylinder  pressure  rise  (dp/dotnieas)  and  the 
mean  reconstructed  pressure  rise  (dp/dtrec 

The  higher  speeds  show  less  accurate  results.  It  has  been  difficult  to  obtain  reliable  precision  at 
these  speeds.  It  is  hard  to  explain  why,  one  reason  could  be  that  the  valves  have  stronger  influences 
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at  higher  speeds,  another  reason  can  be  that  the  vibration  signals  smears  with  increasing  speed 
frequencies,  damping,  and  mode  shapes. 

CONCLUSIONS 

*  A  matrix  with  engine  frequency  response  functions  for  varying  speed  and  loads  was  obtained.  This 
matrix  can  be  used  later,  as  a  data*bank  of  TFs  which  can  track  different  operating  conditions  for 
the  reconstruction  of  the  cylinder  pressure. 

♦The  reconstruction  of  the  cylinder  pressures  were  satisfactorily  performed  for  800  rpm  and  1600 
rpm,  although  the  results  at  2000  rpm  need  to  be  improved  in  order  to  increase  the  accuracy. 

FUTURE  RESEARCH 

*  To  exploit  the  method  presented  here  for  practical  end-of-assembly  diagnostics,  it  is  necessary  to 
verify  that  the  estimated  FRFs  can  work  effectively  on  other  engines  of  the  same  production  run. 

*  The  effects  of  the  injection  timing  and  the  speed,  on  the  engine  structure  transfer  function  will  be 
further  investigated,  in  order  to  increase  the  knowledge  about  the  structure  sensitivity  due  to  these 
parameters. 
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ABSTRACT 

The  Naval  Research  Laboratory  (NRL)  is  currently  developing  techniques  for  the  active  noise 
control  quieting  of  interior  spaces.  The  conceptual  approach  to  this  effort  is  to  develop  an 
acoustic  blanket  that  may  be  mounted  either  on  the  structure  boundaries  or  hung  from  the  wall  in 
the  interior  free  space.  One  of  the  most  difficult  aspects  of  this  concept  is  the  actuator 
subsystem.  This  particular  component  is  the  key  to  the  system  in  that  large  displacement  and 
acoustic  output  are  required  while  maintaining  lightweight  and  flexibility.  These  two  needs  are 
difficult  to  obtain  as  they  are  inconsistent  with  present  technology  capabilities.  In  an  effort  to 
accomplish  these  goals,  NRL  designed  the  actuator  subsystem  using  the  numerical  analysis  code 
PZFlex®.  Upon  satisfaction  of  the  initial  system  actuator  requirements,  NRL  worked  with 
NASA's  Langley  Research  Center  (LaRC)  to  fabricate  prototype  blanket  shells.  This  has 
required  advanced  fixturing  and  the  use  of  an  autoclave  for  formation  of  the  specified  actuator 
bubbles  into  the  desired  blanket  configuration.  After  the  actuator  blanket  shell  was  fabricated  at 
LaRC,  NRL  then  installed  piezoelectric  ceramic  drivers  into  the  shell.  Both  individual  acoustic 
bubble  shapes  and  a  30-cm  by  30-cm  section  with  four  acoustic  bubbles  were  evaluated  for 
displacement  using  laser  Doppler  vibrometry  (LDV).  These  same  prototypes  were  also  evaluated 
for  acoustic  sound  pressure  output  using  free  field  measurement  techniques.  This  paper  will 
discuss  each  of  these  steps  as  well  as  the  direction  for  the  final  blanket  configuration. 

ACTUATOR  BUBBLE  CONCEPT 

A  sketch  of  the  NRL  bubble  actuator  blanket  is  shown  in  figures  la  (in  cross-section)  and 
lb  (viewed  from  the  top).  This  actuator  concept  consists  of  a  continuous  network  of 
piezoelectrically  driven  actuator  subelements  mechanically  connected  into  a  blanket-like 
configuration  by  means  of  a  flexible  backing.  Each  actuator  subelement  consists  of  a 
piezoelectric  ring  (the  cross-hatched  areas  in  figure  la)  which  is  electroded  on  its  inner  and  outer 
walls  and  poled  radially.  The  rings  are  mechanically  coupled  on  the  top  and  along  the  wall  of  the 
outer  diameter  to  a  thin  flexible  membrane  or  shell.  The  backing  may  be  either  rigidly  attached 
to  a  wall,  submarine/airplane  hull,  etc.  or  may  be  hung  in  the  middle  of  a  free  space  depending 
upon  where  the  point  of  disturbance  cancellation  is  desired. 

When  driven  electrically,  the  piezoelectric  ring  either  expands  or  contracts  a  small 
amount  in  the  radial  direction.  This,  in  turn,  causes  the  thin  membrane  or  shell  to  displace  a  very 
large  amount  either  downwards  or  upwards,  respectively.  In  other  words,  the  thin  membrane  acts 
as  a  mechanical  transformer  that  enhances  the  radial  mode  of  the  piezoceramic  ring  and  then 
acoustically  couples  this  motion  into  sound  and/or  vibration. 

The  arrows  in  figure  la  show  the  case  of  a  radially  contracting  ring  causing  an  upward 
flexure  in  the  membrane.  The  mechanical  displacement,  and  hence,  acoustic  radiation  emitted 
from  the  actuator,  is  thus  orthogonal  to  the  vibration  mode  direction  of  the  piezoelectric. 
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DISPLACEMENT  RESULTS 

Displacement  measurements  were  made  on  individual  acoustic  bubbles  using  a  Vibration 
Measurement  System  (Model  1941,  TSI0  Incorporated,  St.  Paul,  MN).  This  system  is  a  non- 
contact  system  for  detecting,  monitoring,  and  measuring  vibrations.  Based  on  laser  Doppler 
velocimetry  (LDV)  technology,  the  system  operates  by  scattering  monochromatic  light  from  the 
surface  of  interest  and  measuring  the  Doppler  shift  of  the  light  frequency  caused  by  the  motion  of 
the  surface.  The  shift  is  proportional  to  the  surface  velocity  and  consequently  the  surface 
displacement-  The  accuracy  of  the  system  is  ±  0.4  dB. 

During  LDV  measurements,  the  blanket  was  hung  vertically  in  free  space  and  then  driven 
with  a  sinusoidal  signal  of  1  Volt  (rms)  over  the  frequency  span  2  Hz  to  2,000  Hz.  Displacement 
measurements  were  made  at  discrete  frequencies  at  900  different  points  in  a  30  X  30  square 
matrix  over  the  piston-like  radiating  surface  of  the  bubble. 

Figure  2  shows  the  peak  displacement  as  measured  at  the  center  of  the  acoustic  bubble 
over  the  frequency  range  of  2  Hz  to  3  kHz.  The  displacement  profiles  of  four  different  individual 
bubble  resonators  is  shown  in  the  figure  where  the  primary  drum  mode  resonance  of  each  bubble 
is  evident.  Bubbles  A  and  C,  as  denoted  in  figure  1 ,  both  have  two  layers  of  KJ  while  bubbles  B 
and  D  have  three  layers.  Interestingly  the  bubble  pairs  with  the  same  number  of  layers  do  not 
correspond  exactly  with  each  other  although  the  trends  are  noted.  These  differences  can  be 
attributed  to  both  the  location  with  respect  to  the  top  mounting  of  the  blanket  and  to  some  mutual 
impedance  coupling  effects  between  elements  since  the  spacing  of  the  elements  is  well  within  a 
half  a  wavelength. 

The  peak  response  is  that  of  bubble  A  which  is  16  jim  (-96  dB//mA^)  at  250  Hz  while 
elements  B  (@  270  Hz)  and  C  (@335  Hz)  are  10  pm  (-100  dB//nW)  and  bubble  D  is  6.3  pm  (- 
104  dB//mA^)  @  396  Hz.  These  frequencies  are  still  higher  than  the  desired  goal  of  100  Hz  and 
200  Hz  respectively  but  are  indicative  of  the  high  output  capability  of  the  design  approach. 

In  addition  to  the  responses  in  the  center  of  the  bubble,  scanning  measurements  of  the  complete 
bubble  were  also  done  and  showed  textbook  drum  head  mode  shapes. 

SOUND  MEASURMENT  RESULTS 

In  addition  to  the  displacement  measurements,  the  actuator  blanket  was  driven  in  the 
same  arrangement  using  a  microphone  to  record  the  sound  output  profile.  The  sound 
measurements  were  done  in  time  and  then  an  FFT  was  done  to  form  a  sound  pressure  level  (SPL) 
versus  frequency  response. 

Figure  3  shows  the  measured  SPL  for  a  200  Volt  (peak)  drive  with  the  microphone 
located  3  cm  in  front  of  bubble  A.  The  response  is  in  general  agreement  with  the  displacement 
response  of  figure  2  in  which  the  peak  drum  mode  response  is  shown  to  occur  at  approximately 
250  Hz  with  an  SPL  of  1 18  dB. 


CONCLUSIONS 

The  described  actuator  blanket  has  shown  that  it  can  deliver  high  tonal  displacement  and 
sound  pressure  levels  at  relatively  low  frequencies  while  maintaining  a  light  weight  and  low 
profile  package.  On-going  research  includes  redesigning  the  blanket  to  push  the  primary  drum 
mode  down  to  100  Hz  while  increased  bandwidth  is  being  investigated  through  variation  of  the 
individual  bubble  designs  and  through  advanced  driver  designs. 
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Figure  1 :  Sketch  of  the  acoustic  blanket  showing  the  direction  of  vibration  for  the  individual 
bubble  drivers  (top)  and  a  30-cm  by  30-cm  section  of  a  two  by  two  blanket  (bottom).  Bubble  A 
is  the  top  left  element,  bubble  B  is  the  top  right  element,  bubble  C  is  the  bottom  right  element 
and  bubble  D  is  the  bottom  left  element. 
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Figure  2:  Displacement  of  the  center  of  four  individual  bubble  actuators  for  a  1  Volt  (rms)  drive 

as  a  function  of  frequency. 
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Figure  3:  Measured  sound  pressure  level  of  the  center  of  individual  bubble  A  for  a  200  Volt 
(peak)  drive  as  a  function  of  frequency. 
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